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Foreword 

This book is clearly an important addi¬ 

tion to the library and much more impor¬ 

tantly to the intellect and gestalt of anyone 

doing musculoskeletal research, clinical care, 

surgery, or education . . . even if, as in clearly 

my case, the person is not a physicist or bio¬ 

mechanician. To say that “this sort of stuff is 

beyond me” or “I am not trained in this area” 

or worst of all, “I don’t need this sort of infor¬ 

mation to do what I do” is not only inappropri¬ 

ate, but it brands the person so stating as less 

likely to make a serious contribution to our 

beloved musculoskeletal system. 

There are several reasons for this some¬ 

what inflammatory statement from a con¬ 

firmed musculoskeletal biologist. First, it 

should be evident to anyone who is involved 

with bones, joints, muscles, tendons, liga¬ 

ments, and especially cartilage that they are 

not ephemeral structures like body fluids, ex¬ 

tracellular space, electrolytes, etc., but in fact 

occupy body space and are aligned in a fantasti¬ 

cally intricate and complex but remarkable ef¬ 

fective and efficient system. The complexity is 

startling to the fledgling student who wonders 

why the bones are shaped the way they are 

and the joints move as they do and the tendons 

pull in the directions they do and the entire 

system allows spectacular physical achieve¬ 

ment for all of us . . . running, jumping, bal¬ 

ancing, swimming, and for some accomplish¬ 

ments of extraordinary and sometimes 

unbelievable degree as carried out by profes¬ 

sional and even amateur athletes. 

It seems essential then that we under¬ 

stand the basic concepts of mechanics as ap¬ 

plied to the skeletal system, so that we can 

fathom how muscles pull bony structures and 

how joints move in the directions that they do 

and how the system insures that we travel with 

accuracy and with safety (much but not all of 

the time) through our daily chores and func¬ 

tions. It is a beautiful system and one that 

can only be fully appreciated with the kind of 

knowledge available in this volume. 

Another reason, however, for learning 

and understanding the engineering aspects of 

musculoskeletal system is more subtle but cru¬ 

cial to the biologist. As has been clearly demon¬ 

strated by cooperative studies by bioengineers 

and biologists, the bones, joints, ligaments, and 

tendons change their structure from minute 

to minute according to forces acting on them. 

Thus, osteoblastic and osteoclastic activity are 

driven by forces acting on the skeleton (such 

as are in part described by Wolff’s Law) and 

variation in chondrocytic matrix synthetic and 

degradative activity in an avasular and aneural 

tissue is almost entirely dependent on intermit¬ 

tent forces acting on the tissue. The amazing 

balance of the skeleton, known as coupling 

says that synthesis must equal degradation and 

degradation must equal synthesis and this is 

a major protective element which is clearly 

mediated by engineering design. It is when this 

coupling is lost such as in postmenopausal 

osteoporosis, that the skeleton is unable to 

perform as it does in health and suffers frac¬ 

tures. 

Clinical orthopaedists must be aware of 

skeletal atrophy and cartilage thinning associ¬ 

ated with immobilization (and presumably 

weightlessness ... a possible major problem 

of the future) and recognize the role that nor¬ 

mal movement and weight bearing play in 

bone cartilage structure. They must realize that 
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the fracture that heals in a displaced position 

in a child will not only repair but then remodel; 

while the same fracture in an adult will always 

be displaced and the cause of major alterations 

in the structure and mechanism of the entire 

extremity as well as the health of the adjacent 

joints. They must know that ligamentous laxity 

in a joint or patellar malalignment lead to 

very significant clinical problems based on the 

response of the musculoskeletal system to local 

alterations in structure and mechanics. 

To appreciate more fully the meaning of 

all of this the bioinvestigator, educator, and 

clinician must learn and understand unfamil¬ 

iar terms such as torque, moment, shear, equi¬ 

librium, velocity, acceleration, vector analysis, 

stress, and strain and the measurement systems 

for these. That’s what this book is all about. 

It is man’s attempt to understand the marvel 

of nature known as the musculoskeletal system 

and how it functions so effectively for so many 

decades. It is a near perfect machine in health; 

initially a compensated system that holds up 

for a period in disease; and a terribly disabling 

malfunctioning structure in bad disease states. 

If we are to maintain the perfect machine in 

perfection; if we are to help the damaged sys¬ 

tem walk the razors edge of compensation; and 

if we are to heal and restore the structure of 

the destroyed system, we must know the engi¬ 

neering aspects of the skeletal system and know 

it well. The future of our specialty and of our 

race depends on it. 

Henry J. Mankin, M.D. 

Orthopaedic Service 

Massachusetts General Hospital 

Boston, MA 
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Foreword 

The .musculoskeletal system is unique 

among the primary organ systems in its 

intellectual and academic demands. Like other 

systems it requires an understanding of basic 

anatomy, physiology, and pathology. The mus¬ 

culoskeletal system, however, is essentially a 

biomechanical organ and most injuries and 

illnesses that affect it have some biomechani¬ 

cal component. 

The musculoskeletal system supports and 

protests the essential organs of the body such 

as the brain and spinal cord, heart and internal 

organs. Biomechanical principles guide the 

manner in which these structures respond to 

trauma, stresses and loads and therefore deter¬ 

mine the success of this system to withstand 

external forces that may threaten the more 

vulnerable organs. The musculoskeletal system 

is also responsible for all movement and loco¬ 

motion of the body. Biomechanical principles 

guide the manner in which this system allows 

the body to move in space and how one part 

of the body moves in relation to other parts 

of the body. Finally, biomechanical principles 

guide the manner in which the body does work 

such as bending, lifting, and fine manipulation. 

An understanding of the effects of friction, 

wear and lubrication on joints, ligaments, 

muscles, and other moving structures guides 

most principles behind industrial hygiene. It 

is the inability of the musculoskeletal system 

to perform these work functions which is the 

major cause of disability in western nations. 

Failure to understand basic biomechanics 

greatly hinders a clinician’s ability to manage 

disorders of the musculoskeletal system. Irre¬ 

spective of the clinical training or specialty it 

is not possible to diagnose or treat patients 

with disorders of the musculoskeletal system 

without taking biomechanics into account. 

Rheumatologists and physiatrists require an 

understanding of the manner in which joints 

can be stressed and must be able to determine 

the biomechanical tolerance of injured or in¬ 

flamed joints in order to guide the principles of 

rehabilitation. Physical therapists and exercise 

therapists depend on an understanding of bio¬ 

mechanics in the prescription of exercises that 

build up strength, mobility, and endurance 

without traumatizing the body. Occupational 

physicians and therapist are required to do 

mechanical analyses of the workplace in order 

to recommend modifications that can avoid 

stresses that could result in future disability. 

Chiropractors base their diagnostic procedures 

on the position and motion or lack thereof in 

the spine. Their manipulation or adjustment 

techniques depend on the introduction of a 

mechanical force into the spine. It is common 

practice for chiropractors to analyze the me¬ 

chanical relationships between vertebrae prior 

to an adjustment on the assumption that this 

allows for a more accurate introduction of the 

manipulative thrust. It is, however, the ortho¬ 

pedic surgeon who cannot function without 

an advanced understanding of biomechanics. 

Virtually every surgical procedure from de¬ 

compression through joint fusion and replace¬ 

ment involves an intimate knowledge of bio¬ 

mechanics. In addition, the surgeon has to 

understand the mechanical properties of the 

various prostheses and braces and be able to 

select the most appropriate surgical device to 

obtain optimal biomechanical stability or 

motion. 

Physicians, however, do not obtain any 

training in basic biomechanics either in their 
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undergraduate or professional training. Even 

in specialty training there are rarely any formal 

courses on biomechanics. When there is some 

degree of training or discussion of biomechani¬ 

cal principles it is often given by clinicians 

based on prior experience or on information 

that has been gleamed from professional con¬ 

ferences. The information on which clinical 

decisions are made; i.e., the application of an 

adjustment by a chiropractor, the prescription 

of exercises, advice to employers on workplace 

modification or the choice of a surgical pros¬ 

thesis, is often quite fragmented and has the 

potential to be incorrect. 

Despite the importance of this subject it 

is an unfortunate fact that courses on biome¬ 

chanics at professional meetings and scientific 

papers presented by biomechanical engineers 

tend to be poorly attended by clinicians. The 

problem inevitably is the difficulty clinicians 

have in following complex biomechanical logic 

and modeling, especially if it includes pages 

and pages of mathematical formulas and vec¬ 

tors. I have been to many meetings where clini¬ 

cians all agree that biomechanics is extremely 

important but then either miss or sleep 

through the presentations on the topic. The 

challenge has been repeatedly posed to experts 

in the field to come up with a method of 

presentation that is informative, interesting, 

and understandable to the clinician. 

This text by Panjabi and White goes a 

long way to filling this gap. The integration of 

biomechanical principles with lay and clinical 

examples is quite unique and helps to put bio¬ 

mechanics in context. The most important as¬ 

pect of this text is the depth of the discussion, 

which is achieved without taxing the mathe¬ 

matical skills of the clinician. The legacy of 

this text, however, is to make biomechanics of 

interest. Once one understands the principles 

of biomechanical engineering then it should 

be possible to enjoy presentations on the topic 

at meetings and, with luck, truly understand 

“Biomechanics in the Musculoskeletal Sys¬ 

tem” and place them in context in the patients 

we all treat on a daily basis. 

Scott Haldeman D.C., M.D., Ph.D., F.R.C.P.(C) 

Department of Neurology 
University of California, Irvine, CA 
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Preface 

At this time, it is well recognized that bio¬ 

mechanics plays an important role in the 

understanding and treatment of musculoskele¬ 

tal diseases. This book is designed to teach 

in an enjoyable manner the fundamentals of 

biomechanics to the variety of professionals 

dealing with the musculoskeletal system in 

health, disease, and research. This book is ad¬ 

dressed to anatomists, athletic trainers, bio¬ 

engineers, chiropractors, internists, neuro¬ 

surgeons, physiatrists, physical therapists, 

physiologists, rehabilitation therapists, rheu¬ 

matologists, sports medicine specialists, vet¬ 

erinarians, and others with interests in the 

musculoskeletal system. Knowledge of the fun¬ 

damentals of biomechanics will help the indi¬ 

vidual to: (1) understand the mechanical basis 

of normal function, and of many musculoskel¬ 

etal diseases, and their diagnosis and treatment 

modalities; (2) evaluate and improve the 

known treatment procedures and develop new 

ones; and (3) keep abreast of the new biome¬ 

chanical research findings through intelligent 

reading of relevant clinical and biomechani¬ 

cal literature. 

It is increasingly popular to teach bio¬ 

mechanics by the use of clinical examples. This 

is quite attractive. In addition, it is helpful to 

define clearly the basic principles on which the 

clinical examples are based. In this way the 

reader can more fully understand the particu¬ 

lar example presented. With this more thor¬ 

ough and general understanding, the reader is 

able to solve a new clinical problem. This book 

is based on the belief, that it is better to learn 

the common denominator and fundamental 

principles of key biomechanical concepts, than 

to learn via the examples alone. 

Further, we have developed this book 

on the firm conviction that it is possible to 

teach musculoskeletal professionals, with non- 

mathematical backgrounds, the engineering 

principles of biomechanics in a mostly non- 

mathematical manner without making these 

principles too simplistic. We believe such an 

approach has an advantage in that the reader 

comes to understand thoroughly the funda¬ 

mentals of biomechanics in the same manner 

an engineer does, but without using com¬ 

plex mathematics. 

The biomechanical principles are pre¬ 

sented, explained in detail, and exemplified by 

both lay examples as well as examples from the 

orthopaedic field. Thus, each biomechanical 

principle is presented in the book in five parts: 

(1) the basic engineering definition with 

proper units of measurement; (2) a detailed 

explanation of the concept; (3) lay examples; 

(4) orthopaedic examples; and (5) in-depth 

explanatory notes, when essential, using math¬ 

ematics for those readers who want to know 

more. 

The book is divided into nine chapters: 

(1) The Basics: introductory concepts of vec¬ 

tors, coordinate systems, conversion table for 

units, etc.; (2) Motion of Rigid Bodies: kine¬ 

matics, rigid body motion, translation, rota¬ 

tion, etc.; (3) Motions and Loads: kinetics, 

linear and angular velocities, mass, center of 

gravity, mass moment of inertia, Newton’s 

Laws, etc.; (4) Loads on Rigid Bodies: stat¬ 

ics, force, moment, equilibrium, free-body- 

diagram, etc.; (5) Materials Under Loads: load- 

deformation and stress-strain curves, elastic 

behavior, brittle and ductile materials, creep, 
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relaxation, etc.; (6) Structures Under Loads: 

centroid, sectional moment of inertia, three- 

point bending, torsional loading, normal and 

shear strains and stresses, etc.; (7) Vibrations: 

magnitude, frequency, resonance, phase 

angle, etc.; (8) Joint Friction, Wear, and 

Lubrication: asperities, sliding friction, rolling 

friction, static friction, lubrication theories, 

etc.; (9) Material Properties: biological mate¬ 

rials such as cortical and cancellous bone, 

ligaments, cartilage, etc., and orthopaedic im¬ 

plant materials such as stainless steel, tita¬ 

nium, ceramics, etc. 

Manohar M. Panjabi 

Augustus A. White III 
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CHAPTER 0 N E 

The Basics 

FIGURE 1-1 Newton (1795) by William Blake (1757-1827). This artwork 

shows Blake’s interpretation of Sir Isaac Newton (1642-1727) and his discov¬ 

eries of gravity, optics, and laws of solar system. It is the principles of mechan¬ 

ics formulated by Newton, which form the basis of biomechanics. (Tate Gallery, 

London/Art Resource, NY, with permission.) 

The purpose of this chapter is to refresh 

your memory by re-introducing you to 

facts that were learned in your earlier educa¬ 

tion but may have been forgotten because of 

disuse. As a senior citizen remarked, “I still 

have my photographic memory, I just don’t 

get same-day service anymore.” Although it is 

not absolutely essential for the understanding 

of the rest of the book, the reading of this 

chapter will sharpen your appreciation of what 

follows and enrich your learning experience. 
Sir Isaac Newton formulated the princi¬ 

ples of mechanics which form the basics on 

which biomechanics is founded (Fig. 1-1). The 
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concepts chosen for this introduction are ar¬ 

ranged in a logical sequence, starting with sca¬ 

lar quantities and ending with units of mea¬ 

surement. In between we have: trigonometric 

functions, coordinate systems, vectors, unit 

vectors, and vector analysis. So relax, read, 

and enjoy. 

SCALAR 

Definition. A scalar is a quantity that is com¬ 

pletely defined by its magnitude. 

Units of Measurement. They vary with the 

quantity. 

Description. A patient’s temperature is a sca¬ 

lar that may be measured and defined in centi¬ 

grade or Fahrenheit scales. Scalars are just sin¬ 

gle numbers with appropriate units. 

Other examples of scalar quantities are 

speed (but not velocity, which also includes 

direction of motion), volume, density, and en¬ 

ergy absorption capacity. 

Like it or not your weight is a scalar, and 

you weigh yourself on scales. 

BASIC TRIGONOMETRIC 
FUNCTIONS 

Definition. Trigonometric functions are 

straightforward mathematical expressions that 

relate an angle to the ratio of the sides in a 

right-angle triangle. 

Units of Measurement. Because the trigono¬ 

metric functions are ratios of one length to 

the other, they have no units of measurement. 

Description. There are three basic trigono¬ 

metric functions: sine, cosine, and tangent. 

Their abbreviations are sin (A°), cos (A°), and 

tan (A°), respectively, where A is the value of 

a given angle in degrees. The angle may be 

expressed either in degrees (abbreviated as °) 

or in radians (abbreviated as rad) (1 rad equals 

approx. 57.3°). The functions are best de¬ 

scribed by referring to a right-angle triangle, 

one containing a 90° angle (Fig. 1-2A). The 

three functions are as follows: 

sin (A), the sine of angle A, is the ratio of 

length be to length ab, i.e.: 

sin (A) = bc/ab. 

cos (A), the cosine of angle A, is the ratio of 

length ac to length ab, i.e.: 

cos (A) = ac/ab. 

tan (A), the tangent of angle A, is the ratio 

of length be to length ac, i.e.: 

tan (A) = bc/ac. 

From the above definitions, we see that tan 

(A) can be obtained by dividing sin (A) by cos 

(A). Similarly, for angle B we have: 

sin (B) = ac/ab 

cos (B) = bc/ab 

tan (B) = ac/bc 

Explanatory Notes. The three trigonometric 

functions described above are the basic func¬ 

tions. Given the ratio of lengths of a right-angle 

triangle, it is oftentimes necessary to determine 

the angle itself. For example, the last equation 

above may be re-expressed as: 

B = arctan (ac/bc). 

Using the arctan function found in trigono¬ 

metric tables and built into scientific calcula¬ 

tors and computers, the above equation can 

be solved providing the value of angle B°. Simi¬ 

larly, the other two functions, arcsin and arc- 

cos, may be used to solve for angle B when 

the sine or cosine of B is known. 

As an example of the use of the basic 

trigonometric functions, let us say we want 

to estimate the height of the Ghiza pyramid 

outside Cairo, Egypt. Further, suppose that the 

only instrument available to us is a simple 

sextant to measure the angle of elevation of 

the pyramid. (The sextant is a surveying instru¬ 

ment that measures an angle in the vertical 

plane with respect to the horizontal plane.) 
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b 

FIGURE 1-2 Trigonometric functions. A. A right-angle triangle helps define the 

basic trigonometric functions. Sine of an angle in degrees, represented as sin 

(A), is defined as the ratio of the side opposite the angle divided by the hypotenuse 

(i.e., sin (A) = bc/ab). The cosine of an angle, cos (A), is defined as the adjacent 

side divided by the hypotenuse (i.e., cos (A) = ac/ab). The tangent of the angle, 

tan (A), is the ratio of the opposite side to the adjacent side (i.e., tan (A) = be/ 

ac). B.The height H of the pyramid can be determined from the length D of its 

shadow and the angle A° to the apex of the pyramid. See text for details. 

Figure 1-2B shows the pyramid and its 

shadow. By constructing a right-angle triangle 

abc, the following relationship among the 

height H, length of the shadow D (measured 

from the center of the pyramid), and angle A, 

is obtained: 

tan (A°) = H/D, or 

H = D X tan (A°). 

By measuring angle A° (with the sextant) and 

the distance D, the height H can easily be calcu¬ 

lated. 

Note that in the example above we have 

used A° to represent angle A in degrees. The 

angle can also be expressed in radians. For the 

conversion see Table 1—1. 

Some uses of trigonometric functions 

have been found to provide more accurate 

clinical measurements. One example is the de¬ 

termination of the true length of the tibia and 

femur in patients with hip and knee flexion 

contractures. Projected length measurements 

of tibia and femur, obtained from anteropos¬ 

terior roentgenograms, are divided by cosines 

of corresponding inclination angles of the 
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bones with respect to the plane of the x-ray 

film to obtain the true lengths. 

COORDINATE SYSTEMS 

Definition. Coordinate systems are reference 

systems that make it possible to define posi¬ 

tions and motions of points and rigid bodies 

in space, or with respect to one another. They 

are also needed for defining vectors. 

Description. The motion of a body can be 

determined by knowing its positions before 

and after a given time interval. In order to 

define the relative positions or the motion, a 

reference coordinate system is required. A 

three-dimensional description of motion of an 

object requires a three-dimensional coordinate 

system. Besides the necessity of the coordinate 

system for defining positions and motions of 

bodies in space, a reference coordinate system 

is also required for defining vectors, explained 

in the next section. There are many types of 

coordinate systems available, but the following 

three are probably the most widely used: the 

cylindrical, the spherical, and the rectangular 

systems. The choice of a particular coordinate 

system depends on the convenience it offers. 

The cylindrical coordinate system is used 

for objects or motions with some circular sym¬ 

metry about an axis. An egg has symmetry 

about its longitudinal axis. Any point P on its 

surface may be advantageously represented by 

cylindrical coordinates rc, 6, and, z. As shown 

in Figure 1-3A, rc is the radius, 6 (Greek letter, 

pronounced theta) is the orientation angle, and 

z is the height of the point P. 

The spherical coordinate system is prefer¬ 

able for situations where spherical symmetry 

is present. For example, to locate a city in 

India (from an Afro-centric perspective), the 

spherical system is most convenient. Radius rs, 

longitude 9 (Greek theta), and latitude (/> 

(Greek Phi) are the three required coordinates 

(Fig. 1-3B). 

The rectangular coordinate system is 

most convenient to represent the musculoskel¬ 

etal system. The right-handed Cartesian coor¬ 

dinate system, the proper name for the rectan¬ 

gular coordinate system most preferred, is de¬ 

fined as a system consisting of three straight 

lines mutually perpendicular and intersecting 

one another. These lines are referred to as the 

x, y, and z axes. Their point of intersection is 

called the origin. For the system to be right 

handed, a clockwise rotation about positive z- 

axis will rotate x-axis toward the y-axis. 

A Cartesian coordinate system with its 

origin between the cornua of the sacrum has 

been suggested for the human body (Fig. 1- 

3C). The negative y-axis is described by the 

plumb line dropped from the origin. The posi¬ 

tive x-axis points to the left and the positive 

z-axis points forward at a 90° angle to both 

the y-axis and the x-axis. Some basic conven¬ 

tions are observed to make this a useful system. 

The planes are: sagittal or yz-plane, frontal or 

coronal or xy-plane, and transverse or hori¬ 

zontal or zx-plane. The arrows indicate the 

positive directions of each axis; the directions 

opposite to the arrows are negative. Positions 

are described in relation to the origin of the 

coordinate system. While motion of an object 

is defined from two known positions, it is of 

two types: translation (T) and rotation (R), 

please refer to Chapter 5 for definitions. Thus, 

translation to the left is +TX, up is +Ty, and 

forward is +TZ. Similarly, to the right is — Tx, 

down is —Ty, and backward is — Tz. The con¬ 

vention for rotations is determined by imagin¬ 

ing oneself at the origin of the coordinate sys¬ 

tem and looking in the positive direction of 

an axis. Clockwise rotation around the axis 

is positive and counterclockwise rotation is 

negative. Thus, +RX is roughly analogous to 

forward bending, +RZ is analogous to right 

lateral bending, and +Ry is analogous to axial 

rotation toward the left. 

Remembering and labeling of this right- 

hand coordinate system may be helped by 

thinking of the z-axis as a screw axis thrusting 

directly forward. Start, with the right-hand 

palm facing down, index finger pointing for- 

4 



CHAPTER 1 / THE BASICS 

A 

z 

FIGURE 1-3 Coordinate systems. Three-dimensional co¬ 

ordinate systems. Three coordinates are required to define 

any point P in space. These coordinates of the point P are 

presented for each of the three commonly used coordinate 

systems. A. Cylindrical: rc, 0, y. B. Spherical: rs, 0, (f>. 

5 



CHAPTER 1 / THE BASICS 

+Ty ^ +Ry 

FIGURE 1-3 (Continued) C. Right-handed Cartesian: x, y, z. Translations 

(Tx, Ty, Tz) along the directions of the arrows and clockwise rotations (Rx, 

Ry, Rz) around the arrows are considered as positive motions. The opposite 

motions are negative. 

ward, and the extended thumb pointing to 

your left. Now with your right hand just twist 

the screw forward. Your thumb goes from x- 

axis toward y-axis and the index finger screws 

toward the z-axis. The twist of the screw is 

clockwise of course. 

A local coordinate system may be set up 

at any defined point and parallel or inclined, 

in a known manner, to the global system de¬ 

scribed above. For example, in spinal kinemat¬ 

ics the motion is usually described in relation 

to the subjacent vertebra so that the local coor¬ 

dinate system is established in the body of the 

subjacent vertebra. 

Explanatory Notes. Although the three coor¬ 

dinate systems described above are quite differ- 
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ent, it is possible to convert the coordinates 

of one system to those in the other system. 

Without showing derivations, the transforma¬ 

tion equations are presented below: 

Cartesian Cylindrical Spherical 

X rc cos 0 rs cos </> cos 6 

y rc sin 0 rs cos (f> sin 0 

z z rs sin <j> 

where rc and rs are the radii for the cylindrical 

and spherical coordinate system, respectively. 

The above table refers to Fig. 1-3A and Fig. 

1-3B, and provides transformations from the 

cylindrical and spherical coordinate systems to 

the cartesian coordinate system. 

VECTOR 

Definition. A vector is a quantity that pos¬ 

sesses both magnitude and direction. 

Description. Force and velocity are vectors. 

To describe a vector, one must know not only 

its magnitude, but also its direction, sense and 

point-of-application. Thus a vector must be as¬ 

sociated with a coordinate system, in which 

its direction may be defined. The vector is 

graphically represented by an arrow (Fig. 1-4). 

Its attributes are magnitude (length of the 

arrow), direction (angles of the arrow), sense 

(head of the arrow), and point of application 

(point of contact of the arrow). 

In the text and mathematical equations, 

vectors are generally denoted by letters, either 

in boldJont (V) or with an arrow as a super¬ 

script (V). 

The vector is an important and frequently 

used concept and its understanding is helpful 

in orthopaedics. Some examples (described 

later) are traction (Fig. 4-11), joint reaction 

force (Fig. 4-12), and bending moment in 

femoral neck (Fig. 4-16) are a few examples 

that are better understood with the help of the 

vector concept. 

FIGURE 1-4 Vector. A vector has four attributes: magnitude, direc¬ 

tion, sense, and point of application. An arrow, appropriately con¬ 

structed, defines the vector quantity with all its attributes as shown. 

A vector is denoted by a letter in bold font (e.g., V). 
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Explanatory Notes. A vector in a coordinate 

system can be decomposed or resolved into its 

components. (For a discussion of this aspect of 

the vectors, please see Vector Analysis, below). 

These components are obtained graphically by 

taking projections of the vector arrow onto 

each of the axes of the coordinate system. In 

other words, by placing the vector arrow with 

its tail at the origin of the coordinate system 

and dropping perpendiculars from the head 

of the arrow onto each of the three axes, the 

projected lengths represent the three compo¬ 

nents. The relationships between the vector 

and its components are expressed in the fol¬ 

lowing manner: 

V = Vx 

Vr 
Vz 

where Vx, Vy, Vz are the components. 

Sometimes it is advantageous to express 

the vector components using trigonometric 

functions: 

V = |V| • cos Ax 

|V| • cos Ay 

|V| • cos Az 

where |V| is a representation of the magnitude 

of the vector V, and Ax, Ay, Az represent its 

direction with respect to the axes of the coordi¬ 

nate system (Fig. 1-4). 

Y N 

A 

Y 

FIGURE 1-5 Unit vector. A. Orientation of a sailboat 

can be defined with the help of a unit vector N. It has 

three components: cos A„, cos Ay, and cos Az. B. Orienta¬ 

tion of the facet plane of a lower cervical vertebra is 

advantageously defined with the help of the concept of 

the unit vector. 

UNIT VECTOR 

Definition. A unit vector is a vector whose 

length equals 1. It is used to define a direction 

in space. 

Description. In three-dimensional space, a 

unit vector is made up of three numbers repre¬ 

senting the inclinations (more correctly, co¬ 

sines of angles) of its direction with respect to 

each of the three axes of a coordinate system. 

Figure 1-5A shows a sailboat in rough 

seas. How can one define orientation of the 

sailboat? Under such circumstances, the sailor 

is more likely to rely on past experience and 

other cues, however, it is possible to define 

orientation with vector analysis. Let us estab¬ 

lish a unit vector N parallel to the mast of the 

boat. It makes three angles with the axes: Ax, 

Ay, Az. The unit vector N is conveniently de¬ 

fined by these three angles, or rather by the 

cosines of the angles. (See Trigonometric 

Functions for the explanation of the cosine.) 
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Consider another example. The facet ori¬ 

entation of the vertebrae varies with the level 

of the spine. In the lower cervical spine, the 

facet plane is tilted approximately 45° to the 

frontal plane and 90° to the sagittal plane. This 

information can be put together nicely in the 

form of a unit vector N, which is a direction 

perpendicular to the plane of the facet (Fig. 

1-5B). 

Explanatory Notes. Referring to Figure 1- 

5A, if Ax, Ay, Az are the angles made by the 

unit vector N with the x, y, z axes, respectively, 

then the three components of the unit vector 

N are cos Ax, cos Ay, and cos Az. They are 

generally written out in the following ar¬ 

rangement: 

N = cos Ax 

cos Ay 

cos Az 

Further, because the length of the unit vector 

is always 1, the following relationship applies: 

(cos Ax)2 + (cos Ay)2 + (cos AJ2 = 1. 

Note that if any two angles, say Ax and Ay, are 

known, then the third angle can be computed 

from the above equation. For example, if 

Ax = 90° and Ay = 45°, (see Fig. 1-5B), then 

we can determine the third angle, Az, using 

the above equation; thus: 

cos Az = VI — (cos Ax)2 — (cos Ay)2 

cos Az = ±0.707, or 

Az = ±45°. 

Sometimes value of a trigonometric func¬ 

tion is known and the corresponding angle is 

to be determined. Thus, if value of the cosine 

of the angle is known, as in the above example, 

then the angle is given by Az = arccosine 

(0.707). Scientific calculators have built-in arc¬ 

cosine, arcsine, and arctangent trigonometric 

functions. Notice that the angle Az has both 

positive and negative signs. Referring to Figure 

1-5B, the unit vector makes 135° to the z-axis, 

thus, the Az = —45° or 135°. 

VECTOR ANALYSIS 

Definition. Vector analysis is a branch of 

mathematics that studies the interaction be¬ 

tween vectors using the rules of vector addi¬ 

tion, subtraction, resultant, and resolution. 

Description. In contrast to the scalar quanti¬ 

ties, like money, which can be simply added 

together (e.g., $2 plus $5 equals $7), the vectors 

need a different set of rules. (Times have 

changed. One of the authors went through 4 

years of medical school without hearing the 

word “dollar” mentioned more than once or 

twice. Now, in a day’s clinical work one may 

only go 4 minutes without the $ sign coming 

into the “picture.” Beware, at the present rate 

of change we may have to change “cosine” to 

“dollarsine.”) Let us say we want to add two 

or more vectors acting at a point. This is 

achieved by vector addition. The two vectors 

V! and V2, represented by respective arrows, 

may be drawn in a head-to-toe arrangement 

as shown in Figure 1-6A. The resultant vector 

V! + V2 is depicted by the dashed-line arrow 

from the toe of V! to the head of V2. To add 

a third vector, V3- the same procedure is ap¬ 

plied to the two vectors (V! + V2) and V3. The 

procedure may be repeated as many times as 

required to add all the vectors acting at the 

point. Vector subtraction is achieved by adding 

the reverse of the vector to be subtracted. Thus 

the vector subtraction of V2 from V! is V, — 

V2; this is also shown in Figure 1-6A. This 

graphic procedure of multiple vector addi¬ 

tions/subtractions is called the polygon rule. 

All traction techniques in orthopaedics 

are based upon the rule of vector addition as 

described above. Each traction force may be 

represented by an appropriate vector arrow 

and the resultant force acting on the limb may 

be determined using the vector addition proce¬ 

dure. (See the example in Chapter 2.) 

It is also sometimes advantageous to re¬ 

solve or decompose a vector into its two com¬ 

ponents, one of which may be parallel and 
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B C 

FIGURE 1 -6 Vector analysis. A. Vector addition and subtraction is obtained by simple graphical construc¬ 

tion. For details, see text. B. A vector V can be resolved into its components Vx and Vy by projecting it 

onto the axes of the coordinate system. Note that components are denoted by letters in plain text. C. An 

example of the resolution of a force vector F acting on femoral head into its components of compression 
Fc and shear Fs acting on the femoral neck. 

the other perpendicular to an axis or a plane. 

Vector V may be resolved into two compo¬ 

nents, Vx and Vy, that are respectively parallel 

and perpendicular to the x-axis of a two- 

dimensional coordinate system (Fig. 1-6B). 

The components are obtained by simply drop¬ 

ping a perpendicular from the original vector 

onto the x-axis and defining the component 

vectors Vx and Vy. The vector addition rule 

easily shows that the sum of Vx and Vy is the 

original vector V. In a three-dimensional coor¬ 

dinate system a vector would have three com¬ 

ponents, but the same rules of vectors apply. 

Note that we write vector in bold font and its 

components in plain font. 

The joint reaction force vector F acting 

on the femoral head maybe resolved into com¬ 

ponents to determine magnitudes of the axial 

compression force Fc and the shear force Fs 

acting on the femoral neck (Fig. 1-6C). 

Explanatory Notes. Graphical construction 

for vector analysis is not always the simplest 

solution, especially when scientific calculators 

and personal computers are easily available. In 

complex situations, using trigonometric func¬ 

tions to resolve a vector into its components 

along the axes of a coordinate system is the 

method of choice. Referring to Figure 1-6B, 

the vector V is resolved into its components 

Vx and Vy, given by the following equations: 
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TABLE 1-1 Units of Measurement and Conversion Factors 

Quantity SI Units SI to US US Units US to SI SI Units 

Acceleration m/s2 3.280 ft/s2 0.3048 m/s2 

Angle rad 57.296 deg 0.175 rad 

Area m2 10.763 ft2 0.0929 m2 

m2 1550.4 in.2 0.000645 m2 

Density kg/m3 0.0624 Ib/ft3 16.018 kg/m3 

Energy J = N-m 0.7376 ft-Ibf 1.3558 J = N-m 

J 0.000948 BTU 1055.1 J 

Flexibility m/N 175.13 in./lbf 0.00571 m/N 

Force N 0.2248 Ibf 4.4482 N 

N 0.10197 kgf 9.8067 N 

N 7.2307 Ibf 0.1383 N 

Length m 3.2808 ft 0.3048 m 

m 39.370 in. 0.0254 m 

Mass kg 2.2046 lb 0.4536 kg 

g 0.03528 ounce 28.349 g 

Moment N ■ m 0.7376 ft-Ibf 1.3558 N • m 

N ■ m 8.8511 in • Ibf 0.1130 N • m 

Moment of inertia, 

mass 

kg - m2 23.730 lb-ft2 0.0421 kg - m2 

kg - m2 3417.1 lb-in.2 0.000293 kg-m2 

Moment of inertia, 

sectional 

m4 115.86 ft4 0.0086 m4 

m4 16683.84 in.4 0.000060 m4 

Power N-m/s 0.00134 hp 745.7 N-m/s 

N • m/s 1.0 W 1.0 N • m/s 

Pressure Pa = N/m2 0.000145 psi = lbf/in.2 6894.8 Pa = N/m2 

kPa 0.14504 psi 6.8948 kPa 

kPa 0.0102 kg/cm2 98.0 kPa 

Pa 0.0075 Torr-mm Hg 133.4 Pa 

Stiffness N/m 0.00571 lbf/in. 175.13 N/m 

Stress Pa 0.000145 lbf/in.2 = psi 6894.8 Pa 

Temperature °C (1.8 x °C) + 32 °F (°F - 32)/1.8 °C 

Torque N • m 0.7376 ft-Ibf 1.3558 N ■ m 

N • m 8.8551 in • Ibf 0.1130 N • m 

Velocity m/s 3.2808 ft/s 0.3048 m/s 

m/s 3.2808 ft/s 0.3048 m/s 

Volume m3 35.313 ft3 0.0283 m3 

m3 61024.0 in.3 0.0000164 m3 

cc or ml 0.0338 ounce (US) 29.573 cc or ml 

Work J = N-m 0.7376 ft-Ibf 1.3558 J = N • m 

To convert from one unit to another, multiply by the appropriate conversion factor (SI to US or US to SI). Examples: To convert Moment of 30 
N • m to ft - Ibf, multiply by 0.7376 (SI to US column); result is 22.13 ft - Ibf. To convert Pressure of 60 psi to Pa, multiply by 6.8948 (US to 

SI column); result is 413.69 Pa. 
Note the symbols used in the above table represent the following. BTU = British thermal unit, C = Centigrade, cc = cubic centimeter,0 = 

degree, ft = foot, F = Fahrenheit, hg = mercury, hp = horse power, J = joule, kg = kilogram, kg-f = kilogram force, kPa = kilo pascal, 
lb = pound, Ibf = poundforce, m = meter, ml = mililiter, N = newton, Pa = pascal, psi = pounds per square inch, rad = radian, in. = inch, 

s = second, W = watt. 
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Vx = |V| • cos (A) and Vy = |V| • Sin (A) 

where A is the angle made by the direction of 

the vector V with the x-axis. 

To perform, for example, vector addition 

of two vectors V] and V2, one first calculates 

the components of both the vectors using the 

above equations and then simply adds the 

components together. The resulting vector VR 
has the following components along the x- and 

y-directions, respectively: 

vrx = Vlx + V2x and VRy = Vly + V2y. 

This process can be applied to two or more 

vectors, and for addition or subtraction or 

both. It can even be used for three-dimensional 

analysis. Further, if desired, the magnitude |VR| 
and direction AR of the resulting vector are 

easily obtained by the respective equations 

given below. 

|Vr] = Vv,,,2 + v 

tan (Ar) = Vr/Vr*. 

This method, using trigonometric functions, 

is demonstrated in the use of a very powerful 

biomechanical analysis technique called free- 
body analysis in the next chapter. 

UNITS OF MEASUREMENT AND 
CONVERSION FACTORS 

Units of measurement are necessary to specify 

a quantity. Although there are several measure¬ 

ment systems in the world, it is the SI system 

(System International d’Unites) which is mod¬ 

ern and has been adopted by most countries, 

including the United States, where traditions 

die hard. 

The units of measurement for some bio- 

mechanically relevant quantities are provided 

in Table 1 — 1. Also listed are the conversion 

factors to convert the units in the presently 

used United States system (US) to the SI units 

or vice versa. In the SI system, prefixes are 

TABLE 1-2 List of Prefixes 

Prefix Symbol Value 

Tera T 1 000 000 000 000 = 1012 
Giga G 1 000 000 000 = 109 
Mega M 1 000 000 = 106 
kilo k 1 000 = 103 

hecto h 100 = 102 
deka da 10 = 10 
deci d 0.1 = 10-1 
centi c 0.01 = 10-2 
milli m 0.001 = 10-3 
micro IX 0.000 001 = 10-6 
nano n 0.000 000 001 = 10-9 
pico P 0.000 000 000 001 = 10-12 

often used to keep the numerical values of 

quantities conveniently between 1 and 1000. 

These prefixes are listed in Table 1-2. A couple 

of examples are given below to familiarize you 

with the use of the conversion table. 

To convert, simply multiply the value of 

the quantity you wish to convert by the appro¬ 

priate conversion factor from either the “US 

to SI” or “SI to US” column of Table 1—1. 

Say we want to convert a pressure of 150 

pounds per square inch (psi) to SI units. We 

look up for Pressure the conversion factor in 

the column “US to SI” and follow the proce¬ 

dure given below: 

150 psi = 150 X 6894.8 Pa 

= 1034220 Pa 

= 1.03 MPa (megapascal). 

Another example shows the conversion 

from the SI system to the US system. It is 

known that it takes about 2.0 newton meters 

of torque to twist a healed rabbit tibia to fail¬ 

ure. How much is that in inch pounds? To 

find the answer, we look in the row for Torque. 

The conversion factor from the “SI to US” 

column is 8.8511. 

2.0 N-m = 2.0 X 8.8511 in.-lbf 

= 17.7022 in.-lbf. 
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We hope this section will encourage you 

to read some biomechanics research papers, 

which will give you a better idea of just how 

strong those healing fractures really are! 

SUMMARY 

Scalar quantity, such as money, temperature, 

and speed, is completely defined by one num¬ 

ber representing its magnitude. Trigonometric 

functions, such as sine, cosine, and tangent 

of an angle, are helpful in solving practical 

problems. Vector, such as force and velocity, 

is represented by a number for its magnitude, 

and additionally requires the direction, sense, 

and point of application. Thus, “20 meters per 

second wind blowing from northwest” com¬ 

pletely defines the wind velocity. A coordinate 

system is necessary to define the vectors. The 

complete vector (i.e., its magnitude, direction, 

sense and point of application) is conveniently 

represented by an arrow of given length, orien¬ 

tation, sense (+ or —), and location with re¬ 

spect to the coordinate system. A unit vector 

is a vector whose magnitude is 1. 

Vector analysis is the general name given 

to various vector manipulations, such as addi¬ 

tion and subtraction of vectors, as well as the 

determination of vector resultants and compo¬ 

nents. Trigonometric functions are useful in 

the application of the vector analysis to solve 

practical musculoskeletal problems, especially 

since inexpensive scientific calculators and 

spread sheet computer programs, incorporat¬ 

ing these functions, are readily available. 

All quantities must be measured in some 

kind of units, for example, money in US dollars 

or in Japanese yen. A modern comprehensive 

set of units of measurement called SI units, 

has been agreed upon as the international stan¬ 

dard by most countries, including the United 

States. A table of conversion factors is pre¬ 

sented which makes it quite simple to convert 

a biomechanical quantity, either from the pres¬ 

ently used US system to the new SI or vice 

versa. 
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CHAPTER TWO 

Motion of Rigid Bodies 

z 
FIGURE 2-1 A quantitative description of the motion 

of wings of a butterfly in its flight constitutes a study in 

the science of kinematics. A coordinate system xyz 

helps define the three positions of the butterfly and 

quantify the kinematics. 

A butterfly flies effortlessly from one flower 

to the next (Fig. 2-1). The most beauti¬ 

ful, and from the viewpoint of this chapter 

the most important, aspect of its flight is the 

motion of its wings. The two wings flap from 

their mid-sagittal positions to the horizontal 

positions. Between these two extremes of its 

range of motion, the wings do not move with 

uniform motion. The motion reverses at each 

end position, indicating that the velocity of 

the wings decreases as the wings approach the 

end position, reaches a zero value, and then 

starts increasing, but in the opposite direction. 

In other words, the wings decelerate, momen¬ 

tarily come to a stop, and then accelerate. The 

study of the movements of the butterfly wings, 

i.e., their positions, displacements, velocities, 

and accelerations as functions of time, consti¬ 

tute a kinematic study of its wings. 

KINEMATICS 

Definition. Kinematics is a branch of me¬ 

chanics that deals exclusively with the motion 

of bodies—displacement, velocity, and accel¬ 

eration—without taking into account the 

forces that produced the motion. 

Description. The study of the movement of 

butterfly wings, and for that matter of ankle, 

knee, and hip joints, is a kinematic study. Kine¬ 

matics is composed of information and con¬ 

cepts that characterize the movement of points 

and rigid bodies in space. The motion may be 

a result of the interaction of external forces, 

inertia of bodies, and air resistance. However, 

these factors are not part of the kinematic 

study. It is another branch of mechanics, called 

kinetics, that is concerned with the motion and 

forces. This is the subject of the next chapter. 

Range and pattern of motion of various ana- 
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tomic joints are examples of kinematic studies. 

Other examples are quantification of complex 

movements of spine and shoulder, gait analy¬ 

sis, and body motions of a figure skater. 

MOTION 

Definition. Motion is a change in position 

with time. 

The movement may be thought of as a 

series of discrete steps, like individual frames 

of a movie. Two such frames/steps are seen in 

the figure of the butterfly. Each motion step 

consists of a pair of positions separated by a 

time interval. To define one and all positions, 

we use a coordinate system. For example, to 

define, at a certain time, the position of an 

object on Earth, we use latitude and longitude. 

Thus, to study kinematics or motion of an 

object, we need a coordinate system. The vari¬ 

ous coordinate systems were studied in Chap¬ 

ter 1. In this chapter we use the most common 

coordinate system, namely the orthogonal, as 

seen in Figure 2-1. Therefore, we start with 

the study of displacement, which has two com¬ 

ponents: translation and rotation. 

The motion or displacement of a body 

is either translatory or rotatory or a combina¬ 

tion of the two. Similarly, velocity and accelera¬ 

tion are either linear (translatory) or angular 

(rotatory) or a combination of the two. A com¬ 

plex motion may be decomposed into its linear 

and angular components to provide a better 

understanding. A good example is gait analysis. 

Conversely, simpler motion components may 

be combined to produce complex movements. 

For example, the movement of the robot lifting 

its arm in the space shuttle is produced by 

giving successive component motions. 

In this chapter we will study the move¬ 

ment, or kinematics, of rigid bodies. Various 

concepts and terms concerning motion will be 

explained and exemplified. These are helpful 

in describing simple as well as complex mo¬ 

tions of the human body joints with clarity 

and precision. 

Translation 

Definition. Translation is the motion of a 

rigid body* in which a straight line in the body 

or its rigid extension always remains parallel 

to itself. 

Unit of Measurement. Meters = m (feet = ft). 

Description. If a boat is smoothly pushed 

straight from position 1 to position 2, on calm 

waters without pitching or rolling, it moves in 

pure translation (Fig. 2-2). A straight line, 

joining two points Pj and QL on the boat, 

will always remain parallel to itself in any two 

instantaneous positions of this motion. In 

other words, the translation of a rigid body 

requires that vectors PjP2 and QiQ2 be parallel 

and of equal magnitude. 

Translation of a point of a rigid body is 

a somewhat different concept. Because a point, 

unlike a body, has no dimensions, the idea of 

a line on it remaining parallel to itself is not 

meaningful. Therefore, translation of a point 

is simply a translation vector that completely 

defines the motion of a point in space. 

In contrast to motion of a point in space, 

which is represented by a single translation 

vector, the motion of a rigid body may require 

one or more translation vectors. Translation 

of one point is needed if the body is undergoing 

pure translation; translation vectors of two 

points are needed if the body moves in a plane; 

and translation vectors of three points are re¬ 

quired if the body moves in three-dimen¬ 

sional space. 

Rotation 

Definition. Rotation is a motion of a rigid 

body in which a certain straight line of the 

body or its rigid extension remains motionless 

in relation to some external reference frame. 

This line is the axis of rotation. 

* Note that in this chapter words “object,” “body,” and “rigid 

body” are used interchangeably. 
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Position 2 

FIGURE 2-2 Translation. When a body (boat) moves such that a line P,Q, in 

it moves parallel to itself, the body is said to translate. Lines joining the same 

point on the body in two different positions (e.g., lines P,P2 and Q,Q2) are 

called the translation vectors. The translation vectors of all the points on the 

body are always equal and parallel to each other, indicating translation of 

the body. 

Unit of Measurement. Radian = rad (de¬ 

gree = deg). 

Description. Taking the example of the boat 

on calm waters again, if the boat is pushed 

such that the line on it does not remain 

parallel to itself, i.e., vector PjP2 is not parallel 

to vector QiQ2 during the motion, then the 

motion is a rotation (Fig. 2-3). If the water 

is a bit testy or rough, there is lots of pitching 

and rolling, i.e., no more pure translation but 

lots of rotation. A personal therapist once of¬ 

fered the following observation, “Remember, 

it’s not the size of the ship that makes one 

seasick, it’s the motion of the ocean.” Another 

example is the spin of a tennis ball, which is 

a rotation about an axis through one of its 

Position 1 

FIGURE 2-3 Rotation. A body is said to rotate when 

a line in it does not move parallel to itself. In the boat, 

the line P2Q2 is not parallel to P,Q,. Expressed differently, 

the translation vector P,P2 of point P, is not parallel to 

the translation vector Q,Q2 of point Q,, indicating rotation 

of the body. 

major diameters. A bicycle wheel rotates about 

its hub axis. 

All joints of the body have predominantly 

rotatory motions. The axis of motion, how¬ 

ever, may vary during the complete range of 

motion. The variation may be in location as 

well as in orientation. Consider the knee. Dur¬ 

ing the first 70° to 80° of extension, the axis 

of rotation of the tibia with respect to the 

femur is approximately perpendicular to the 

femoral axis. Thus it is a planar motion. How¬ 

ever, its position changes in a well-defined pat¬ 

tern as extension progresses. In the last 10° 

to 20° of extension, it also undergoes axial 

rotation. This implies that near the end of 

extension, the rotation axis of the tibia changes 

its direction. 

Explanatory Notes. Rotation, in contrast to 

translation, is not a true vector, since it does 

not obey basic vector rules such as addition. 

However, small rotations (less than 5°) may 

be approximated as vectors for both ease of 

visualization and mathematical considera¬ 

tions. In such a case, representing the rotation 

vector as an arrow, the direction of the vector 

represents the axis of rotation; the length of 

the vector represents the magnitude of rota¬ 

tion; and the sense of rotation, clockwise or 

counter-clockwise, is indicated by the head of 
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the vector arrow. An example of this concept 

is the clockwise-spinning top. A vector repre¬ 

senting its motion is a vertical arrow point¬ 

ing downward. 

RELATIVE MOTION 

Definition. Between two moving objects, rel¬ 

ative motion is the motion of one object ob¬ 

served from the perspective of the other. 

Description. Consider the following: A 

woman is sitting in a car, cruising at 50 km/ 

h (30 mph) (Fig. 2-4). Inside the car she has a 

tennis ball that she drops from shoulder height. 

The ball, as we all know, will drop straight 

down to the car floor, irrespective of the speed 

of the car. The relative motion of the ball with 

respect to the car is, therefore, a vertical, down¬ 

ward, straight-line motion (left ball in Fig. 2- 

4). Now, let her do the same experiment out¬ 

side the car window, while the car is still 

FIGURE 2-4 Relative motion is the motion of a moving 

body as seen from another body (stationery or moving). 

In a moving car, a ball is dropped once inside (seen 

on the left) and at another time outside the car (seen 

on the right). In the first instance, the ball, as seen by 

the passenger, will drop straight down to the floor. This 

is the relative motion of the ball with respect to the car. 

In the second instance, the ball is observed to fall not 

by the passenger but by a person standing on the ground. 

She/he finds that the ball drops along a curved path 

(we assume there is no effect on the ball due to air 

resistance). This is so because at the start of the fall 

the ball has the same horizontal velocity as that of the 

car, but as it falls, owing to gravity, it acquires increas¬ 

ing downward velocity. The result is a curved path with 

respect to the ground. Thus the observed motion is 

related to the observer. 

cruising at 50 km/h. Let an open-shutter cam¬ 

era, standing on the ground, record the path 

of the falling ball. (We propose a camera so 

that there is no question of illusion!) For this 

conceptual experiment, assume that the air 

does not resist the motion of the ball. We will 

find the picture showing that the ball has traced 

a curved path (right ball in Fig. 2-4). This is 

due to the fact that the ball has a horizontal 

velocity of 50 km/h with respect to the ground- 

fixed camera at the start of the fall. This motion 

is supplemented by the increasing, vertically 

downward, velocity of the ball as it falls. The 

result is a curved path, just like that of a projec¬ 

tile fired horizontally from a mountaintop. 

Thus, the relative motion of an object is depen¬ 

dent on the motion of the observer. A stunt 

expert was doing a trick in which he got on 

his horse’s back and jumped off the top floor 

of the Empire State Building. As he passed the 

23rd floor someone asked how it was going. 

He replied “so far so good, I’m jumping off 

this mule just before he hits the ground.” He 

hadn’t read this section on relative motion. 

The human spine is a collection of verte¬ 

brae connected in a chainlike structure. When 

a person bends forward, the head moves with 

respect to the ground. This is sometimes 

termed absolute or global motion (with respect 

to the globe of the Earth). The motion of the 

head with respect to the Cl vertebra, for exam¬ 

ple, is the relative motion of the head with 

respect to Cl. 

DEGREES OF FREEDOM 

Definition. Degrees of freedom are the num¬ 

ber of independent coordinates in a coordinate 

system that are required to completely specify 

the position of an object in space. 

Description. There are varying levels of com¬ 

plexity of motion possible for a given body 

depending on the number of motion con¬ 

straints. Although degrees of freedom are a set 

of coordinates used to describe the location of 
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an object in space, the term has come to mean 

the independent types of motion a body can 

perform. A rigid body in space has a maximum 

of six degrees of freedom: three translations 

(expressed by linear coordinates) and three 

rotations (expressed by angular coordinates). 

Because of interconnections with other bodies 

or the ground, certain motion types may be 

blocked, and the number of degrees of freedom 

is decreased. Some examples are described be¬ 

low to illustrate these basic concepts. 

A train on tracks has a single degree of 

freedom (Fig. 2-5A). It can move back and 

forth on the track, but nothing else. Its position 

at any time is completely defined by a single 

linear coordinate, the distance from a given 

point on the track, say a station. 

A coin (money again) on the table has 

three degrees of freedom (Fig. 2-5B). Assum¬ 

ing that it cannot leave the table, it can rotate 

clockwise or counter-clockwise (one rotational 

degree of freedom), it can translate up and 

down (one translatory degree of freedom), and 

it can translate right and left (another transla¬ 

tory degree of freedom). Its position is com¬ 

pletely defined by two linear coordinates and 

one angular coordinate. 

A body has six degrees of freedom if it 

is allowed to move freely in three-dimensional 

space. A vertebra is a good example (Fig. 2- 

5C). It can rotate around any of the three 

orthogonal (90° to each other) axes or it can 

translate along any of the three orthogonal 

axes. The arrows show the six independent 

motions. The motion that is not purely around 

or along any of these coordinate axes may be 

broken down into its components and shown 

to be composed of various combinations of 

rotation and translation about these three or¬ 

thogonal axes (x, y, and z). To define position 

of the vertebra in space requires six coordi¬ 

nates. 

Explanatory Notes. It should be pointed out 

that although only three coordinates are re¬ 

quired to completely define a point in space, 

B 

4 

c 
FIGURE 2-5 Degrees of freedom are the number of 

independent movements of a body. A. A train moving 

on the railway track has one degree of freedom, indi¬ 

cated by the arrow, as it can only move along the track. 

B. A coin on a table has three degrees of freedom: 

translation along X axis, translation along Y axis, and 

rotation in the XY plane. C. The vertebra has all the 

possible six degrees of freedom: translations along and 

rotations about each of the three axes of the coordinate 

system XYZ. 
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a minimum of six coordinates are needed to 

specify position of a rigid body. This is how 

it should be as a point has three degrees of 

freedom while the body has six. 

PLANE MOTION 

Definition. Plane motion is a motion in 

which all points of a rigid body move parallel 

to a plane. 

Description. A coin (one might ask, if so 

concerned with money, why academic ca¬ 

reers?) moving on the table, as described ear¬ 

lier, is an example of the plane motion. It 

has a maximum of three degrees of freedom: 

translations along two mutually perpendicular 

axes and rotation about an axis perpendicular 

to the plane of motion. Another example is 

the inter- and metacarpophalangeal joints of 

the finger. From extension to flexion of the 

finger, the distal phalanx translates in the verti¬ 

cal and horizontal directions with respect to 

the metacarpal (Fig. 2-6). At the same time, 

it rotates in the plane of the translation mo¬ 

tions. The entire motion takes place in a single 

plane, thus it is a plane motion. 

FIGURE 2-6 Plane motion. Phalanges of a finger move 

approximately in a plane when the finger is flexed from 

its extended position. A point on the distal phalanx trans¬ 

lates simultaneously vertically and horizontally while 

the orientation of the distal phalanx changes. This dem¬ 

onstrates the three degrees of freedom of the plane 

motion. 

// 
FIGURE 2-7 Center of rotation (COR). In plane motion, 

there is a point in the body or its hypothetical extension 

that does not move. This is the center of rotation (COR) 

for that step of motion. To determine the COR, perpendic¬ 

ular bisectors are constructed of the translation vectors 

A,A2, and B,B2 of any two points A and B. The intersection 

of the perpendicular bisectors is the COR. 

Center of Rotation 

Definition. When a rigid body moves in a 

plane, for every step of motion there is a point 

in the body, or some hypothetical extension 

of it, that does not move. This is the center 

of rotation (COR) of the body for that step 

of motion. 

Description. Plane motion of a body is fully 

defined by the position of the COR and the 

magnitude of rotation for every step of motion. 

(Again, three numbers equivalent to three de¬ 

grees of freedom.) Figure 2-7 shows a graphi¬ 

cal technique of determining the COR when 

a vertebra moves from position 1 to position 

2. The center is found by the intersection of the 

two perpendicular bisectors of the translation 

vectors A,A2 and of any two points A and 

B on the body. 

Vertebrae undergo plane motion during 

flexion/extension of the spine. Each vertebra 
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has a set of centers of rotation (CORs) in rela¬ 

tion to an outside frame of reference (global 

motion) as well as in reference to each of the 

other vertebrae (relative motion). During mo¬ 

tion, from full flexion to full extension or vice 

versa, different anatomic components (liga¬ 

ments, muscles, and portions of facet articula¬ 

tion) come into play as motion progresses. In 

other words, the participating components of 

the spine motion segment change. This is the 

reason that the spine segment has a series of 

CORs for its sagittal plane motion, just as does 

the knee. 

The beauty of the concept of the COR, 

also sometimes referred to as the axis of rota¬ 

tion, is that any kind of plane motion may be 

described by this concept: pure translation, 

pure rotation, or any combination of the trans¬ 

lation and rotation. For a detailed study of a 

large amount of plane motion, one may regard 

the motion as being made up of smaller steps. 

Thus, a set of CORs may be established to 

represent the total motion. This path (locus) 

of the CORs has been utilized in clinical evalua¬ 

tion of knee injuries. There are indications that 

spinal instability may also be correlated to the 

changes in the locus of the COR. If these obser¬ 

vations are validated by clinical experience, the 

COR patterns may provide early signs of low 

back problems. 

Explanatory Notes. Instantaneous center of 

rotation (ICOR) is a concept that is similar, 

but somewhat different from, the center of 

rotation (COR). The ICOR is determined by 

the intersection of perpendicular bisectors of 

the velocity vectors of two points on the mov¬ 

ing body. This is in contrast to the COR deter¬ 

mination, where perpendicular bisectors are 

taken of the translation vectors. 

Theoretically speaking, the difference be¬ 

tween the locations of the ICOR and COR for 

a given motion tends to vanish as the step size 

tends to zero. In other words, smaller step 

size provides a truer ICOR. But this must be 

contrasted with real-life situations, where the 

increased magnitude of errors is associated 

with smaller motion steps. Additionally, 

smaller, and therefore more, steps to cover the 

entire motion range necessitates a larger x-ray 

dose to a patient in whom x-rays are utilized 

to image the bones. This may not be justifiable. 

Therefore, a few CORs with an adequate mo¬ 

tion step size may provide the optimum de¬ 

scription of a plane motion. 

THREE-DIMENSIONAL MOTION 

Definition. Three-dimensional motion is the 

most general type of motion of a rigid body. 

Description. A body that is free to move in 

one or more of its six possible degrees of free¬ 

dom is said to exhibit general-type motion, 

also called three-dimensional motion. This 

motion is a combination of translation in any 

direction and rotation about an axis in another 

direction. Most human body joints have three- 

dimensional physiologic motions, although 

some of the motion components may be rela¬ 

tively small. A special case of three-dimen¬ 

sional motion is the planar motion described 

earlier. An excellent example of these concepts 

is the extension motion of the knee joint (Fig. 

2-8). Starting from the fully flexed position, 

the tibia first extends in a plane parallel to the 

sagittal plane and, during the last 10° to 20° 

of extension, also rotates about its own axis. 

Thus, the tibia exhibits the planar motion fol¬ 

lowed by the three-dimensional motion during 

knee extension. 

Another example of a three-dimensional 

motion is the twisting of the spine. It produces 

axial, coronal, and sagittal plane rotations of 

the vertebrae. This is because of the way the 

vertebrae are made and connected to each 

other. The three motions, in the axial, coronal, 

and sagittal planes, are coupled together. This 

is the concept of the coupling and coupled 

motions, described later. The three vertebral 

motions, not being in one plane, constitute 

a three-dimensional motion. As the three- 
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FIGURE 2-8 Three-dimensional motion. Motion of tibia 

with respect to the femur is nearly a plane motion 

throughout most of the knee extension. However, during 

the last 10° to 20° of extension, the tibia also rotates 

around its axis. Thus, the plane motion is transformed 

into three-dimensional motion toward the end of knee 
extension. 

dimensional motion takes place in space, it 

is not possible to record this motion informa¬ 

tion on a single plain x-ray film. Stereoscopic, 

biplanar and three-dimensional computed to¬ 

mography (CT) techniques are needed to doc¬ 

ument the three-dimensional displacements 

and motions. 

One of the basic characteristics of the 

planar motion is that a body exhibiting this 

motion may always be brought from one 

position to another position in the plane by 

pure rotation about a center, the so-called cen¬ 

ter of rotation, or COR, as described earlier. 

Analogous to this, a body exhibiting three- 

dimensional motion may always be moved 

from one position to another position by cer¬ 

tain amounts of rotation around, and transla¬ 

tion along, a single axis in space. This is called 

the helical axis of motion, as described in the 

next section. 

Helical Axis of Motion 

Definition. When a rigid body moves in 

space from one position to another, there is a 

line in the body, or some hypothetical exten¬ 

sion of it, about which the body rotates and 

along which the body translates. This is the 

helical axis of motion. 

Description. The helical axis of motion 

(HAM) is a concept for describing three- 

dimensional motion. It simplifies into the COR 

concept for the planar motion when the mo¬ 

tion is confined to a plane. According to the 

laws of mechanics, a rigid body may always 

be moved from the first position to the second 

position by a rotation about a certain axis and 

translation along the same axis. This consti¬ 

tutes HAM. (Now, they are literally hamming 

it up.) A total of six numbers are required to 

define the three-dimensional motion in terms 

of its HAM: four to define the position and 

orientation of the axis, and two to define the 

amounts of rotation about and translation 

along it. This is consistent with the fact that 

the rigid body has six degrees of freedom. 

The HAM is the most concise way to 

define the three-dimensional motion of a rigid 

body. This method of presentation is well 

suited for describing relative motion of irregu¬ 

lar bodies, such as tibia-femur and jaw-skull, 

upon which it is difficult to consistently and 

accurately identify anatomic reference points. 

Therefore, for example, knee motions of two 

individuals may be easily compared by corre¬ 

lating the six HAM parameters, even though 

the two knees may have different shapes and 

sizes. 

If one throws a perfect “bullet” pass with 

an American football, as shown in Figure 2- 

9A, then the motion of the ball may be defined 

by a single helical axis or a set of helical axes. 

The HAM, as shown, runs through the center 

of the ball and is oriented along its longitudinal 

axis. The ball is translating along that axis and 

is simultaneously rotating about that same 

axis. If the ball is not moving smoothly through 

the air, then there will be several HAMs. 

When a screw is driven into a bone to 

fix a fracture, the screw translates into the bone 
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A 

FIGURE 2-9 Helical axis of motion (HAM). This concept for three-dimensional motion is similar to the center of 

motion concept for the plane motion. A. An American football translating and rotating at the same time (a perfect 

bullet pass), is a simple example demonstrating the concept of the HAM. In this case the longitudinal axis of the 

football is also the HAM. B. Determination of the HAM is quite involved and is described under the Explanatory Notes. 
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as its head is rotated. The motion of the screw 

is a helical motion, and the axis of the screw 

is the HAM. It is for this example that the 

HAM is sometimes called screw axis of mo¬ 

tion. 

The HAM concept has been used in some 

instances in orthopaedics to describe complex 

three-dimensional motions. Some examples 

are the intervertebral motion in the thoracic 

spine due to idiopathic scoliosis, the motions 

of the metacarpophalangeal joints while clos¬ 

ing hand, and the lateral bending motion of 

the lumbar spine. A potential use for the HAM 

is to define precisely in three-dimensional 

space the vertebral movements that take place 

in the transition from a normal spine to a 

scoliotic spine. Such measurements would 

provide a precise quantitative description of 

the natural history of the development of the 

spinal disease. 

Explanatory Notes. Figure 2-9B shows con¬ 

ceptually a simple method to determine the 

helical axis of motion. The object here is a 

book embellished with a few blank pages and 

moved from position 1 to position 2, as seen at 

the top. The motion of the book is completely 

determined by translation vectors of three of 

its (noncolinear) points, for example, points 

A, B, and C. Consider an intermediate position 

of the book, shown in broken lines in the 

middle figure. This position is reached by 

purely translating the book by the translation 

vector of point A. (Translations of all three 

points are the same for this rigid body transla¬ 

tion.) Thus one point, namely A, has reached 

its final position. Now points B and C can be 

brought to their final position by a certain 

amount of rotation R about a certain axis pass¬ 

ing through the final position of point A. In the 

figure at the bottom is shown the orientation of 

the rotation axis, defined by the two angles a° 

and (3° shown. By resolving the translation 

vector of point A, along and perpendicular to 

the rotation axis, the translation T and location 

of the axis (coordinates x and z of the intersec¬ 

tion point) are obtained. Thus, six num¬ 

bers—R, T, a°, (3°, x, and z—are needed to 

define the HAM, as shown in the last figure. 

(This explanation is based upon a geometric 

principle of Euler, 1707-1783.) 

MAIN AND COUPLED MOTIONS 

Definition. In a phenomenon where one 

motion component (translation or rotation) 

results in another motion component, the first 

and second motions are called, respectively, 

main and coupled motions. 

Description. Consider a block of wood hang¬ 

ing from a thread so that it is in a stable hori¬ 

zontal position (see left side of Fig. 2-10). 

Apply a force on one of its faces (see right side 

of Fig. 2-10). If the force is applied exactly at 

the center of the face, the block will move 

straight (middle figure). It will translate (TJ 

in the direction of the force vector. This is 

called the main motion. However, if the force 

is applied at another point, on either side of 

the center, the block will translate (T2 or T3) as 

well as rotate (R2 or R3). This rotatory motion is 

the coupled motion, associated with the main 

translatory motion. The magnitude and direc¬ 

tion of the coupled rotation will depend on 

the location of the point of force application. 

In a more complex system, such as a body 

joint, the coupled motion will also depend on 

the physical characteristics of the joint (e.g., 

articulating joint surfaces and ligaments). 

Another example is the motion of a verte¬ 

bra in the sagittal plane. When we bend for¬ 

ward (i.e., flex the spine), the vertebrae rotate 

(flex) and translate forward and downward 

with respect to the adjacent vertebrae below. 

Here, rotation is the main motion and transla¬ 

tions are the coupled motions. Similarly, the 

axial rotation (main motion) of the trunk is 

consistently associated with lateral bending 

(coupled motion), and to lesser degree to sagit¬ 

tal plane rotation (another coupled motion), 

in both the lower cervical spine and lumbar 
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FIGURE 2-10 Main and coupled motions. A motion component 

that is consistently associated with the main motion of a body is 

called the coupled motion. This is illustrated by a block of wood 

hanging from a wire. If a horizontal force is applied at a point P, 

the block moves (translates) straight along the direction of the 

force. T, is main motion. There is no coupled motion. If the force 

is then applied either to the right or left of the point P, a more 

complex motion (translation as well as rotation) is produced. The 

rotational component of motion (R2 or R3) is the coupled motion, 

while the translation component (T2 or T3) is the main motion. 

spine. Lumbar spine has been shown to have 

coupled motions that are functions of both 

the load applied and the posture of the spine. 

Explanatory Notes. As exemplified above, by 

coupling we mean an association between two 

components of motion of a rigid body. It is 

an intrinsic property of the structures. Take 

the example of the knee (Fig. 2-8). Near the 

end of knee extension (main motion), the tibia 

rotates (coupled motion) around its axis, the 

so-called screw-home mechanism. This pat¬ 

tern of coupled axial rotation of tibia with 

respect to the femur is a result not only of 

muscle and externally applied forces, but also 

of its connections to the femur: geometry of 

the two articulating surfaces and physical 

properties of the connecting ligaments. 

VELOCITY 

Definition. Velocity is the rate of change of 

position of a point or a body with respect 

to a coordinate system or another body. The 

velocity may be linear or angular, depending 

on the type of motion. 
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complex motion during running, its center of gravity, being a point, simply translates. It has linear velocity 
vector. A line in the femur does not remain parallel to itself, thus the femur also has angular velocity vector. 
B. Although the speed of the car may be constant during a certain time period while traveling from Yale to 
Harvard, its velocity may vary dramatically. The velocity being a vector thus includes both the direction and 
magnitude (speed). 
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Units of Measurement. For linear velocity: 

meter per second = m/s (feet per second = 

ft/s). For angular velocity: radians per sec¬ 

ond = rad/s (degrees per second = deg/s). 

Description. A tennis ball traveling in mid 

air, at any instant, has a certain linear velocity. 
It may also have an angular velocity if it spins. 

Another example is the femur of a person jog¬ 

ging (Fig. 2-11A). It changes its angular posi¬ 
tion with time, therefore, the femur has angu¬ 

lar velocity. Also, all points on the femur 

change their positions with time, therefore, 
every point on the femur has linear velocity. 

The linear velocity of the center of gravity of 
the femur and its angular velocity are indicated 

in Figure 2-11A. 
Velocity is linear when the motion is 

translatory, and angular when it is rotatory. It 

is a vector quantity and therefore has both 
magnitude (speed) and direction (orienta¬ 
tion). A change in either quantity represents 
a change in velocity. This is illustrated by the 

following example. 
A car traveling from Yale to Harvard (Fig. 

2-1 IB) has an average speed (velocity magni¬ 
tude) of 80 km/h (50 mph). At a certain instant 

in time, the speed is probably higher or lower 
than the average. At another instant in time, 
the direction of the speed probably differs from 

the direction of Yale to Harvard. A complete 
description of velocity of the car, therefore, 
requires full documentation of its instanta¬ 
neous velocity vectors, which includes changes 
in both speed and direction throughout its 

journey. On the straight portion of the road, 
if the speed changes, the velocity vector varies. 

On the curved position of the road, the speed 
may remain constant, but the velocity vector 

will change because of the changing directions. 

LINEAR ACCELERATION 

Definition. Linear acceleration is the rate of 

change of linear velocity. 

Unit of Measurement. Meters per second 

squared = m/s2 (feet per second squared = 

ft/s2). 

Description. Since acceleration is a vector 

quantity, changes in its magnitude and/or its 

direction may occur. When the driver of an 

automobile presses the accelerator, moving 

from a speed of 0 to 5 to 20 to 100 km/h 

(60 mph), the car undergoes linear accelera¬ 

tion. When the driver brakes, the car under¬ 

goes linear deceleration or retardation. Both 

the acceleration and deceleration in this exam¬ 

ple are due to the change in the magnitude 

of the velocity. This concept is illustrated in 

Figure 2-12A. 

Now let us consider the change in the 

velocity direction. A change, over time, in the 

velocity direction without change in magni¬ 

tude also produces acceleration. We all have 

experienced that while sitting in a car taking 

a right turn, the occupants are pushed to the 

left as the car negotiates the turn at a constant 

speed. This push is due to the change in the 

direction of our velocity vector. The concept 

is illustrated in Figure 2-12B. For discussion 

please see the Explanatory Notes below. 

Explanatory Notes. First consider the change 

in magnitude (speed). If the car, shown in 

Figure 2-12A, has a speed V,, at a certain point 

in time p, and at another point in time t2 

has a speed V2, then the average acceleration 

during the time interval (t2-tx) is (V2-V1)/(t2- 

tj). As the two velocities are vectors Vj and 

V2, then the V3 = V2 - V, vector is obtained 

by vector subtraction (see inset in Fig. 2-12A). 

In addition to the average acceleration, one 

may compute instantaneous acceleration at 

various time points by selecting many small 

time intervals. If the speed decreases during 

the time interval, there is negative acceleration 

or deceleration. 

Now we consider the acceleration as a 

result of change in direction. Referring to Fig¬ 

ure 2-12B, where the car is turning, the only 

change within the time interval (t2-tj) is the 

change in the direction of the velocity vector 

from V, to V2, the speed remaining the same. 

The resulting velocity vector is V3 = V2-V, and 
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h 

FIGURE 2-12 Linear acceleration. It is the rate of change of linear velocity vector. 

The velocity being a vector, a change may be either in its magnitude or in its direction. 

A. Velocity changes from V, to V2 in time interval (t2-t,), giving an average acceleration 

vector of (V2-V,)/(t2-t,). Inset shows the vector subtraction (V2-V,). B. A car traveling 

with the velocity V makes a right turn keeping the same speed. Although the velocity 

has the same magnitude (speed) its direction has changed. Here the acceleration is 

a vectorial difference between the velocity vectors V2 and V, divided by the time 

interval (t2-t,). See inset for vector subtraction. 

is directed toward the center of the turning 

circle of the car (see inset in Fig. 2-12B). The 

acceleration is [(V2 - V,)/(t2-t1)]. In other 

words, to turn the car from the direction of 

vector Vj to that of V2, an acceleration directed 

toward the center of the rotation circle must be 

applied. This is called centripetal acceleration. 

Because of body inertia, the passenger feels 

a push opposite to the direction of the car 

acceleration (away from the center). This push 

is called centrifugal force. This centrifugal force 

can cause severe increased neck pain in some 

patients who have acute cervical intervertebral 

disc disease. A neck brace will alleviate the 

problem caused by the centrifugal force. The 

radially outward push in this case of turning is 

similar to the backward push felt by a passenger 

sitting in a car that is accelerated forward 

(Fig. 2-12A). 

ANGULAR ACCELERATION 

Definition. Angular acceleration is the rate 

of change of angular velocity. 

Unit of Measurement. Radians per second 

squared = rad/s2 (degrees per second squared = 

deg/s2). 

Description. The change in angular velocity 

over time constitutes angular acceleration. In 
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whiplash trauma, when an auto is hit from 

behind, the trunk is linearly accelerated for¬ 

ward in relation to the head, which, because 

of its inertia, is slow to respond and is therefore 

linearly and angularly accelerated backward 

with respect to the trunk, subjecting the neck 

to hyperextension injury in the lower cervical 

spine. This classical whiplash injury mecha¬ 

nism has been questioned in recent studies. 

Now it is believed that it is the rearward linear 

acceleration of the head with respect to the 

trunk, which causes the lower cervical spine 

injury. The resulting relative translation be¬ 

tween the head and trunk causes an S-curve 

of the cervical spine, i.e., hyperextension in 

the lower and flexion in the upper cervical 

spine. This S-curve hyperextension, which oc¬ 

curs prior to whole cervical spine extension, 

is believed to be the cause of cervical spine 

injury. The science is ever changing, only time 

will tell which whiplash injury mechanism pre¬ 

vails. 

Since the angular velocity is a vector, a 

change in its direction over time, without a 

change in its magnitude, also produces angular 

acceleration. An excellent example to illustrate 

this concept is a gyroscope, shown in Figure 

2-13. It consists of a heavy wheel rotating at 

high speed. It is able to balance on the tip of 

a pen because, if it tilts to one side, its vertical 

angular velocity vector changes direction, pro¬ 

ducing angular acceleration. This, in accor¬ 

dance with Newton’s Second Law of Motion 

(described in Chapter 3), develops a counter¬ 

balancing moment that tends to bring the gy¬ 

roscope back to its original position. Through 

this mechanism, a stable position is maintained 

as long as the gyroscope wheel keeps rotating. 

This gyroscopic “trick” intrigues the intuition 

because angular acceleration due to “change 

in the direction” is not a part of the everyday 

experience. However, the gyroscope obeys the 

same laws of mechanics as does the head-neck- 

torso being hit from behind. 

Explanatory Notes. A mathematical expres¬ 

sion for the angular acceleration can be de- 

Angular 
velocity 
vector 

Rotating 
wheel 

FIGURE 2-13 Angular acceleration. It is the rate of 

change of angular velocity vector. A gyroscope is a toy 

(also a sophisticated instrument used for navigation) 

consisting of a heavy-rimmed wheel rotating at high 

speed around its axis. It can stay upright and stable on 

the tip of a pen. Its angular velocity vector is oriented 

vertically around its axis. If the gyroscope is pushed to 

the side it will right itself because the tilt changes the 

direction of the angular velocity vector, resulting in 

acceleration vector and a restoring moment. 

rived, in a manner analogous to the linear 

acceleration. Consider a body, at a certain 

point in time t1; that has angular velocity vector 

(Oi, and at another point in time t2 has angular 

vector (o2. Then the average angular accelera¬ 

tion vector is (<u2-tu1)/(t2-t1). The instanta- 
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neous acceleration vector at time t is the aver¬ 

age acceleration when the time interval (t2-tj) 

approaches zero. If the angular velocity vector 

decreases during the time interval, the acceler¬ 

ation is negative and is called angular deceler¬ 

ation. 

SUMMARY 

The study of motion of bodies without regard 

to the forces producing the motion is called 

kinematics. Motion of the wings of a butterfly 

or that of Michael Johnson doing a 200-meter 

dash when described in quantitative measures 

are examples of kinematics. There are two 

types, and no more, of motions. Translation 

is that motion in which all particles of a body 

move in parallel paths. An example is a boat 

that is pushed over a calm water surface. Rota¬ 

tion is that motion in which one line within 

the body or its hypothetical extension remains 

fixed in space while the rest of the body rotates 

around it. The most common example is the 

turning of the steering wheel of a car. 

Any motion can be either relative or ab¬ 

solute. Motion of the femur with respect to 

acetabulum is a relative motion with three ro¬ 

tatory degrees of freedom. However, the mo¬ 

tion of the same femur with respect to the 

ground is the absolute (also called global) mo¬ 

tion, and has all the six degrees of freedom. 

In relative motion the body, with respect to 

which the motion is measured, is considered 

as stationary. Thus the relative motion is the 

motion visualized from the viewpoint of the 

referred body. 

Degrees of freedom is an extremely im¬ 

portant concept and is related to the coordi¬ 

nate system described in Chapter 1. It is de¬ 

fined as a number of independent coordinates 

necessary to fix the position of the body in 

space. In everyday use, however, it represents 

the number of independent movements a body 

can perform. A railway train on a track has 

one degree of freedom as it can move only 

along the direction of the track. A coin on a 

table can translate sideways, translate up/ 

down, and rotate in the plane of the table. 

Thus it has three degrees of freedom, one rota¬ 

tory and two translatory. A vertebra has six 

degrees of freedom, three translatory and three 

rotatory, as it can move in all possible direc¬ 

tions. Six is the maximum number of degrees 

of freedom a body could have (i.e., three trans¬ 

lations along and three rotations around the 

three axes of a three-dimensional coordinate 

system). 

If a body moves in a plane, it is said to 

perform plane motion. Examples are motions 

of a coin on the table and the head motion 

during flexion/extension of the neck. The plane 

motion is characterized by three degrees of 

freedom. Instantaneous center of rotation 

(COR) is a concept that concisely documents 

movement of a body in a plane. For any two 

positions of a body during its motion its COR 

can be determined. For various positions 

within its range of motion a series of CORs 

may be determined forming a locus of the 

centers of rotation. 

In three-dimensional motion an uncon¬ 

strained body moves in all its six degrees of 

freedom. Motion of a lumbar vertebra, when 

the spine is bent laterally, is a complex three- 

dimensional motion as the vertebra both trans¬ 

lates and rotates. To document quantitatively 

the three-dimensional motion, equivalent to 

the COR, a concept of helical axis of motion 

(HAM), also called screw axis, is utilized. It can 

be shown that all three-dimensional motions, 

however complex they may be, can be consid¬ 

ered as motions in which the particles of the 

body trace arcs in space around one single axis, 

i.e., HAM. Methods are available to determine 

the location and orientation of this axis as well 

as translation along and rotation about this 

axis. Six numbers, equal to the six degrees of 

freedom, are necessary to define the HAM. 

Coupling is another important concept 

that defines a consistent association of one 

motion with another motion. For example, 
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tightening a screw into a bone requires clock¬ 

wise rotation of the screw. Associated with the 

rotatory motion of the screw is the motion of 

translation of the screw along its axis. The 

translatory motion of the screw is the coupled 

motion, while the rotation is the main motion. 

The rotation of the vertebrae in scoliotic spine 

due to lateral bending may also be considered 

as a coupled motions. 

Velocity is defined as the rate of change 

of position of a point or rigid body with respect 

to a coordinate system or another body. The 

velocity may be linear if the motion is transla¬ 

tory or angular if the motion is rotatory. Ve¬ 

locity is a vector and, therefore, has direction 

in addition to its magnitude (speed). This is 

in contrast to speed, which is a scalar (i.e., is 

fully defined by its magnitude). 

Acceleration is the rate of change of ve¬ 

locity. Similar to the velocity, acceleration is 

of two types: linear and angular, and is a vector. 

When a driver presses the accelerator of a car, 

the car accelerates, achieving ever-increasing 

speed. This is linear acceleration. In a rear- 

end collision, causing whiplash injury to the 

cervical spine, the car and trunk are linearly 

accelerated forward while the head translates 

and rotates in the sagittal plane and is, there¬ 

fore, linearly and angularly accelerated with 

respect to the truck. Another interesting exam¬ 

ple of angular acceleration is a gyroscope that 

illustrates the vectorial nature of the angular 

acceleration. The gyroscope consists of a heavy 

wheel that rotates around its axis at high speed. 

Thus its angular velocity vector is along its 

axis. When such a wheel is balanced on the 

tip of a pen, it does not fall. This is so because 

the falling motion of the gyroscope produces 

angular acceleration owing to the change in 

the direction of the angular velocity vector. This 

in turn develops a moment, which restores the 

gyroscope to its original position. 
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CHAPTER THREE 

Motions and Loads 

FIGURE 3-1 Kinetics is a study of motion of bodies and the forces producing the motion. In an athlete 

starting for a 200-meter dash, quantitative relationships between the muscle forces applied to the bones 

and the accelerations produced in the various body parts constitute a kinetic study of the mechanics of 

short-distance running. 

Observe an athlete starting for the 200- 

meter dash (Fig. 3-1). From a standstill, 

he reaches his cruising speed in a few seconds. 

His muscles apply forces at appropriate points 

on the bones to produce maximum accelera¬ 

tion of the whole body. A study involving 

relationships between the various fast- and 

slow-twitch muscle forces applied and the 

body acceleration produced is a kinetic study 

of the mechanics of short-distance running. 

In the athlete, the motion is initiated pre¬ 

dominantly by the muscles that extend the 

knee and hip joints and plantar flex the ankle. 

The distance between the feet and the center 

of gravity of the body increases. The feet being 

fixed, the center of gravity is pushed forward. 

The forward acceleration of the center of grav¬ 

ity requires the application of equivalent force 

at the feet. The acceleration of the center of 

gravity is in direct proportion to the contact 

force at the feet and inversely proportional to 

the inertia or mass of the body. This is in 
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accordance with Newton’s second law of 

motion. 

The 200-meter dash is a fast event. Her¬ 

alded by the starter’s gun, the momentum gen¬ 

erated in the body depends on the impulse 

given to it by the force at the point of contact 

of the feet with the ground. 

In this chapter, we will define and study 

the basic concepts of kinetics. When this chap¬ 

ter is completed you will understand the rela¬ 

tionships between the motion of bodies and 

the forces that produce it. 

KINETICS 

Definition. Kinetics is a branch of mechanics 

that studies the relationship between the forces 

acting on a body and the changes they produce 

in the motion of the body. 

Description. Pushing a car through the snow 

is much harder than pushing it on bare road 

(making tracks in the snow requires effort). 

Kinetics is the study of quantitative relation¬ 

ships between the car speed and the forces of 

push, wheel-ground friction, and inertia of 

the car. Another example is the analysis of 

the relationship between the forces created by 

Harrington rods on the scoliotic spine and 

the subsequent correction of the scoliosis. The 

rods act on the spine by applying certain forces 

to it that cause the spine to transform itself 

from a deformed to a more normal shape. 

MASS 

Definition. Mass is a quantitative measure 

of matter in a body. 

Unit of Measurement. Kilogram = kg (pound 

= lb). 

Description. Although mass may be thought 

of as a unified collection of particles, we are 

more concerned with the effect the mass has 

in dynamic situations. Imagine a cart of mass 

m on frictionless wheels on a table, as shown 

i-1 
' i 
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FIGURE 3-2 Mass is a quantitative measure of matter 

or inertia of body. When a force F is applied to a cart 

of mass m, it produces acceleration. The acceleration 

produced will be half the amount if the mass is doubled. 

in Figure 3-2. Let us apply force F to the cart 

by means of a string and a weight. The cart 

will accelerate. Now if the mass of the cart is 

doubled and the same force is applied again, 

then the cart starts moving rather slowly, at 

precisely half the acceleration. 

The weight of a body is a term that is 

loosely used. The mass and weight are not the 

same. When a 1-kg mass of sugar is held in 

one’s hand, the sugar is being pulled downward 

by the acceleration due to gravity. The sugar 

is the mass and the gravitational pull in new¬ 

tons (N) is the weight (1 kg of mass weighs 

9.81 N). The relationship between the mass, 

weight, and gravitational acceleration is pre¬ 

cisely given by Newton’s second law, as de¬ 

scribed later. 

CENTER OF GRAVITY 

Definition. The center of gravity (eg) is the 

point in a body where the body mass is cen¬ 

tered. 

Description. If a body were hung from this 

point by a rope (Fig. 3-3), the body could be 

oriented in any direction whatsoever, and it 

would remain in that orientation hanging 

freely. Even though we have used a human 
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FIGURE 3-3 The center of gravity is a point in a body 

where the body mass is centered. If the body is hung 

from its eg it will not tend to rotate or tilt, in whatever 

orientation it may be placed. See text for explanation. 

body as an example, in the text we are using 

the term body to mean any structure. 

When a person is standing in the ana¬ 

tomic position, the eg of his/her entire body 

lies in the midsagittal plane (owing to anatomic 

symmetry). In this position, the eg of the trunk 

also lies several centimeters anterior to the sa¬ 

crum. This probably is the reason for carrying 

a backpack on the back, which tends to shift 

the eg posteriorly, more in line with the spine, 

thus reducing the bending stresses and the 

forces that the erector spine muscles must exert 

to keep the backpacker erect. 

It must be realized that the eg changes 

with different body postures and limb posi¬ 

tions. Therefore, it is not specific enough to 

speak of the eg of the human body being 

located at certain distances with respect to, 

say, the sacrum. One must specify corre¬ 

sponding body posture and limb positions. 

In a dynamic situation, for example, dur¬ 

ing pole vaulting, the location of the eg of 

the pole-vaulter with respect to her pelvis 

changes constantly. 

Explanatory Notes. At the eg of a body, the 

sum of the moments due to the pull of gravity 

(weights) of all the parts composing the body 

are equal to zero. This is true in all vertical 

planes passing through the eg of the body. 

Therefore, when a body is hung from its eg, 

the moments due to the body parts on the 

right-hand side of the eg are exactly equal and 

opposite to those exerted by the body parts on 

the left-hand side. Hence, there is zero moment 

at the point of hanging and, therefore, no ten¬ 

dency for the body to rotate. 

INERTIA 

Definition. Inertia is the property of a body 

to resist change in its linear velocity. (The 

property of the mind to resist change is also 

inertia but of another type). 

Description. Inertia is actually the manifes¬ 

tation of the physical law (Newton’s first law) 

that states that a body at rest will remain at 

rest and a body in motion will remain in mo¬ 

tion unless some external force is exerted on 

it to change its state. A bicycle has mass and, 

therefore, inertia. One must apply forces to 

the pedals to get the bike moving from its state 

of rest. To slow down, it is necessary to apply 

braking forces to alter the state of motion to 

a slower one. 

The concept of inertia is important in the 

analysis of trauma to various musculoskeletal 

tissues of the body. (The other type of inertia 

can be traumatic to the mind.) For example, 

when an acceleration is imparted to the lower 

portion of a resting spine in a rear-end colli¬ 

sion, the inertia of the head resists the change. 

This resistance imparts potentially injuring 

forces to the spine and the neural tissues 

(i.e., whiplash). 
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As there are two kinds of motions, 

namely translatory and rotatory, there are also 

two types of physical inertias. The first one is 

simply the mass that is associated with the 

translatory motions. To accelerate a car re¬ 

quires the application of forces at the wheel- 

ground contacts. The forces overcome the in¬ 

ertia of the mass of the car to produce 

translatory or linear acceleration. The second 

type of inertia, associated with rotatory mo¬ 

tion, is called the mass moment of inertia and 

is described below. (There are many types of 

mental inertia.) 

MASS MOMENT OF INERTIA 

Definition. The mass moment of inertia is 

the quantitative measure of inertia of a body 

associated with change in its angular velocity. 

Unit of Measurement. Kilogram meter 

squared = kg m2 (poundfoot squared = lb ft2). 

Description. A bicycle wheel off the ground, 

if given a certain speed, continues to rotate for 

a long time. It does this because of the mass 

moment of inertia of its rim. This inertia is 

equal to the mass of the rim times the square 

of the radius of the wheel. Consequently, if 

the same rim mass is concentrated into a small 

disc around the wheel axle, and then the wheel 

is given the same speed, it will be found that 

the wheel slows down much faster because of 

its lower radius of the mass moment of inertia. 

It is this relatively large mass moment of inertia 

of the rim that keeps a bicycle stable in its 

upright position when it is in motion. 

Another example of this phenomenon is 

the figure skater who is spinning with both 

arms abducted out to the sides (Fig. 3-4A). 

FIGURE 3-4 The mass moment of inertia is the quantitative measure of rotatory inertia of a body. 

This inertia is proportional to the mass times the square of the radius of gyration of the body. 

Consider a skater spinning on ice. A. With arms stretched, the skater has relatively large mass 

moment of inertia. B. Bringing the arms to the sides decreases the effective radius of gyration of 

the body and thus, the mass moment of inertia. With the angular momentum conserved, this action 

results in corresponding increase in speed of the spinning. 
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Gradually bringing the arms in causes an in¬ 

crease in the spin (Fig. 3-4B). As the arms are 

brought in, there is a decrease in the mass 

moment of inertia. Because the angular mo¬ 

mentum (mass moment of inertia times the 

spin speed, see below for explanation) of the 

body remains constant, there is a correspond¬ 

ing increase in the spin speed. 

Explanatory Notes. Mathematically, the 

mass moment of inertia, represented by the 

letter I, is given by the formula: I = m X r2, 

where m = mass of the body in kilograms 

(pounds) and r = radius of gyration in meters 

(feet). The r is the radius from the center of 

rotation to the centroid of the rim cross- 

section. 

MOMENTUM, LINEAR, 
AND ANGULAR 

Definition. Linear momentum of a rigid 

body is the product of its mass and its linear 

speed. Angular momentum of a rigid body is 

the product of its mass moment of inertia and 

its angular speed. 

Units of Measurement. Kilogram meter per 

second = kg m/s (pound foot per second = 

lb ft/s) and kilogram meter squared per sec¬ 

ond = kg m2/s (pound foot squared per sec¬ 

ond = lb ft2/s) for linear and angular momen- 

tums, respectively. 

Description. The definitions and units of 

measurements described above clearly indicate 

that the linear and angular momentums are 

rather complex quantities. However, a couple 

of examples will show that the momentum is 

a simple concept and is often encountered in 

our daily lives. 

When we kick a soccer ball or football, 

we first accelerate our leg, gaining maximum 

speed and, therefore, momentum, before the 

foot strikes the ball (Fig. 3-5). During the very 

short interval of time of contact between the 

foot and the ball, total sum of the momentum 

Before impact After impact 

A B 

FIGURE 3-5 Momentum is the product of inertia and speed of a body. Consider the 

moment of kick-off. A. The leg has certain speed (SL) and, therefore, momentum (mL x 

SL) before it strikes the football, which has no momentum. B. After the impact the leg 

has less speed (SL') and, therefore, less momentum (mL x SL'). The loss in the momentum 

of the leg is a gain in the momentum of the football (mB x SB). 
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is conserved. In other words, the momentum 

lost by the leg is gained by the ball. Using 

this law of momentum conservation, we can 

compute the speed of the ball, if we know the 

respective masses of the leg and the ball. To 

see how this may be done, see Explanatory 

Notes below. 

Explanatory Notes. It no energy is lost dur¬ 

ing the impact (no absorption of energy at the 

contact surfaces), then we can use the laws of 

momentum and energy conservation to deter¬ 

mine the speeds of the impacting bodies (leg 

and ball) after the impact. 

Momentum conservation: mL X SL = 

mL X S'L + mB X S'B 

Energy conservation: (1/2) X mL X SL2 = 

(1/2) X mL X S'L2 + (1/2) X mB X S'B2 

where m, S, and S' are, respectively, mass, 

speed before (Fig. 3-5A), and speed after (Fig. 

3-5B) the impact. Additionally, subscripts L 

and B refer to the leg and ball, respectively. 

If the two masses (mL and mB) and the 

speed of the leg just before the impact (SL) are 

known, then, using the above two equations, 

we can compute the resulting speeds (S'B and 

S'L) of the ball and leg. Alternatively, if mass 

of the ball (mB) and speeds of the leg, before 

and after the impact (SL and S'L), are known, 

then we can compute the resulting speed (S'B) 

of the ball and mass (mL) of the leg. 

IMPULSE, LINEAR, AND ANGULAR 

Definition. Linear impulse of a force is the 

product of the force and the time interval of 

force application. Similarly, angular impulse 

of a moment is defined as the product of the 

moment and the time interval of moment ap¬ 

plication. 

Units of Measurement. Newton seconds = 

N.s (poundforce seconds = lbf.s) and newton 

meter seconds = N.m.s (foot poundforce sec¬ 

onds = ft.lbf.s), respectively, for the linear and 

angular impulses. 

Description. When one pushes a stalled car 

on the road, it gains speed slowly. At any point 

in time, the speed of the car is in direct propor¬ 

tion to the magnitude of the force and the 

time interval for which the force is applied. 

According to the above definition, this is im¬ 

pulse. In other words, the speed of the car is 

proportional to the impulse. Any combination 

of force and time interval may be used to 

achieve the same impulse. If a larger impulse 

is applied to the same car or if the same impulse 

is applied to a smaller car, both cars will achieve 

higher speeds. 

In trauma, the destruction of the tissue 

(hard as well as soft) depends not only on the 

magnitude of the force of trauma, but also on 

the time duration of the force application. It 

has been shown in spinal cord trauma experi¬ 

ments, in which a weight is dropped from a 

certain height, that the amount of damage to 

the cord is directly related to the magnitude 

of the impulse of the falling weight onto the 

spinal cord. 

NEWTON’S LAWS OF MOTION 

Definitions 

First Law A body remains in a state of 

rest or in uniform motion until it is acted upon 

by a force to change that state. 

Second Law The rate of change of mo¬ 

mentum is equal to the force producing it. 

Third Law To every action there is an 

equal and opposite reaction. 

Description. Sir Isaac Newton (1642-1727) 

postulated the three laws that form, to a great 

extent, the basis of today’s mechanical engi¬ 

neering science. These are based on his obser¬ 

vations, and since their inception they have 

been shown to be in good agreement with the 

observations of others. 

The first law says that the state of a body 

does not change of its own accord, but as a 

result of externally applied forces. A book on 

the table will stay there forever (Fig. 3-6A). 
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FIGURE 3-6 Newton’s three laws of motion. A. First 

law. A body remains at rest or in uniform motion until 

it is acted upon by an external force. A book will remain 

on the table forever if it is not disturbed. B. Second law. 

Force equals mass times acceleration. Therefore, the 

acceleration (a) of the car is inversely proportional to 

its mass m and directly proportional to the applied force 

F. C. Third law. Reaction equals action. The thrust cre¬ 

ated by the engines of the shuttle pushes exhausted 

gases downward, which, as a reaction, pushes the 

rocket-plane toward the heavens. 

Or a golf ball once hit will keep traveling with 

constant velocity (assuming no air resistance 

or gravity) until some force interferes. 

The second law is one of the most useful 

laws. Stated a bit differently, the second law 

says that the force F equals mass m times accel¬ 

eration a (Fig. 3-6B). When we push a car, 

its acceleration is in direct proportion to the 

amount of force we apply. And for the same 

applied force, we can impart a greater accelera¬ 

tion to a smaller car. Every time we move 

our limbs, we apply forces to the bones at 

appropriate places and produce motions or 

accelerations of the various body parts. In¬ 

creasing magnitudes of forces are required to 

produce walking, jogging, and running. 

The third law is best explained by the 

classical example of a rocket (Fig. 3-6C). As 

the rocket is fired, the exhaust gases are pushed 

downward, constituting the action, while the 

rocket is pushed upward by the force of reac¬ 

tion. The forces of action and reaction are 

equal in magnitude and opposite in direction. 

Explanatory Notes. Newton’s second law of 

motion, stated differently, provides a relation¬ 

ship between the force (F), mass (m) and accel¬ 

eration (a): 

F = m X a 

where F, m, and a are, respectively, in units 

of N, kg, and m/s2 or lbf, lb, and ft/s2. 

Let us take the example of a small car 

weighing 500 kg (about 1,100 lb). We want to 

achieve 100 km/h (60 mph) in 10 seconds flat. 

How much force, provided by the drive train 

at the tire-road contacts, is needed to achieve 

this acceleration? Before we can use the above 

equation, we must compute the speed and ac¬ 

celeration needed in the appropriate units. We 

recall that the acceleration is the rate of change 

of velocity or speed. 

Speed = 100 X 1,000 m/h 

= 100,000/3,600 or about 30 m/s 

Acceleration for achieving 30 m/s in 10 sec¬ 

onds is: 

Acceleration = 30/10 = 3 m/s2 

Therefore, the force, as given by the above 

equation, is: 
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Force = mass X acceleration 

= 500 X 3 = 1500 N 

SUMMARY 

Quantitative measurements of movements of 

bodies and the loads causing these movements 

is a study in kinetics. As an example, such a 

study of an athlete performing a 200-meter 

dash would consist of measurement or estima¬ 

tion of muscle forces applied to the various 

bones, inertia forces and moments of the 

masses, and measurement of movements of 

the body parts. 

Mass is a quantitative measure of matter. 

We feel its static effect in our arm when we 

lift a liter (quarter gallon) of milk in our hand. 

However, this effect is dramatically magnified 

in dynamic situations. Mass is the quantitative 

measure of inertia for the linear motion of 

the body. It is the resistance offered by bodies 

to the change in their state of either rest or of 

motion. Therefore, the feeling of the weight 

of the milk carton in your hand in a dynamic 

situation would depend on the rate of change 

in its motion, that is, its acceleration. Center 

of gravity is the point in the body where the 

body mass is centered. In the case of a collec¬ 

tion of bodies such as the human body, the 

center of gravity of the human body will vary 

depending on the position and orientation of 

the various body parts. Mass moment of iner¬ 

tia of a body is the quantitative measure of 

inertia during angular motion of the body. 

This material property is a function of both 

the mass as well as its distribution in the body. 

For example, the mass moment of inertia of 

a bicycle wheel around its axis becomes four 

times as large when the original size of the 

wheel is doubled. 

Momentum is a quantitative measure of 

the dynamic state of a body. There are two 

types of momentum. Linear momentum is 

quantified as mass X speed, while angular 

momentum is mass moment of inertia X angu¬ 

lar speed of the body. These concepts together 

with the laws of conservation of momentum 

and energy help us analysis traumatic situa¬ 

tions such as the collision of two cars or impact 

of the foot against the ball at the time of 

kick-off. 

Linear impulse is defined as the force 

X the time interval of its application. While 

pushing a stalled car on the road, whether the 

push is applied for a short time or for a long 

time makes a significant difference in the speed 

of the car. As we know, pushing for longer 

time produces greater speed. Angular impulse 

is the moment X the time interval of its appli¬ 

cation. 

Newton’s laws of motion form the basis 

for all dynamic analyses of moving bodies. 

There are three laws. The first law states that 

a body remains in a state of rest or of uniform 

motion (i.e., no acceleration) until it is acted 

upon by a force to change that state. This 

implies that a golf ball, once hit, will continue 

to move in a straight line into space forever if 

no external forces, such as the gravity of the 

earth or other heavenly bodies and air resis¬ 

tance, act upon it. The same is true for angular 

motion (e.g., spinning of a bicycle wheel). The 
second law states that the rate of change of 

momentum of the body equals the force ap¬ 

plied to it. The usual interpretation is the for¬ 

mula that equals the force to the mass X the 

acceleration of the body. The third law of 

Newton states that for every action there is 

an equal and opposite reaction. The classical 

example of this law is the propulsion of a 

rocket, in which exhaust gases are pushed 

downward (action) resulting in the rocket be¬ 

ing pushed upward (reaction). A more mun¬ 

dane example is the hammering of a nail into 

a wall. The action force pushes the nail into 

the wall, while the reaction force pushes the 

hammer away from the nail immediately after 

the impact. 
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CHAPTER FOUR 

Loads on Rigid Bodies 

FIGURE 4-1 Load acting within a structure, such as 

the vertebra of the lumbar spine, is in large part due to 

the action of muscle forces. The load and forces can be 

determined using the principles of free-body analysis. 

What happens at the fracture site when 

we apply traction to a fractured femur 

via a complex arrangement of strings, pulleys, 

and weights? Why is the load magnitude at 

the L3 vertebra (Fig. 4-1) of the lumbar spine 

about 2.5 times the body weight above this 

level? You will have a better insight into these 

important questions when you finish this 

chapter. The concepts presented here are use¬ 

ful in solving the clinician’s day-to-day prob¬ 

lems of the musculoskeletal system. In particu¬ 

lar, understanding the L3 vertebra loading 

analysis is key to being able to explain why a 

patient may need to lose weight and practice 

good ergonomics to alleviate low back pain. 

The technique most often used by engi¬ 

neers to solve such problems is free-body anal¬ 

ysis. We will explain this approach and teach 

you how to use it. You will be given some 

examples. After you work through these exam¬ 

ples, you will be able to carry out some free- 

body analyses on your own. We think this 

can help add more precision to your clinical 

judgments involving estimates of potentially 

damaging forces. 

STATICS 
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Definition. Statics is the branch of mechan¬ 

ics that deals with the equilibrium of bodies, 

at rest or in motion with zero acceleration. 
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Description. This is the most useful branch 

of mechanics for helping in the solution of 

common musculoskeletal biomechanical prob¬ 

lems. A static study of a problem, in contrast 

to a dynamic study, restricts itself to the deter¬ 

mination of the unknown forces and/or mo¬ 

ments acting on the body at rest. An example 

is the analysis of the human body held in a 

particular position. Static analysis is also appli¬ 

cable to situations where the body may be 

moving. Its movement, however, must be at 

a constant velocity (i.e., no acceleration). 

To apply traction in bed to correct a scoli¬ 

osis, a force is applied to the head on one side 

and to the femur on the opposite side (Fig. 

4-2A). If 180 N (40.2 lbf) is applied to the 

head and 250 N (55.9 lbf) to the femur, how 

much of the force is being applied to the spine? 

(N stands for newton, a unit of force in the 

metric system, and lbf stands for pound force, 

an equivalent unit in the US system; see Chap¬ 

ter 1 for details of units of measurements). 

We can use a simple static analysis to find the 

answer. In this example, the weights of the 

various body parts generate friction forces be¬ 

tween the body and the bed as the traction is 

applied. Without going into a detailed discus¬ 

sion about the friction forces (this is done in 

a later chapter), it will suffice to say that the 

maximum value of a friction force is propor¬ 

tional to the weight of the corresponding body 

part. Further, the friction force is directed in 

opposite direction to the micromovement of 

the body part over the bed. Assuming, for this 

discussion, that the friction forces under the 

head, thorax, and pelvis have values and di¬ 

rections, as shown in Figure 4-2A, the laws 

of statics provide the answer—in this exam¬ 

ple, the cervical spine is subjected to a traction 

of 170 N (38 lbf) while the thoracic/lumbar 

spine carries 200 N (44.7 lbf), as described 

below. 

To analyze forces in the spine, consider 

the body being comprised of three parts, head 

(H), thorax (T), and pelvis (P), connected by 

two springs representing the cervical (CS) and 

30N 

Head Thorax Pelvis 
CS _ TS 

B 
H -^W yF^AAAyV-[~P~]— 

170N 200N 

180N — 

C ION 

T 250N 

30N 50N 

FIGURE 4-2 Statics. The traction actually applied to 

the spine is always less than the external traction ap¬ 

plied by the hanging weights. This is due to the frictional 

forces between the various body parts and the bed. 

A. Traction of 180 N and 250 N is being applied to the 

head and legs, respectively. B. The three body parts H, 

T, and P are connected via the cervical and lumbar 

spine segments represented by the two springs CS and 

TS. C. Simple equilibrium, that is, balance of the forces, 

for each of the body parts gives the results for the forces 

acting in the springs. With the assumed values of the 

frictional forces as shown, the traction being applied 

to the cervical and lumbar regions of the spine is 

170 N and 200 N, respectively. 

thoracolumbar (TS) spines (Fig. 4-2B). The 

spinal loads are computed by considering the 

equilibrium of one body part at a time (i.e., 

head, thorax, or pelvis). For example, the head 

is acted upon by 180 N directed cranially and 

10 N directed caudally (Fig. 4-2C). Therefore, 

there must be 170 N in the cervical spine, 

directed caudally, in order for the head to be in 

equilibrium (i.e., it does not move). Similarly, 

considering equilibrium of the thorax, which 

is acted upon by the cervical spine force of 

170 N and friction force of 30 N directed crani¬ 

ally, the thoracolumbar force is 200 N. This 

value must also satisfy the equilibrium of the 
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pelvis. Of course, if there were no friction 

forces, the two tractions as well as the cervical 

and lumbar spine forces would all be equal. 

The method utilized in computing the cervical 

and lumbar spine forces is called free-body 

analysis and is presented in the latter part of 

this chapter. Since the realities of political cor¬ 

rectness and its controversies, options for hu¬ 

morous interjections are more precious. 

RIGID BODY 

Definition. A rigid body is one whose defor¬ 

mation under the application of a set of forces 

may be considered as relatively negligible. The 

human body should never be so considered. 

Description. It is a definition of convenience 

that is often used in engineering to simplify a 

complex problem. It is understood that there 

is no absolutely rigid body, even with recent 

pharmacological agents. In relative terms, 

however, one structure or body may be consid¬ 

ered rigid as compared to other structures 

or bodies. 

For example, for the study of limb move¬ 

ments in gait analysis, the bones are considered 

to be rigid bodies in relation to the soft tissues 

joining the bones. Another example is a rectan¬ 

gular block of rubber resting on a circular 

block of steel (Fig. 4-3A). When subjected to 

a compressive force F, the steel block deforms 

very little, while the rubber deforms consider¬ 

ably. Therefore, the steel block may be consid¬ 

ered a rigid body in comparison to the rubber 

block. The total deformation of the rubber- 

steel composite, therefore, may be approxi¬ 

mated by the deformation of the rubber block 

alone. A different situation exists when another 

composite is formed by the same rubber block 

and an air-filled balloon (Fig. 4-3B). When 

this composite is subjected to the same force 

F, the rubber block will deform (same as ear¬ 

lier) but very little in comparison to the bal¬ 

loon. In this case, it is the rubber block that 

may be considered a rigid body. 

Steel 

Rubber 

Rigid body 

Balloon 

Rubber 

FIGURE 4-3 A rigid body is a body that does not deform 

under the application of forces. However, it is a relative 

concept. A. Force F is applied to deform a block of 

rubber lying on top of a steel disc. The major deformation 

takes place in the rubber. Thus, the steel disc may be 

considered as a rigid body. B. Now the same force F is 

applied to a balloon lying on top of the block of rubber. 

The major deformation this time is in the balloon in 

comparison to that in the rubber. Now the rubber block 
is a rigid body. 

FORCE 

Definition. Force is any action that tends to 

change the state of rest or state of motion of 

the body to which it is applied. 

Unit of Measurement. Newton = N (pound- 

force = lbf). The unit of force in the interna¬ 

tional system (SI units) is called a newton. This 

is to honor a man who made one of the greatest 

contributions to the science of modern-day 

mechanics before Einstein. To give you a sense 
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of what this force is, one newton happens to 

equal the weight of a small apple (about 

0.22 lbf). 

Description. Newton’s observation of an 

apple falling to the ground demonstrated to 

him the presence of a gravitational pull, exerted 

on the apple by the Earth (Fig. 4-4A). The 

apple in the tree is at rest, balanced by the 

action of the gravitational pull on one side and 

the tension in the stem of the apple on the 

other side. When the stem weakens or the apple 

becomes bigger in size or the wind adds to the 

downward pull, the balance is disturbed and 

the apple’s state of rest is changed, resulting 

in the fall of the apple toward the center of 

the Earth. 

Another example is a woman sitting in 

a chair (Fig. 4-4B). She is at rest under the 

action of two equal and opposite forces. The 

force due to the Earth’s gravitational field is 

trying to accelerate her toward the center of 

the Earth. The chair is applying an exactly 

A 

FIGURE 4-4 Force. A. Newton observed an apple falling to the ground in 

response to the gravitational force exerted by the Earth on the apple. B. A 

woman sitting in a chair is in balance or equilibrium because of the action 

of two equal and opposite forces: weight of the body pulling her down and 

reaction of the chair pushing her up. When the chair is removed and the 

weight of the body is unopposed by the chair, the woman falls toward the 

center of the Earth. 
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equal force in the opposite direction, thus pre¬ 

venting her motion. If one suddenly removed 

the chair, gravitational force would quickly 

change her position and attitude of rest, as 

well as her attitude in general. 

Force is a vectorial quantity and is com¬ 

pletely specified by its magnitude, direction, 

sense, and point of application (see Chapter 1 

for a discussion of vectors). A hospital bed on 

wheels serves as an example of the vectorial 

nature of the force. To specify the force that 

will be applied to the bed, the magnitude of 

force in newtons (poundforce), must be de¬ 

fined. The orientation of the direction of the 

force must be discerned (e.g., is the force ap¬ 

plied in a vertical direction, or in a horizontal 

direction, or in any other direction in space) 

The sense of the force—push or pull—must 

be stated. Finally, the point on the bed at which 

the force is being applied must also be speci¬ 

fied. Once all four attributes are defined and 

the force is applied to the bed, the bed will 

move in a certain direction. A change in any 

of the parameters will produce a different mo¬ 

tion of the bed. 

The vectorial nature of the force is also 

illustrated by the phenomenon of slipped capi¬ 

tal femoral epiphysis. A force vector, when 

acting on one end of a long structure, may be 

resolved into two components: one perpendic¬ 

ular and another parallel to the transverse sec¬ 

tion of the structure. These are respectively 

called the normal and shear components. For 

the mechanism of slipped capital femoral 

epiphysis, it is hypothesized that the slip occurs 

because of the weakness of the epiphyseal plate. 

Because this plate is transverse to the femoral 

neck, and is inclined to the joint force vector 

acting on the femoral head, it carries a signifi¬ 

cant amount of a shear force component. As 

the weakness develops and progresses and the 

body weight increases, a specific time is 

reached at which the plate is no longer able 

to support the shear load, resulting in the slip 

of the head with respect to the neck. The direc¬ 

tion of the slip (i.e., medial and posterior) is 

S ON RIGID BODIES 

first and foremost an indicator of the direction 

of the shear force, but it may also represent a 

certain directional weakness of the plate itself 

and/or the resultants of the prevailing muscle 

forces about the hip joint. 

PRESSURE 

Definition. Pressure is force per unit area. 

Unit of Measurement. Pascal = Pa or N/m2 

(pounds per square inch = lbf/in.2 or psi). 

Description. Pressure is the intensity of a 

compressive force acting on an area. If the 

force is uniformly distributed over the area, 

then the pressure is uniform, and may be calcu¬ 

lated simply by dividing the force by the area. 

On the other hand, if the force magnitude 

varies over the area, then the pressure distribu¬ 

tion is nonuniform. Below we provide an ex¬ 

ample of each. 

Blood pressure is traditionally measured 

in millimeters of mercury (mm Fig). How is 

this possible if we realize that the pressure 

equals force per unit area while millimeters of 

mercury is a measure of length? The explana¬ 

tion is provided in Figure 4-5A. On the left 

is a glass tube containing mercury. Its shape 

is that of a “U”, with both of its ends open 

to air. The two columns of mercury are equal 

in height because the pressure (atmospheric) 

acting on both ends of the mercury column 

is the same. We now introduce air pressure 

to one column of the tube. Observe that the 

mercury in the other column rises, as seen on 

the right in Figure 4-5A. For a certain air 

pressure there is a certain height difference 

between the two columns of mercury. The 

height difference is established by the balance 

of the force due to the air pressure on one 

side and the weight of the mercury column 

difference on the other side. The force due to 

the air pressure equals the pressure times the 

area of the tube. On the other side, the weight 

of the mercury column equals the height times 

the area of the tube times the density of mer- 
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Joint reaction 

FIGURE 4-5 Pressure is the intensity of force per unit area. A. In a U-shaped 

tube filled with mercury, the two liquid columns are of equal height and weight. 

However, when air pressure is applied to one end of the tube, one liquid 

column falls while the other liquid column rises equally. The weight difference 

(equal to the height difference) of the two columns equals the force due to 

the air pressure. B. The pressure and force are two different quantities as 

indicated by the pressure distribution on the cartilage of the femoral head and 
the joint reaction force. 
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cury. Therefore, because the density of mer¬ 

cury is constant, there is a direct relationship 

between the air pressure and the height of 

the mercury column. Among all the liquids, 

mercury has the highest density and, therefore, 

it is chosen for pressure measuring instruments 

(monometers) to keep the size of the instru¬ 

ment within reasonable limits. 

For the nonuniform pressure distribu¬ 

tion, an excellent example is the hip joint (Fig. 

4-5B). We are interested in determining the 

stresses in the cartilage of the femoral head. A 

high stress may indicate a risk for cartilage 

damage. A possible pressure distribution in the 

femoral head, corresponding to a joint reaction 

force, is shown. In this idealized situation as 

shown, the maximum pressure occurs under 

the joint force. 

Here is another example. Let us observe 

the pressure changes in the deep compartment 

of the leg, as measured with a Stic® catheter. 

We have placed the needle in the anterior com¬ 

partment immediately postfracture. The pres¬ 

sure is 18 mm Hg and the diastolic blood 

pressure is 82 mm Hg. All is well. Now 2 hours 

later the anterior compartment pressure has 

risen to 35 mm Hg. The patient is in extreme 

pain and cannot dorsiflex the foot. 

FORCE COUPLE (MOMENT) 

Definition. A force couple, or moment, a 

pair of equal, parallel, and opposite forces act¬ 

ing on a body and separated by a distance from 

one another. The measure of the force couple, 

called moment, is the product of one of the 

forces and the perpendicular distance separat¬ 

ing the forces. 

Unit of Measurement. Newton meter or 

N.m (inch poundforce or in. Ibf). 

Description. Figure 4-6A shows a pair of 

equal, parallel, and opposite forces F separated 

by a distance D (perpendicular to the forces) 

acting on a body. This is a force couple. The 

force couple plane is also shown. The force 

couple or moment equals F X D. When related 

to the structure on which the couple is acting, it 

receives two specific names: twisting moment 

(torque) and bending moment. These depend 

on the relative orientation of the plane of the 

force couple and the axis of the structure as 

described below. 

A torque (twisting moment) is said to be 

applied to the structure when the force couple 

plane is perpendicular to the axis of the struc¬ 

ture. Examples are a screwdriver (Fig. 4-6B) 

and the steering wheel of a car. A bending 

moment is said to be applied to the structure 

when the force couple plane is parallel to the 

axis of the structure. Examples are the bending 

of the diving board by the weight of the diver 

(Fig. 4-6C) and bending of the compression 

plate with bending irons. 

It is very important in clinical settings to 

appreciate the magnitude of moments that 

may be applied to the musculoskeletal system. 

It is easy to underestimate this. For example, 

a not particularly strong orthopaedic resident 

can easily fracture a moderately osteoporotic 

femur in an attempt to posteriorly dislocate 

the femoral head from the acetabulum. All 

you need is a little less than a fully removed 

posterior capsule, a good vacuum fit, and the 

application of a modest force to the foot and 

ankle of the bent knee. Because of the length 

of the leg, between the foot and the knee, a 

very large bending moment (force X length 

of the leg) is created. This can torque the femur 

into multiple spiral fragments. Knowledge of 

biomechanics and pathology as well as kines¬ 

thetic intelligence are useful here in getting 

the femoral head out of the socket without 

shattering the femur. 

TORQUE (TWISTING MOMENT) 

Definition. Torque, or twisting moment, is 

a measure of the force couple applied perpen¬ 

dicular to the axis of the structure, which 

equals the product of one of the forces and 

the perpendicular distance between them. 
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F 

FIGURE 4-6 A force couple, or moment, is a pair of equal, parallel, 

and opposite forces separated by a distance. A. The measure of the 

force couple equals one of the forces F x the shortest distance D 

separating the forces. The plane passing through the forces is the force 

couple plane. B. When the force couple plane is perpendicular to the 

long axis of a structure, such as a screwdriver, the force couple is 

called a torque. C. When the force couple plane is parallel to the long 

axis of a structure, such as a diving board, the force couple is called 
a bending moment. 
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Unit of Measurement. Newton meter or 

N.m (foot poundforce or ft-lbf). 

Description. As explained earlier, when the 

plane containing the force couple is perpendic¬ 

ular to the axis of the structure, it produces 

twisting. The measure of the force couple is 

called the torque or twisting moment. 

An example is the application of torque 

to the screwdriver handle to loosen a screw 

applied to a broken tibia (Fig. 4-7). Two dif¬ 

ferent screwdrivers are used to demonstrate 

the torque concept. One has a standard handle 

while the other has an extra-large-diameter 

handle. (Assume that the torque to loosen the 

two screws is the same.) The torque or twisting 

moment consists of friction force F (between 

the hand and the handle) times the distance 

D equal to the diameter of the handle. There¬ 

fore, to loosen a tight screw it is easier with 

a bigger-diameter screw driver, because F2 is 

smaller than FI (Fig. 4-7). One can frequently 

gain a desired increase in torque by simply 

wrapping a small hand cloth around the screw¬ 

driver handle. 

BENDING MOMENT 

Definition. Bending moment is a measure of 

the force couple applied parallel to the axis of 

the structure, which equals the product of one 

of the forces and the perpendicular distance 

between them. 

Unit of Measurement. Newton meter or 

N.m (foot poundforce or ft.lbf). 

Description. When the plane of the force 

couple is parallel to the axis of the structure, 

it produces bending. Its measure is called the 

bending moment. Consider a monkey sitting 

on a branch of a tree (Fig. 4-8A). Because of 

its weight, it subjects the various cross sections 

of the branch to varying amounts of bending 

moment depending on the distance of the cross 

section from the monkey. The bending mo- 

f2<f1 

D1 D1 

FIGURE 4-7 Torque, or twisting moment, is a force couple applied perpendicu¬ 

lar to the long axis of the structure. To take out a screw from a bone, a certain 

torque is needed. The screwdriver on the right needs much smaller forces to 

produce the same torque as the one on the left F2 < F,. This is due to its 

bigger diameter. 
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FIGURE 4-8 Bending moment is a force couple applied parallel to the 

long axis of the structure. A. A monkey sitting on the end of a branch of a 

tree bends the branch owing to its weight. The measure of the bending 

and, therefore, the stresses in the branch, is given by the bending moment, 

which varies along the length of the branch, zero under the monkey and 

maximum at the base of the branch. B. At any cross section of the tree 

branch the bending moment equals the monkey’s weight W x the lever 
arm D. 

ment, at any cross section X, equals the weight 

W times the distance D from the force to the 

cross section X (Fig. 4-8B). Thus, its magni¬ 

tude changes from zero under the monkey to 

the maximum at the junction of the branch 

and the tree trunk. Nature has made the branch 

progressively thicker toward the trunk, en¬ 

abling it to resist increasingly higher bending 

moments from its tip to its base. 

It has been shown by in vivo interverte¬ 

bral disc pressure measurements in the lumbar 

spine that the disc pressure and the load on 

the disc increase when a subject sitting in a 

chair lifts even a small object that is an arm 

length away from the spine, such as a tele¬ 

phone. Patients are often perplexed that they 

can cause considerable back pain with such 

light work. The reason for this is the following. 

The small weight of the telephone due to its 

large lever arm applies a substantial bending 

moment at the disc. This external bending mo¬ 

ment must be counterbalanced by the internal 

bending moment provided by muscle and liga¬ 

ment forces in the back. These balancing struc¬ 

tures have relatively small lever arms and, 

therefore, must exert forces of rather large 

magnitudes in order to maintain the equilib¬ 

rium by counterbalancing the external bending 

moment. It is these large internal forces that 

account for the large increase in spinal load 
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due to lifting of a small telephone. The use of 

e-mail of course lowers these loads even more. 

LOAD 

Definition. Load is a general term describing 

the application of force and/or moment to 
a structure. 

Units of Measurement. See Force and Mo¬ 
ment, respectively. 

Description. Both the force and moment are 

three-dimensional vectors, each having three 

components. The load, as it contains both the 
force and moment vectors, may, therefore, be 

conceptualized as a six-component vector. The 

six-component representation of the load is 

quite convenient when dealing with complex 

problems of loading of the musculoskeletal 

structures. It helps provide a better under¬ 
standing of the loading situation. Let us take, 

as an example, the question of determining 

the load at the mid-section of the femoral neck 

when the femoral head is loaded with a simple 

joint force. Of necessity, the analysis of this 
three-dimensional problem is a bit compli¬ 

cated. But you will be well rewarded by your 

patience. 

As a start, let us take a highly simplified 

view of this problem, namely the view in the 
frontal plane, as shown in Figure 4-9A. The 

orientations of the joint reaction force vector F 

and the femur are those during the maximum 

load-bearing phase of the gait cycle. To deter¬ 

mine forces at the mid-section of the femoral 

neck, we simply resolve the force vector F, 

along and perpendicular to the mid-section, 

as explained earlier under Vector Analysis in 

Chapter 1. The force parallel to the mid-section 

is the shear force Fs, and perpendicular to it is 

the normal force FN. Because the joint reaction 
force vector F is a distance away from the mid¬ 

section, it will also produce a bending moment 

Mb. Thus, the load vector at the mid-section 

of the femoral neck in this frontal plane analy¬ 

sis has three components: two forces Fs, FN, 

and a moment MB. 

Chiefly because of the anteversion of the 

femur and complex muscular forces, the fron¬ 

tal plane analysis is inadequate. The femoral 

neck is inclined with respect to the force vector 

F in a three-dimensional manner, resulting, in 

addition to the force vector F, in a moment 

vector M (Fig. 4-9B). Resolving the joint reac¬ 

tion force vector F with respect to the mid¬ 

section, this time three force-components are 

obtained: normal component FN and two shear 

components FS1 and FS2. In a similar manner, 

three components of moment vector M are 

obtained: twisting moment MT about the axis 

of the femoral neck, and two bending moments 

MB1 and MB2. The three-dimensionality of this 

loading situation of the femur has been docu¬ 

mented by in vivo measurements using im¬ 

planted instrumented femoral implant and 

measuring the hip joint loads in patients. 

Please note that the vectors in Figure 4-9 do 

not represent the magnitudes of the actual 

loads in the hip joint, but are provided to 

illustrate the three-dimensionality of the loads 

in the hip joint. 

It is to be observed that, in the above 

example, much insight into a complex problem 

was obtained by rather simple means. The 

magnitude and direction of the forces and mo¬ 

ments (i.e., the load vector at a section of the 

femur) was readily obtained by knowing only 

the joint reaction force vector at the femoral 

head and the femoral anatomy. The exact 

method of doing this, as mentioned earlier, is 

called the free-body analysis and is explained 

in the latter part of this chapter. 

EQUILIBRIUM 

Definition. A body is said to be in a state of 

equilibrium if it is at rest or in uniform motion 

under a given set of forces and moments. 

Description. The concept of equilibrium 

arises from Newton’s second law of motion 

(see Newton’s laws in Chapter 3). The law 

states that all forces and moments acting on 
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neck, this force vector results in a shear force Fs, a normal force F„, and a bending moment MB. 

This combination of two forces and a moment at the femoral cross section is termed the load at 

the cross section. B. In a realistic three-dimensional situation, the joint reaction force vector F 

may result in three force components: FN, FS1, and FS2, and, (C) three moment components: MT, MB1, 
and MB2. 
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a body must balance each other so that the 

body does not accelerate. This implies that all 

forces in all directions and all moments about 

all axes acting on a rigid body must be in 

perfect balance or equilibrium. 

A simple example that nicely illustrates 

the concept of equilibrium is the woman sitting 

in a chair presented earlier in Figure 4-4B. 

She is at rest under the action of two equal 

and opposite forces (see left side of Fig. 4-4B). 

The first force is her weight due to the Earth’s 

gravitational field trying to accelerate her to¬ 

ward the center of the Earth. The second force 

is the reaction force due to the chair, which 

is applying an exactly equal and parallel force 

in the opposite direction, thus preventing her 

fall. The sum of the forces is zero and, there¬ 

fore, the woman’s body is in equilibrium. If 

one were to suddenly remove the chair, the 

woman’s body would no longer be in equilib¬ 

rium. The downward gravitational force, then 

being unopposed, would quickly change her 

position and her attitude of rest (see right side 

of Fig. 4-4B). Her attitude toward the authors 

would then be irreparable. 

In the above example, only vertical forces 

perfectly aligned were involved. In most clini¬ 

cal problems of the musculoskeletal system, 

such as the L4 vertebra in the spine (Fig. 4-10), 

there are forces along and moments about sev¬ 

eral different directions acting on many differ¬ 

ent points of a vertebra. The law of equilibrium 

applies to all the forces and moments. In fact, 

it is this law that makes it possible to conduct 

the free-body analysis described in the next 

section. 

Explanatory Notes. The law of equilibrium 

states that for a body or structure to be in 

equilibrium there are two conditions that must 

be satisfied: (1) the sum of forces in all direc¬ 

tions must be equal to zero; and (2) the sum 

of moments, taken at any point on the body 

or structure, around all axes, also must be 

equal to zero. If all the force and moment 

vectors acting on a body or structure are re- 

f3 

B 

FIGURE 4-10 Equilibrium. A body is in equilibrium 

under a given load or a set of forces and moments. 

A. Load on the L4 vertebra is due to the weight of the 

body above it. B. Because the weight is anterior to the 

L4 vertebra, it results in a complex set of force and 

moment vectors acting on the vertebra. F, and F2 are 

muscle and ligament force vectors; F3 and F4 are facet 

force vectors; F5 and F6 are disc force vectors; and M, 

and M2 are disc bending moment vectors. 

solved into their components along the three 

axes x, y, z of a three-dimensional coordinate 

system, then it is possible to set up mathemati¬ 

cal expressions describing these two condi¬ 

tions. Representing the forces and moment 

components by Fx, FY, Fz and Mx, My, Mz, 

respectively, the six equilibrium equations are: 

Force equilibrium equations: 

2FX = 0, 2Fy = 0, 2FZ = 0 
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Moment equilibrium equations: 

2MX = 0, 2My = 0, YMZ = 0. 

The symbol 2 (the Greek upper-case let¬ 

ter sigma) stands for summation. The six equa¬ 

tions provide equilibrium of forces along and 

moments around each of the three axes x, y, 

and z. The six equilibrium equations, as given 

above, are one of the most important tools for 

the biomechanical analyses of the musculo¬ 

skeletal system. They are used to solve simple 

problems in which there is a single force acting 

on a structure or a complex problem in which 

there may be a set of forces and moments in 

a three-dimensional space acting at different 

points on a structure. A simple graphical solu¬ 

tion may be used for forces acting in a plane, 

such as forces exerted by various traction de¬ 

vices. Or, for more complex loading situations 

such as the spine subjected to twisting and 

bending, the algebraic solution consisting of 

the six equations of equilibrium may provide 

the most efficient method. 

FREE-BODY ANALYSIS 

Definition. Free-body analysis is a technique 

used for determining the internal loads at a 

point in a structure subjected to external loads. 

Description. The technique of free-body 

analysis consists of three basic steps. 

(1) Free-Body Diagram The part of the 

structure to be analyzed is isolated or “cut 

away” from the rest of the structure by an 

imaginary boundary, creating a free-body di¬ 

agram. 

(2) Internal Forces and Moments At the imag¬ 

inary boundary, internal stresses are repre¬ 

sented by internal forces and moments as if 

they were the loads applied to the isolated 

portion of the structure by the rest of the 

structure. 

(3) Equilibrium Conditions Equations of 

equilibrium or graphical construction are then 

applied to the isolated portion of the structure 

to evaluate the internal forces and moments 

at the boundary in terms of the external loads. 

This method is based on the fact that the 

isolated structure must be in complete balance 

(or equilibrium) with respect to all the forces 

and moments, internal as well as external, ap¬ 

plied to it. This process is called free-body 

analysis and the isolated portion of the struc¬ 

ture is referred to as the free-body diagram. 

As has been mentioned, this is one of the 

most important engineering tools. In utilizing 

this powerful tool of the free-body analysis to 

practical problems, considerable simplifica¬ 

tions of the reality are generally necessary. The 

simplifying assumptions are an important part 

of the analysis. These assumptions should be 

clearly stated as the validity of the results ob¬ 

tained is based upon them. Some examples of 

free-body analysis follow. 

The purpose of presenting the examples 

(i.e., problems and their solutions) is to illus¬ 

trate the uses of the free-body analysis in get¬ 

ting estimates of internal loads in practical 

musculoskeletal problems. You should study 

these carefully. In addition, we have provided 

some exercises for you to work out. The an¬ 

swers to the exercises are given at the end of 

the chapter. 

EXAMPLE 1. HAMILTON-RUSSELL TRACTION 

Problem. How would you adjust the Hamil- 

ton-Russell traction so that a force of 400 N 

of distraction is applied at the femoral frac¬ 

ture site? 

Assumptions. There are no frictional forces in 

the pulleys of the traction apparatus. 

Solution. The Hamilton-Russell traction sys¬ 

tem is shown in Figure 4-11A. We will use 

free-body analysis twice and use graphical con¬ 

struction to obtain the solutions. 

Let F, be the unknown internal force vec¬ 

tor at the fracture site to be determined. It is 

directed along the length of the femur. Further, 

let F2 and F3 denote the force vectors applied 
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A 

FIGURE 4-11 Example 1. Hamilton-Russell Traction. Free-body analysis is a technique for deter¬ 

mining the internal loads in a structure subjected to external loads. The analysis involves three 

steps: creation of a free-body diagram by an imaginary boundary; setting up internal forces and 

moments; and using equilibrium equations or graphical construction to solve for the unknown 

internal forces and moments. A. Hamilton-Russell traction illustrates the basic methodology. To 

determine the unknown forces, F, in the femur, F2 and F3 in the traction apparatus, two free-body 

diagrams are constructed by drawing imaginary boundaries. These are shown by the dashed lines. 

Imaginary boundary #1 is for determining the forces on the pulley. Imaginary boundary #2 is drawn 

to determine forces on the leg at the fracture site. B. The pulley equilibrium provides F3 equals F4 

plus F5 (i.e., F3 equals 2W). C. The leg forces are obtained by constructing a force triangle: the 

force vector F2 is drawn first, its magnitude equals weight W; next is the force vector F3 whose 

magnitude equals 2W; and F6 completes the force triangle. From this triangle the direction and 

magnitude of the force in the femur is easily determined. See text for details. 

by the traction to the leg as shown. As the 

traction weight W is hanging by the string, the 

tension in the string through its entire length, 

because of the frictionless pulleys, equals the 

force W. Thus the force vector F2 has magni¬ 

tude equal to W and has direction defined by 

angle B° with respect to the horizon. This leaves 

two unknown force vectors (i.e., Fi and F3). 

We will use the three-step method of free-body 

analysis described earlier to get the answers. 
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To determine the force vector F we use 

the three steps of free-body analysis. 

(1) Free-Body Diagram Isolate the pulley 

marked P in Figure 4-11A by an imaginary 
boundary #1. 

(2) Internal Forces and Moments The three 

internal forces at the boundary are F3, F4, and 

F5 (Fig. 4-11B). 

(3) Equilibrium Conditions Both the forces 

F4 and F5 are string forces, and therefore, each 

equals in magnitude the force W. They are 

parallel and in the same direction. They are 

balanced by the force F3, which is parallel to 

them but in the opposite direction. According 

to the force equilibrium equations, the sum of 

all the forces acting on the pulley P must equal 

zero. Thus: F3 = F4 + F5 = W + W = 2W. 

To determine the force vector F3, we again use 

the three-step method. 

(1) Free-Body Diagram Isolate the knee 

joint by an imaginary boundary #2 (Fig. 4- 

11A). 

(2) Internal Forces and Moments The isolated 

part is acted upon by three force vectors: inter¬ 

nal femoral force F1} and external forces F2 

and F3. 

(3) Equilibrium Conditions Applying the 

force equilibrium equations to the isolated 

part, we can express the femoral force Fj in 

terms of the forces F2 and F3 (Fig. 4-11C). In 

this relatively simple example, graphical con¬ 

struction of vector addition is advantageous. 

Choose a suitable scale for the forces in the 

units of weight W, say 5 cm = 1W. Draw the 

vector arrow 5 cm long at B° angle to represent 

F2. Next, starting from the head of the F2 arrow, 

draw a horizontal arrow of 10 cm to represent 

F3. Draw an arrow from the tail of F2 to the 

head of F3. This is vector F6, the vectorial sum 

of F2 and F3. Applying the force equilibrium 

condition to this isolated part of the leg, this 

sum of F2 and F3 must be equal and opposite 

to the required femoral force F, at the fracture 

site. Thus F6 = — F,. 

(Note that the femoral force vector F! is 

inclined at A° while the traction force vector 

F2 is inclined at B°.) To make the vector F, a 

pure distracting force at the fracture site (i.e., 

one that acts along the femoral axis with no 

shear force—a good condition for fracture 

healing), there are two methods. First, the in¬ 

clination B° of F2 is suitably altered until the 

direction of F6 is parallel to that of the femur. 

Second, the femur is repositioned so that its 

axis coincides with that of the force vector F6. 

In other words, direction of Fj must be parallel 

to the axis of the femur. Finally, to make the 

magnitude of the distraction force F! equal to 

a desired level, say 400 N, the magnitude of 

the traction weights is suitably changed. The 

correct value is read off the graphical construc¬ 

tion in Figure 4-11C (i.e., read the value of 

vector F2, which equals W, when vector F6 is 

400 N). 

EXAMPLE 2. ELBOW JOINT 

Problem. To determine the muscle force and 

the elbow joint reaction force when a weight 

of 2 kg is carried in the hand (Fig. 4-12A). 

Assumptions, (a) The only muscle force sup¬ 

porting the weight is the biceps force, (b) The 

muscle force is vertical and the arm is horizon¬ 

tal. (c) The joint tissues, capsule and ligaments, 
do not carry any loads. 

Solution. We will use the three-step method 

of free-body analysis. To obtain the solution, 

we will use the equilibrium equations to dem¬ 

onstrate their versatility, even though this ex¬ 

ample could be solved by the graphical con¬ 
struction. 

(1) Free-Body Diagram Draw an imaginary 

boundary so that the forearm is isolated from 

the rest of the body, creating a free-body dia¬ 

gram. The boundary goes through the muscle 
and the joint. 

(2) Internal Forces and Moments Draw the 

internal and external force vectors acting on 

the forearm in the free-body diagram (Fig. 

4-12B). These are Fw, FA, FM, and F,, represent¬ 

ing, respectively, the forces due to the weight 
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FIGURE 4-12 Example 2. Elbow Joint. Free-body an¬ 

alysis. A. What are the forces in the joint and the biceps 

muscles when a weight of 2 kg is placed in the hand? 

6. The free-body diagram of the forearm is constructed 

by isolating the forearm by an imaginary boundary 

through the elbow joint. Acting on the forearm are two 

external forces, the weight Fw and the forearm weight 

Fa, and two internal forces, the joint reaction force Fj 

and the biceps muscle force FM. It is assumed that there 

are no other forces. The lever arms for the four forces 

respectively are Lw, LA, zero, and LM. Using the equilib¬ 

rium equations, the solution for the unknown internal 

forces is obtained. See text for details. 

in the hand, weight of the forearm, the muscle 

force, and the joint reaction force. Construct 

also the lever arms Lw, LA, LM, respectively, for 

the force vectors Fw, FA, and FM. 

(3) Equilibrium Conditions Using the no¬ 

menclature given in Figure 4-12B, we can set 

up the equilibrium equations for the isolated 

free body. The force equation in the vertical 

direction is as follows, using the convention 

that the forces directed downward are positive 

while those in the opposite direction are neg¬ 

ative. 

Fa + Fw - FM + F, - 0 

Note the negative sign for the muscle force FM. 

Now let us set up the moment equilibrium 

equation by taking moments of all the forces 

about the joint center through which the joint 

reaction force Fj passes. Again using the con¬ 

vention that the clockwise moments are con¬ 

sidered positive and the counter-clockwise are 

negative, the moment equilibrium equation is: 

Fw N Lw + FA X LA — FM X Lm = 0 (2) 

Note the negative sign for the moment term 

FM X Lm, as it is counter-clockwise. Also note 

that the force Fj does not contribute any mo¬ 

ment as it passes through the joint center, and 

therefore, its lever arm is zero. In the above 

two equations, all quantities are known, except 

for FM and F,. Solving equation (2) first, we 
have 

Fm ~ (Fw X Lw + Fa X La)/Lm (3) 

Equation (1) is rearranged to obtain: 

Fj = FM — FA — Fw (4) 

Now we will put numbers into the above equa¬ 

tions to obtain some feeling for the forces in¬ 

volved. A kilogram of mass weighs approxi¬ 

mately 10 N (more correctly 9.81 N at the 

Earth’s surface). Assuming that the weight of 

the arm and the weight in hand are 1.5 and 

2 kg, respectively; then the forces FA and Fw 

due to these masses are, respectively, 15 and 

20 N. Putting these values and the lengths, as 

given in Figure 4-12B, into equations (3) and 

(4), we get 

Fm = (20 X 35 + 15 X 15)/3 = 308.3 N (5) 

and 

F, = 308.3 - 15 - 20 = 273.3 N (6) 

In case the hand-held weight W is absent (i.e., 

Fw — 0), the muscle and joint reaction forces 

given by the above equations become FM = 

75 N and Fj = 60 N. Thus, it is interesting to 

note that the increase in the joint reaction 
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force, of 213 N (273 N — 60 N), is more than 

10 times the weight (20 N) carried in the hand! 

Clinically, we tend to underestimate the physi¬ 

ologic forces involved in the so-called no-load¬ 

bearing upper limbs. 

EXAMPLE 3. CERVICAL SPINE 

Problem. To determine muscle force vector F,, 

facet joint reaction force vector F2, and disc 

force vector F3 at the C7-T1 level when the 

body is bent forward, with the head and cervi¬ 

cal spine in the horizontal plane. 

Assumptions, (a) Only three internal force vec¬ 

tors, F,, F2, and F3, are present in the cervical 

spine in this posture, (b) Their directions are 

known, (c) The disc does not carry any bending 

moment, (d) The only external load is the 

weight of the cervical spine and the head. 

Solution. We will again follow the three-step 

method. We will use the equilibrium equations 

involving trigonometric functions, exemplify¬ 

ing the common methodology used in many 

biomechanical problems. 

(1) Free-Body Diagram In studying the 

forces and moments acting on the C7-T1 disc 

when the head and neck are in the posture 

described, an imaginary boundary is drawn 

between C7 and T1 (Fig. 4-13A). Thus, the 

free-body diagram consists of the neck (includ¬ 

ing C7) and the head (Fig. 4-13B). For the sake 

of clarity, the neck and head are not shown. 

(2) Internal Forces and Moments The exter¬ 

nal load is the weight W of the head and neck 

while the internal force vectors present at the 

boundary are F1} F2, and F3. These force vectors 

have replaced the interaction of the rest of 

the body. 

(3) Equilibrium Conditions Let us set up a 

coordinate system y, z as shown in Figure 4- 

13B, with origin point O at the meeting point 

of the two unknown force vectors F2 and F3. 

The directions of the three forces are defined by 

angles A°j, A°2, and A°3, respectively. Lengths L 

and Lj are lever arms (perpendicular dis¬ 

tances), respectively, for the force vectors W 

and Fp We can write the moment equilibrium 

equation by taking moments about the origin 

O of the coordinate system and considering 

clockwise moments as positive, as follows: 

W X L - F, X L, = 0 (1) 

Note that F2 and F3 have zero moments about 

the point O as they pass through it. This was 

done by appropriately choosing the origin 

point O around which moments are taken. 

Rearranging equation (1) gives 

Ft = W X L/Lj (2) 

Force equilibrium in the y-axis direction gives: 

— Fi X cos A°i 4- F2 cos A°2 (3) 

— F3 cos A°3 = 0 

Similarly, force equilibrium in the z-axis direc¬ 

tion gives: 

W — Fj X sin A°, - F2 X sin A°2 (4) 

— F3 X sin A°3 = 0 

Substitute the known values for L/L[ = 4.6, 

A, = 20°, A2 = 45°, and A3 = 30° (based upon 

measurements made on anatomic drawings in 

a standard anatomy atlas). We see that the 

above three equations (2), (3), and (4) have 

three unknowns: F1? F2, and F3. When the num¬ 

ber of equations equals the number of un¬ 

knowns, we can always find the solution. After 

some manipulation of the three equations, we 

obtain the following results. 

F, = 4.60 W 

F2 = 1.22 W 

and 

F3 = 3.58 W. 

Please note that large muscle force F, (i.e., 

4.6 times the weight of the head and neck) is 

required to balance the head and neck, result¬ 

ing in large compressive disc force of 3.58 times 

the head-neck weight. The force on the facets, 
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Imaginary boundary 

A 

Imaginary boundary 

FIGURE 4-13 Example 3. Cervical Spine. Free-body analysis of cervical 

spine. What are the forces on the C7-T1 discs when the cervical spine is 

horizontal? A. The imaginary boundary is drawn to isolate the head-neck part 

from the rest of the body. B. The isolated part has external load due to the 

combined weight W of the head and neck and internal force vectors F,, F2, 

and F3, representing, respectively, posterior ligament-muscle force, facet 

force, and disc force. Equilibrium equations are used for this free-body diagram 

to determine all the internal forces. See text for details. 
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FIGURE 4-14 Free-body analysis. Exercise 1. What are the forces at the 

supports A and B when a book with weight W is resting on the beam as shown? 

1.22 times the head-neck weight, in this head- 

neck posture is in comparison small. 

EXERCISE 1 

Problem. Determine the support forces at A 

and B when a block of wood weighing 100 N 

is resting on a beam (Fig. 4-14). 

Suggestion. Use the three-step method. Make 

a free-body diagram of the beam. Use force 

and moment equilibrium equations to obtain 

the support forces. 

EXERCISE 2 

Problem. A book is lying on a board that may 

be inclined at any desired angle A° to the hori¬ 

zontal. Determine the correct angle A of the 

inclined board, such that the book resting on 

it starts to slide (Fig. 4-15A). It is given that 

the book weighs 10 N and it requires 2 N of 

a horizontal force to make the book slide on 

the board in the horizontal position i.e., fric¬ 

tion force is 2N (Fig. 4-15B). 

Suggestion. Make a free-body diagram of the 

book on the inclined board. Use force equilib¬ 

rium equation only. Express the friction force 

in terms of the angle A. 

EXERCISE 3 

Problem. Given the femoral geometry and the 

joint reaction force vector acting on the femo¬ 

ral head, determine the normal and shear 

forces and the bending moment at the neck 

cross section marked XX (Fig. 4-16). 

Suggestion. Make a free-body diagram of the 

femoral neck proximal to the XX cross section. 

Assume that (a) the head is spherical and (b) 

the joint reaction force acting on it is normal 

(perpendicular) to its surface. In other words, 

the joint force vector is directed toward the 

center of the femoral head. 

FIGURE 4-15 Free-body analysis. Exercise 2. A. What 

is the inclination A° of the inclined board such that the 

book resting on it starts to slide down? B. The book 

weighs 10 N and it takes a 2-N force to move it on the 

board in the horizontal plane. 
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FIGURE 4-16 Free-body analysis. Exercise 3. What 

are the forces and moments acting at the cross section 

X of the femoral neck given the loading situation as 

shown? 

ANSWER TO EXERCISE 1 

Steps (1) & (2) Using free-body analysis, con¬ 

struct Figure 4-17 as the free-body diagram 

of the beam. 

FIGURE 4-17 Free-body analysis. Answer to Exercise 

1. Free-body diagram of the beam with external force 

vector W and internal support loads FA and FB. Vertical 

force equilibrium and moment equilibrium about the 

support A provide the answers. See text for details. 

Step (3) Two equilibrium conditions provide 

the needed equations. 

Vertical force equilibrium gives: 

W - Fa - Fb = 0 (1) 

Moment equilibrium about the support A 

gives: 

W • L - FA • 3L = 0 (2) 

From equation (2), we get: 

Fb = W/3 (3) 

Substituting this value for FB into equation 

(1) gives: 

Fa = 2W/3 (4) 

Thus the required forces at supports A 

and B, are FA = 2W/3 and FB = W/3, respec¬ 

tively. Note that it was not necessary to know 

the absolute lengths between the supports, but 

only their ratio. 

ANSWER TO EXERCISE 2 

Steps (1) & (2) Draw the free-body diagram of 

the book lying on the inclined board (Fig. 

4-18). The force vectors acting on the book 

FIGURE 4-18 Free-body analysis. Answer to Exercise 

2. Free-body diagram of the book with external force 

vector W and internal forces Ff and FN. Force equilibrium 

along and perpendicular to the surface of the inclined 

board provides relationships that allow the determina¬ 

tion of the angle A. See text for details. 
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are its weight W, friction force Ff, and normal 

force Fn. 

Step (3) Resolve vector W along and perpen¬ 

dicular to the plane of the board. Use the force 

equilibrium equation along the plane of the 

board: 

Ff-WX sin (A) = 0 (1) 

sin (A) = Ff/W = 2/10 = 0.2 (2) 

Note that the value of Ff = 2N was given 

by the fact that it required this much force to 

move the book on the board in the horizontal 

plane. From a scientific calculator or in a 

spread sheet in a computer, find the angle 

whose sine is 0.2. The result is the value of the 

angle A = 11.54°. 

Therefore, if the board is inclined at an 

angle slightly greater than 11.54°, then the slid¬ 

ing force due to the weight of the book will 

be greater than the friction force, and the book 

will start to slide down the board. 

ANSWER TO EXERCISE 3 

Steps (1) & (2) Construct the free-body dia¬ 

gram (Fig. 4-19) showing the external force 

vector F and internal forces FN and Fs repre¬ 

senting shear and compression forces, acting 

on the isolated part of the femoral head. Addi¬ 

tionally, there is internal moment M. As the 

joint reaction force vector F and the femur 

axis are in the same plane, all the forces and 

moments are in this plane. 

Step (3) Resolve the joint reaction force vector 

F into its components, respectively perpendic¬ 

ular and parallel to the femoral axis: F • sin 

(30°) and F • cos (30°). Force equilibrium equa¬ 

tions, perpendicular and parallel to the femoral 
axis respectively, are: 

Fs - F • sin 30° = : 0 (1) 

Fn - F • cos 30° = = 0 (2) 

If F — 2500 N, then 

Fs = F • sin 30° = 2500 • 0.5 = = 1250 N (3) 

ON RIGID BODIES 

FIGURE 4-19 Free-body analysis. Answer to Exercise 

3. Free-body diagram of the femoral neck proximal to 

the cross section XX. The external load is the force 

vector F and internal loads are the forces Fs and FN, and 

moment M. Force equilibrium along and perpendicular 

to the femoral axis, and moment equilibrium about the 

center of the femoral head provide the necessary equa¬ 

tions to determine the unknown internal loads at the 
cross section XX. See text for details. 

Fn = F • cos 30° (4) 

= 2500 • 0.87 = 2165 N 

Moment equilibrium equation about the cen¬ 

ter of the femoral head gives: 

M - Fs • L = 0 (5) 

If L = 3 cm, then 

M = Fs • L = 1250 • 0.03 = 37.5 Nm (6) 

SUMMARY 

In statics we study the effects of loads applied 

to rigid bodies. The rigid body is a relative 

term used to simplify engineering analysis of 

problems. Thus in the study of gait, bones are 

rigid bodies compared to the soft tissues of 

the joints. When we carry a weight in our 

outstretched arm, the Earth’s gravity applies a 
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force vector on the hand directed downward, 

toward the center of the Earth. Pressure is the 

intensity of force. The joint reaction force in 

a hip joint is distributed over the cartilage 

surface producing pressure on the cartilage. 

By a force couple, we mean two forces equal, 

parallel, opposite in direction, and separated 

by a distance. The measure of the force couple 

is the moment When a force couple is applied 

to a body such that the force couple plane is 

perpendicular to its axis, for example, to the 

steering wheel of a car by two hands, it pro¬ 

duces a twisting moment or torque. However, 

when a force couple is applied parallel to the 

axis of a structure, for example, to the bending 

irons while bending a fracture fixation plate, 

it produces bending moment. Load is a general 

term that may include both a force and a mo¬ 

ment vector. 

Equilibrium is a state in which the body 

is at rest or in uniform motion under a given 

set of loads. An equilibrium condition is de¬ 

fined by a set of six equilibrium equations 

that are fundamental to the solving of most 

biomechanical problems, simple as well as 

complex. They express the fact that a body, 

when subjected to external loads (force and 

moment vectors), is in equilibrium only if the 

vectorial sum of all the forces and all the mo¬ 

ments acting on it are zero. 

Free-body analysis is a technique most 

often used by biomechanicians to determine 

internal forces and stresses in structures that 

are externally loaded. It utilizes one or more 

of the six equilibrium equations. Several exam¬ 

ples are presented to demonstrate in detail the 

use of free-body analysis. Exercises are pro¬ 

vided to help the student use the technique. 
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CHAPTER FIVE 

Materials Under Loads 

FIGURE 5-1 Material under load. A piece of rubber of 

rectangular cross section, with its one end glued to a 

table, is pulled, resulting in elongation of the specimen 

and a decrease in its cross-sectional area. If the stretch¬ 

ing force continues to increase, a point is reached when 

the rubber piece breaks into two. 

All right, now let’s get right into it. Take 

a rectangular piece of rubber. Fix one 

end in a vise, or glue it to a table, and apply 

a stretching force to the other end. The rubber 

will elongate in the direction of the applied 

force. Additionally, its cross-section (shaded 

area in Figure 5—1) will decrease, both in width 

and thickness. If the stretching force keeps in¬ 

creasing, a point will be reached when the piece 

of rubber will break or fail. 

In this chapter we will expand upon the 

above-described phenomenon in some detail. 

This simple event contains all the elements for 

a thorough understanding of many of the most 

fundamental and useful concepts in biomecha¬ 

nics, such as stress, strain, modulus of elasticity, 

energy absorbed to failure, and viscoelasticity. 

You will be able to describe and conceptually 

analyze a number of orthopaedic phenomena 

utilizing these terms and concepts once you 

have completed your study of this chapter. 

DEFORMATION OF MATERIAFS 

Load-Deformation Diagram 

Definition. Load-deformation diagram is a 

plot (a graph) that quantifies the relationship 

between the load applied to a structure and 

the deformation produced. 

Description. The stretch (deformation) be¬ 

havior of the piece of rubber in response to 

a force (load) is conveniently and precisely 

documented by constructing a plot of the 

load versus deformation (Fig. 5-2). In this 

example, the load and deformation are mea¬ 

sured, in newtons (N) and millimeters (mm), 

respectively. This is the load-deformation 

curve, also called the load-deformation dia¬ 

gram. The slope of this curve is called the 

stiffness. If the piece of rubber is very stiff 
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Load (N) 

FIGURE 5-2 Load-deformation diagram. To document 

the mechanical behavior of a specimen, for example a 

ligament or a piece of rubber, a load-deformation dia¬ 

gram is plotted. Generally the deformation is plotted on 

the horizontal axis while the load is plotted on the 

vertical axis. The slope of this plot is the stiffness of 
the specimen. 

(high stiffness and steep slope) you must 

pull like mad to make it give (stretch or 

deform). If it is not very stiff (low stiffness 

and less steep slope) you can readily stretch 

it. This mechanical stiffness is insensitive to 

pharmacologic agents. 

In the beginning, the deformation may 

increase in direct proportion to the applied 

load. This is indicated by the straight line 

portion of the load-deformation curve. As 

the force application process continues, the 

deformation may no longer be proportional 

(it may be less or more). This will be indi¬ 

cated as a change in the slope of the load- 

deformation curve. The change defines a 

nonlinear relationship. This may be due to 

the basic nonlinear behavior of the material 

itself or it may indicate a microscopic damage 

with increasing load. 

Nonlinear Behavior 

Definition. Nonlinear behavior is a concept 

utilized in characterizing a relationship be¬ 

tween two variable quantities. 

Description. If the ratio of one variable 

quantity to the other variable quantity is con¬ 

stant throughout a defined range of values, 

then the relationship is said to be linear within 

that range. Any deviation from the linearity is 

defined as nonlinear behavior. Such behavior 

is quite common among biologic materials as 

indicated by their load—deformation or stress- 

strain curves. (The reader probably already 

knew that deviant behavior can cause stress 

and strain.) 

A tracing of an actual load-deformation 

curve of a two-vertebrae lumbar spine segment 

(functional spinal unit) subjected to a com¬ 

pressive loading is shown in Figure 5-3. The 

initial portion of the curve, 0 to 3 mm of 

deformation, is highly nonlinear, which may 

be demonstrated by drawing a straight line 

from the origin to the 3-mm point on the 

curve. If a similar line is drawn from the 

3-mm point to the 5-mm deformation point 

on the curve, it is seen that the deviation from 

the linearity of the actual curve is rather small. 

For all practical purposes, therefore, the latter 

portion of the curve is considered linear. For 

more precise quantification of nonlinearity, see 

the explanation below. 

Explanatory Notes. If one needs to be pre¬ 

cise, the percentage of nonlinearity may be 

more carefully quantified. In a given deforma¬ 

tion range, it is defined as the percentage of 

maximum deviation from the straight line 

within the given range (Fig. 5—3). In this exam¬ 

ple of the deformation of spinal unit, the non¬ 

linearity is about 44% within the 0- to 3-mm 

range. Corresponding value for the 3- to 5- 

mm range is only 3.7%. 

Neutral, Elastic, and Plastic Zones 

Definition. Neutral zone, elastic zone, and 

plastic zone are, respectively, regions of laxity, 

resistance, and microfailure of a soft tissue 

represented on a load-deformation curve. 

Description. Another way to categorize the 

nonlinearity of a load-deformation curve, say 
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FIGURE 5-3 Nonlinear behavior. The experimentally 

determined load-deformation curve of a lumbar func¬ 

tional spinal unit subjected to compression is shown. 

The plot is not a straight line but a curve. The deviation 

of the plot from the straight line is a measure of its 

nonlinearity. The curve is much more nonlinear in the 

0- to 3-mm range than in the 3- to 5-mm range. 

of a ligament, is to divide the load-deforma¬ 

tion curve into biomechanically and clinically 

relevant regions (Fig. 5-4). Take, for example, 

a ligament. Its typical load-deformation curve 

is divided into physiologic and traumatic 

ranges. The physiologic range may be further 

divided into two parts. A ligament deformation 

around the neutral position where very little 

effort is required to deform the ligament is 

called the neutral zone (NZ). In the second 

part, a more substantial effort is needed to 

deform the ligament; we have called this the 

elastic zone (EZ). In the trauma range there 

is microtrauma with increasing load eventually 

leading to failure. This has been designated as 

the plastic zone (PZ). 

All body joints consist of one or more 

ligaments joining the two bones forming the 

joint. Therefore, the load-deformation curves 

of the body joints exhibit regions similar to 

those of a ligament. 

STRESS AND STRAIN 

When a structure, such as a piece of rubber 

(Fig. 5-1), is stretched by a force, there develop 

stresses and strains at all points within it. Like¬ 

wise, when a psyche is stretched, stress and 

strain develop almost as reliably as with the 

piece of rubber. In this simple example, the 

force is perpendicular to the cross section of 

the structure, and thus the internal stresses 

and strains are called normal. The stresses and 

strains that are parallel to cross section are 

FIGURE 5-4 Neutral, elastic, and plastic zones. The 

load-deformation curve may be divided into physiologic 

and trauma ranges. The former may be further divided 

into the neutral zone (NZ) and the elastic zone (EZ), 

representing, respectively, laxity near the neutral posi¬ 

tion and deformation requiring some resistance. In the 

trauma range there are tissue failures resulting in per¬ 

manent deformation. Thus this region is termed the plas¬ 

tic zone (PZ). 
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called shear stresses and strains. In real-life 

situations, such as a tibia being bent or twisted, 

the stresses and strains are more complex com¬ 

pared to the stretch of a piece of rubber, and 

additionally include shear stresses and strains. 

But even in these complex cases there is some¬ 

thing quite unique. There are always three mu¬ 

tually perpendicular planes at a point in the 

structure where there are only normal stresses, 

that is, the shear stresses are zero. These are 

principal planes and principal stresses. To 

characterize the mechanical behavior of mate¬ 

rials, we plot a stress-strain diagram or curve. 

The slope of the linear part of the elastic region 

of the stress-strain curve is the modulus of 

elasticity. This is for the normal stresses and 

strains. A similar parameter for shear stress 

and strain is called shear modulus. Finally, 

there is Poisson’s ratio, which represents the 

decrease or increase in the cross section of a 

structure that is stretched or compressed. The 

ideas and concepts discussed above are de¬ 

scribed in greater detail below. 

Strain (Normal and Shear) 

Definition. Strain (normal and shear) is the 

ratio of the change in length to the original 

length in a structure. It is specific to a point 

and a direction in the structure. 

Units of Measurement. Strain is a ratio of 

two lengths, thus it has no units of measure¬ 

ment. It is sometimes expressed as a per¬ 

centage. 

Description. Figure 5-5A shows a specimen, 

a piece of rubber of rectangular cross section, 

being deformed as shown. The specimen is 

stretched by applying tensile force or shortened 

by applying a compressive force. In both cases 

the ratio of the change in length D to the 

original length L is the strain. As the length 

change D is perpendicular to the cross-sectional 

plane of the structure, it is called the normal 

strain. 

Figure 5-5B shows another rubber speci¬ 

men being deformed, this time the specimen 

is in the form of a cube and is being deformed 

by a force parallel to the cross-sectional plane. 

The deformation produced in the direction of 

the applied force is indicated by deformation 

D of the free end of the specimen. Thus, the 

strain is defined as this deformation D divided 

by the original length L. Because the deforma¬ 

tion is parallel to the cross-sectional plane of 

the specimen, it is called shear strain. Observ¬ 

ing the geometry of the specimen, it is seen 

that the shear strain is also equal to the angle 

7 (lower case Greek gamma) of the inclined 

face of the specimen. However, the angle must 

be measured in radians (1 radian = 57.3°). 

Further explanation is provided under Explan¬ 

atory Notes. 

A tennis ball hit perpendicular (normal) 

to the ground is compressed as it comes in 

contact with the ground, producing normal 

compressive strain in the ball as a whole (Fig. 

5-3C). If the ball hits the ground at an inclina¬ 

tion, however, it will have both normal as well 

as shear strains. 

Explanatory Notes. The normal strain is 

generally denoted by the Greek letter epsilon 

(e), while the shear strain is represented by 

the Greek letter gamma (7). Therefore, we can 

express these two strains by the following ex¬ 

pressions, referring to Figures 5-5A and 

5-5B, respectively: 

e = Dj/L or D2/L 

7 = D/L 

Notice that in Figure 5-5B, the 7 equals D/L 

only approximately. Using trigonometry 

(see Chapter 1), the true value of 7 is arctan 

(D/L). The difference between the D/L and 

arctan (D/L), which is the error, increases dra¬ 

matically with the shear strain, for example, 

for shear strains of 5, 10, and 15%, the error 

is 0, 3.5, and 13%, respectively. 

Stress (Normal and Shear) 

Definition. Stress (normal and shear) is the 

force per unit area in a structure. It is specific 

to a point and a direction in the structure. 
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FIGURE 5-5 Strain. In a specimen subjected to a force, it is the ratio of the deformation to original length. 

A. Normal strain e. The force (tension or compression) is perpendicular (normal) to the cross section. B. Shear 

strain y. The force (shear) is parallel to the cross section. C. A tennis ball will be subjected to normal strain 

or combined normal and shear strains, depending on the angle at which it hits the ground. 

Units of Measurement. Pascals = Pa or new¬ 

tons per square meter = N/m2 (poundforce 

per square inch = psi). 

Description. Just as there are two types of 

strain in a structure, there are two types of 

stress. These two stresses—normal and 

shear—within the distal part of a tibia speci¬ 

men are shown in Figure 5-6A. The normal 

stress is in a direction perpendicular to the 

cross-sectional area A of the structure, while 

the shear stress is parallel to the cross-sectional 

area A. 

When a tibia is subjected to bending, 

there are normal tensile stresses on the convex 

side of the bend and normal compressive 

stresses on the concave side. The tensile stresses 

are generally denoted by positive ( + ) sign, 

while the compressive stresses are denoted by 

negative ( —) sign (see cross section at XX in 

Figure 5-6B). This engineering convention for 

the stress happens to coincide nicely with the 

piezoelectric charges in a bone subjected to 

bending. 

Scissors, sometimes called shears, are in 

fact just that. Perhaps they may more appro¬ 

priately have been designated as shears (Fig. 

5-6C). They are instruments that cut the mate¬ 

rial by producing shear stresses in it. Their 

mechanism consists of the utilization of equal 

and opposite forces applied to the material by 

means of the two blades creating nearly pure 

shear stress in the material cross section. 
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FIGURE 5-6 Stress is the force per unit area. A. Normal stress o- is perpendicular to the cross-sectional plane, 

while the shear stress r is parallel to it. B. A bone subjected to bending. The normal tensile stresses (+) are on 

the convex side, while the normal compressive stresses (-) are on the concave side of the bent bone. C. Scissors 

cut the material by producing shear stresses. D. Torsion of a long bone produces different types of stresses—tensile, 

compressive and shear—at a point, depending on the direction chosen. 

A good example demonstrating both the 

normal and shear stresses, and the effect of 

orientation of the plane of interest, is a tibia 

subjected to torsion (Fig. 5-6D). To visualize 

the normal and shear stresses, imagine a plane 

of interest passing through a point in the struc¬ 

ture, oriented in a certain direction. The nor¬ 

mal stresses are the internal forces acting per¬ 

pendicular to the plane of interest. The shear 

stresses are the internal forces acting along the 

plane. With the torque loading shown, the tibia 

has shear stresses on its transverse cross sec¬ 

tion, as one may expect. There are also shear 

stresses along the longitudinal axis (not 

shown). However, if we were to reorient our 

plane of interest so that it was at ±45° to the 

tibial axis, then we would find the stresses to 

be only of the normal type: tensile and com- 
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pressive depending on the direction of the cho¬ 

sen plane. Please note that although we have 

shown, for the sake of clarity (in Figure 5-6D), 

the various types of stresses at different places 

on the bone, all are present, in different de¬ 

grees, at every point of the tibia subjected to 

torsion. 

It is traditional to use lower-case Greek 

letters to represent the stresses: normal stress 

is denoted by a (sigma); shear stress is denoted 

by t (tau). 

Principal Stresses and 
Principal Planes 

Definition. Principal stresses are normal 

stresses in a structure acting on the planes on 

which the shear stresses are zero. 

Units of Measurement. Pascals = Pa or new¬ 

tons per square meter = N/m2 (poundforce 

per square inch = psi). 

Description. Some of us from our “school 

days” may recall other kinds of principal 

stresses. Here, however, we are concerned with 

a structure that is subjected to external loads 

and the stresses created within. Imagine innu¬ 

merable planes passing through a single point 

at various orientations with respect to the 

structure. On each of these planes there are 

stresses, both perpendicular to the plane (nor¬ 

mal stress) and parallel to the plane (shear 

stress). The magnitude of the normal and shear 

stresses will vary with each plane orientation. 

The planes on which there are only normal 

stresses (i.e., no shear stresses at all) are called 

the principal planes and the stresses are called 

principal stresses. It can be shown, using engi¬ 

neering theory, that the principal stresses are 

the highest normal stresses on any plane pass¬ 

ing through the point. These principal planes 

are only three in number, and are mutually 

perpendicular to each other. Some examples 

will clarify this point. 

Bone is a material that generally fails be¬ 

cause of excessive tensile (normal) stress. The 

determination of directions along which these 

stresses are highest (principal planes) is there¬ 

fore of great practical importance. At a given 

point in a structure subjected to a load, there 

are always three principal planes mutually per¬ 

pendicular to each other, as mentioned above. 

One or two of these planes, however, may not 

be of interest in certain loading situations. A 

couple of examples illustrate these concepts. 

If a cylindrical test specimen were sub¬ 

jected to tension along its length, the plane 

perpendicular to the axis would be the princi¬ 

pal plane and the stresses would be principal 

stresses (Fig. 5-7A). 

One of the injury mechanisms that pro¬ 

duces ski fracture of the tibia involves applica¬ 

tion of torsional loading, generated by a trans¬ 

verse force applied to the tip of the ski (Fig. 

5-7B). If we look for the principal planes in 

the tibia in this loading situation, there are 

two such planes, mutually perpendicular to 

each other and at ±45° to the tibial axis (see 

inset, Figure 5-7B). On one plane there is the 

principal tensile stress and on the other the 

principal compressive stress, depending on 

the direction of the torsional loading. 

Stress-Strain Diagram 

Definition. Stress-strain diagram is a plot of 

strain on the abscissa or x-axis versus stress 

on the ordinate or y-axis. 

Description. This relationship describes an 

important aspect of the mechanical behavior 

of a material. (In contrast, the mechanical be¬ 

havior of a structure is described by a load- 

deformation diagram.) To determine the 

stress-strain diagram of a material, a test speci¬ 

men of appropriate size and shape is prepared. 

The size and shape of the chosen specimen are 

dependent on the availability and on the type 

of test—compression, tension, bending, or 

torsion—to be performed. 

As an example, we examine the stress- 

strain diagram of cancellous bone under com¬ 

pression. The bone specimen is taken from 
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FIGURE 5-7 Principal stresses. Consider a point in a structure subjected to a load. A plane 

passing through it will have stresses, both perpendicular to it (normal stresses) and parallel 

to it (shear stresses). The proportion of normal to shear stresses will vary with different 

orientations of the plane. The principal plane is the one on which the shear stresses are zero 

and the normal stresses are maximum. The normal stresses are called principal stresses. A. 

In a long structure subjected to tension, the principal stresses are parallel to the axis of the 

structure. B. In a ski injury the tibia is torqued by a force applied to the tip of the ski. The 

torsion creates principal tensile and principal compressive stresses at ±45° to the long axis 
of the tibia. 
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the middle of the vertebral body, along the 

direction of the longitudinal axis of the spine. 

(In the interest of preventive medicine consult 

your doctor on the topic of osteoporosis.) First 

a suitable specimen is prepared and its length 

and cross-sectional area are measured (Fig. 

5-8A). In a testing machine, an axial compres¬ 

sive force is applied. The applied load and 

the deformation produced are continuously 

measured and plotted on a graph paper or 

recorded by a computer. This is the load- 

deformation diagram, as described earlier. 

Stress is obtained by dividing the load by the 

original cross-sectional area. Strain is obtained 

by dividing the deformation by the original 

length. Thus the load-deformation diagram 

is transformed into the stress-strain diagram 

(Fig. 5-8B). As the values of the original cross- 

sectional area and the original length are con¬ 

stant, the shapes of the load-deformation and 

stress-strain diagrams are the same. 

The stress-strain diagram of a material 

may be divided into three regions, each having 

a physical significance (Fig. 5-8B). Segments 

OA and AB of the stress-strain diagram to¬ 

gether form the elastic range, within which the 

specimen returns to its original length and 

shape on removal of the load. OA is the linear 

part, while AB is the nonlinear part of the 

elastic range. In the linear part the stress is 

proportional to strain, while in the nonlinear 

part this is not true. Segment BC is the plastic 

range. In this range there is excessive deforma¬ 

tion for very small increase in load, and the 

specimen no longer returns to its original 

length and shape on removal of the load. This 

results in a plastic deformation, also called a 

residual or permanent deformation. (In no 

small way this relates to gravity and our skin. 

What is the origin of the term plastic surgery?) 

Beyond the point C, there is a sudden decrease 

in stress without additional strain. This repre- 
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FIGURE 5-8 Stress-strain Diagram. A. To study material behavior, a specimen of known cross- 

sectional area and length is prepared and subjected to an increasing force. B. The deformation 

and force are continuously recorded. On the x-axis is plotted the strain, deformation divided by 

the original length, and on the y-axis is stress, force divided by the original cross-sectional 

area. Different regions of the plot reflect different aspects of material behavior: OA is the linear 

elastic range; AB is the nonlinear elastic range; and BC is the plastic range with failure occurring 

at C. Slope of the curve, represented by the letter E in the OA range, is the modulus of elasticity 

of the material. 
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sents failure of the specimen. It is to be noted 

that most biologic tissues and structures ex¬ 

hibit a fourth region immediately at the start 

of loading, that is, before the OA region. This 

is a region of very low stiffness and is called 

the toe region. 

Let’s imagine this specimen of the trabec¬ 

ular bone to be back in the vertebral body (say 

in a L3 vertebra) and let’s think about what it 

may do biomechanically. As you’re walking, 

running or jumping off a ladder, the weight 

of the body exerts the force shown in Figure 

5-8A above the L3 vertebra. Under the action 

of physiologic force F, the cancellous bone will 

deform and spring back to its length, depend¬ 

ing on the varying force F. This event would 

take place in the OA or the elastic range of the 

stress-strain curve (Fig. 5-8B). Now suppose 

you jumped off a ladder that was a bit too 

high; the force would then be greater—in a 

part of the BC region. Although it would pro¬ 

tect the neural elements by dissipating the 

trauma energy, the vertebra could not spring 

back and would remain deformed. This plastic 

deformation would be seen as a compression 

fracture, which may have been prevented with 

early attention to developing good bone vol¬ 

ume—avoiding osteoporosis. 

Note that we have used both the terms 

stress/strain and load/deformation to describe 

these phenomena. More precisely, the stress/ 

strain is used in describing the mechanical be¬ 

havior of a material and the load/deformation 

is used in describing the mechanical behavior 

of a structure, as mentioned earlier. The phe¬ 

nomenon, however, is the same. 

ELASTICITY 

Definition. Elasticity is the property of a ma¬ 

terial to return to its original form following 

the removal of the deforming load. 

Description. The stress-strain curve of a cer¬ 

tain material is shown in Figure 5-9A. The 

complete elastic region of the curve is OB. The 

load and unload curves within this region are 

Stress 

FIGURE 5-9 Elasticity. A. The load-deformation or 

stress-strain diagram of a material may be divided into 

two regions: elastic and plastic. In the elastic region, 

OB in the diagram, the load and unload plots are pre¬ 

cisely the same, resulting in no energy loss and no 

permanent deformation. B. This elastic behavior is simi¬ 

lar to that of a spring. Therefore, to represent the elastic 

behavior of a material, a spring is used as a model. 

the same, therefore there is no residual strain 

or deformation. This also means that the en¬ 

ergy stored during the loading—the area un¬ 

der the curve—is fully recovered during the 

unloading. (See also Strain Energy in this chap¬ 

ter). This property of the material is called 

elasticity. Further, if OB is a straight line, then 

the material is called linear-elastic, otherwise it 

is called nonlinear-elastic. Under physiologic 

loads, the various body structures—the verte¬ 

brae, femur, and ligaments—all exhibit elastic¬ 

ity. This is shown by the fact that there is no 

74 



CHAPTER 5 / MATERIALS UNDER LOADS 

permanent deformation in them at the end of 

the day. 

A person jumping off a diving board uti¬ 

lizes the elastic properties of the board. He 

stores energy in the board as he pushes it 

downward by jumping on the board’s unsup¬ 

ported end. The board in turn gives back the 

stored energy to the diver during his push-off. 

Explanatory Note. To conceptualize the 

elasticity of a material, engineers often use a 

spring as a material model (Fig. 5-9B). Its one 

end is fixed while the other end is stressed (or 

pulled). As the stress is increased, there is a 

corresponding increase in the spring length. 

By plotting the spring deformation versus the 

applied stress, one obtains the stress-strain 

curve OB, shown in Figure 5-9B. If the load 

is restricted to within the elastic range of the 

spring, there is no permanent deformation and 

the unload curve is the same as the load curve. 

The spring, the idealized model of elasticity, 

is used as one of the building blocks in con¬ 

structing mathematical models of real materi¬ 

als. (See also Material Models in this chapter). 

Elastic Range 

Definition. A range of loading within which 

a material or a structure remains elastic. 

Description. When a test specimen or a 

structure is subjected to a load, it deforms. If 

the deformation is such that upon release of 

the load the test specimen returns to its preload 

shape and size, then the deformation is called 

the elastic deformation. Figure 5-10A shows 

the stress-strain (load-deformation) curve of 

a specimen. The elastic range is represented 

by the line OB. Within the elastic range, there 

is a linear range represented by the straight 

line OA, in which the deformation is propor¬ 

tional to the load. In the nonlinear elastic 

range, represented by the curved line AB, the 

proportionality does not hold, but still the 

specimen returns to its original shape and size 

on removal of the load. 

A rubber band or the old comic book 

character Plastic Man demonstrates the elastic 

range (Fig. 5-1 OB). Actually Plastic Man was 

a biomechanical misnomer, since he never ex¬ 

hibited any plastic deformation. The stretches 

and other reshapings he utilized were usually 

in the elastic range. He might never have sold, 

however, under the correct engineering appel¬ 

lation of Elastic Man. 

Implants are designed so that during nor¬ 

mal physiologic activity, the maximum stress 

in them remains well within the elastic range. 

Although they can take up much greater loads 

before failure, the elastic range is the only use¬ 

ful range. Once there is loading beyond this 

range, permanent deformation may take place 

and the implant failure may occur. 

Modulus of Elasticity 

Definition. Modulus of elasticity is the ratio 

of normal stress to normal strain for a material. 

Unit of Measurement. Pascals = Pa or new¬ 

tons per square meter = N/m2 (poundforce 

per square inch = psi). 

Description. The modulus of elasticity, often 

represented by the letter E, defines the mechan¬ 

ical behavior of the material. It is obtained by 

measuring the slope of the linear elastic part 

of the stress-strain diagram of a material (Fig. 

5-8B). It is a measure of the “stiffness” of the 

material. Cortical bone has a high modulus 

of elasticity and subcutaneous fat, sometimes 

quite aesthetically, has a low modulus of elas¬ 

ticity. The higher the value, the stiffer the ma¬ 

terial. 

To appreciate the biomechanical interac¬ 

tion between the components of an orthopae¬ 

dic design, see Chapter 9, where the moduli of 

elasticity of some relevant materials are given. 

Shear Modulus 

Definition. Shear modulus is the ratio of 

shear stress to shear strain of a material. 
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FIGURE 5-10 Elastic range. A. The load and unload plots of the load-deformation or stress-strain diagram 

are the same within the elastic range. B. Plastic Man was actually a man who worked within the elastic range. 

(Cartoon reproduced from the cover of Plastic Man, April 1968, Copyright DC Comics Inc.) 

Unit of Measurement. Pascals = Pa or new¬ 

tons per square meter = N/m2 (poundforce 
per square inch = psi). 

Description. The shear modulus, often rep¬ 

resented by the letter G, is a material property. 

As an example, take a cube of rubber of conve¬ 

nient size, say each side is 2.5 cm (about 1 

inch) long (Fig. 5-11). Application of a shear 

force (parallel to the upper surface) deforms 

the cube into a so-called parallelepiped (a solid 

with parallel sides that are not perpendicular 

to each other). By dividing the shear force by 

the cross-sectional area, we obtain shear stress 

r. In a similar manner, shear strain y is deter¬ 

mined by the ratio of shear deformation to 

the original length. The shear modulus G, then, 

Original 

Shear modulus G = (F/A) / (D/L) 

FIGURE 5-11 Shear modulus. Shear force deforms a 

cube into a parallelepiped, resulting in shear stress (F/ 

A) and shear strain(D/L). The ratio of shear stress to 

shear strain is the shear modulus of the material. 
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is the ratio of the shear stress to the shear 

strain. The relationship of shear modulus to 

the shear stress and strain is analogous to the 

relationship of the modulus of elasticity to the 

normal stress and strain. 

The shear modulus is not, however, an 

independent property of a material, but is re¬ 

lated to other material characteristics such as 

the modulus of elasticity. Its exact relationship 

is described by a formula given below under 

Explanatory Notes. Materials with a low mod¬ 

ulus of elasticity (rubber, ligament, subcutane¬ 

ous fat) have, in general, a lower shear modu¬ 

lus, and those with a higher modulus of 

elasticity (steel, bone) have a higher shear 

modulus. The shear modulus is about 35% of 

the modulus of elasticity for most materials. 

Don’t let anyone sell you on any drug 

that changes the physical properties of cartilage 

unless the physical properties of the cartilage 

have been properly tested. The shear modulus 

is a useful and practical method for studying 

the physical properties of articular cartilage. 

Compressive loading is a convenient test, but 

can be inaccurate because the results depend so 

much on the state of hydration of the specimen 

and the rate at which the water is able to flow 

out of the cartilage upon compression. With 

shear loading, there is no change in total vol¬ 

ume of the specimen, and is therefore better 

suited for testing cartilage. (A cube of material 

changes into a parallelepiped under shear load¬ 

ing but its volume remains unchanged; see 

Figure 5-11). 

Explanatory Notes. The relationship be¬ 

tween the shear modulus G and the other two 

material constants is given by the following 

formula: 

G = 0.5 X E / (1 + v) 

where E = modulus of elasticity, and 

v = Poisson’s ratio. 

As the theoretical upper limit for the Poisson’s 

ratio is 0.5 and the values for bone and steel 

are about 0.3, the shear modulus is about 33% 

to 38% of the modulus of elasticity. Also see 

Modulus of Elasticity and Poisson’s Ratio in 

this chapter. 

Poisson’s Ratio 

Definition. Poisson’s ratio is the ratio of 

transverse strain to axial strain. 

Unit of Measurement. Since it is a ratio of 

two similar quantities, it has no unit of mea¬ 

surement. 

Description. Take a rubber band and stretch 

it. Careful observation shows that it gets thin¬ 

ner when stretched. The reverse will happen 

if a piece of rubber such as a pencil eraser is 

compressed (Fig. 5-12). In both instances the 

change in the transverse dimensions takes 

place because the material is incompressible 

(this is obviously not true of gases). In other 

words the volume remains constant. An in¬ 

crease or decrease in the length is accompanied 

by a corresponding decrease or increase, 

respectively, in the transverse dimensions. 

Poisson’s Ratio v = (D2- D-,) / (L1 - L2) 

FIGURE 5-12 Poisson’s ratio. When a pencil eraser 

is pressed against the table surface, the eraser not only 

shortens (L2 < L,) but its diameter increases (D2 > D,). 

The ratio of transverse strain (ratio of the change to the 

original diameter) to longitudinal strain (ratio of change 

to the original length) is called Poisson’s ratio. For 

most materials, including biologic tissues, this ratio lies 

within the range of 0.3 to 0.5. 
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Poisson’s ratio quantifies this material be¬ 

havior. 

Explanatory Notes. If a rubber eraser, cylin¬ 

drical in shape, is subjected to compression, 

the axial strain is the change in unit length, 

that is, (L2-L1)/L1, and the transverse strain 

is the change in unit diameter, that is, (D2- 

D1)/D1 (Fig. 5-10). The ratio of the transverse 

to the axial strain is the Poisson’s ratio. Pois¬ 

son’s ratio is generally represented by the 

Greek letter r’(nu). For most materials its value 

is 0.3 to 0.5. 

Bulk Modulus 

Definition. Bulk modulus is a ratio of hy¬ 

drostatic stress to volumetric strain. 

Units of Measurement. Pascals = Pa or new¬ 

tons per square meter = N/m2 (poundforce 

per square inch = psi). 

Description and Examples. Consider a cube, 

1 cm each side, made of rubber and lying on 

a table. We will use this cube as an example to 

define volumetric strain and hydrostatic stress. 

Now take this cube under water in a swimming 

pool to a depth of 10 m. Because of the hydro¬ 

static pressure due to the water surrounding 

the cube on all sides, the cube will decrease in 

size (all three dimensions), although its shape 

will remain a cube. The change in volume 

divided by the original volume of the cube is 

called the volumetric strain. The hydrostatic 

stress acting on the cube is equal to the weight 

of the column of water above the face of the 

cube divided by the area of the cube face. 

There are several examples in which hy¬ 

drostatic stress is present. Compressive hydro¬ 

static stresses exist in a rock at the bottom 

of the ocean or far under the earth’s surface. 

Tensile hydrostatic stresses will develop in a 

tennis ball when placed inside a vacuum cham¬ 

ber. The same is true for the inside of a cube 

of steel that is heated uniformly all over its 

surface. See also Strain and Stress in this 

chapter. 

Explanatory Notes. The bulk modulus, gen¬ 

erally represented by the letter K, by definition 

is given as: 

K _ hydrostatic stress 

volumetric strain 

The bulk modulus, although a distinct 

quantity, is not an independent material pa¬ 

rameter, just like the shear modulus. It is de¬ 

pendent on two fundamental characteristics of 

the material, namely, the modules of elasticity 

and Poisson’s ratio. If one knows these two 

material parameters, the bulk modulus is 

given by: 

3(1 - 2v) 

For most materials, Poisson’s ratio, v is 0.3, 

giving us the value for the bulk modulus as: 

K = 0.83E Pa 

Yield Stress 

Definition. Yield stress is the stress at which 

a material begins to permanently de¬ 

form. 

Units of Measurement. Pascals = Pa or new¬ 

tons per square meter = N/m2 (poundforce 

per square inch = psi). 

Description. Take a piece of bone and mea¬ 

sure its length. Put it in a testing machine 

and start loading it incrementally. After each 

increment, remove the load and remeasure the 

bone’s length and hence any residual deforma¬ 

tion present. Keep increasing the load until a 

small residual deformation is found. The load 

value that starts to produce a residual deforma¬ 

tion is called the yield load and the correspond¬ 

ing stress is the yield stress. The point B on the 

stress-strain curve of a bone sample represents 

the yield stress (Fig. 5-13). 

A clinical example of the yield stress is a 

bent hip nail, which one may sometimes ob¬ 

serve in patients in whom the bone fragments 

were not adequately impacted and full weight- 
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Stress 

FIGURE 5-13 Yield stress. When material is loaded 

beyond the end of its elastic range, point B on the 

stress-strain diagram, the material exhibits residual or 

permanent strain on unloading. The minimum stress at 

which there is noticeable residual strain in the material 

is called the yield stress. 

bearing was started too early, resulting in ex¬ 

cessive loads on the hip nail, which brought 

the stress on the surface of the hip nail beyond 

the yield point. 

PLASTICITY 

Definition. Plasticity is the property of mate¬ 

rial to permanently deform when it is loaded 

beyond its elastic range. 

Description. The stress-strain or load-de- 

formation curve for a certain material is shown 

in Figure 5-14A. When the material is loaded 

beyond its elastic range (OB), it enters the 

plastic range (BC), where points B anc C are 

respectively yield and failure stress points. Un¬ 

loading within the plastic range, as shown by 

line DDb always produces permanent defor¬ 

mation, shown as ODj. Upon loading the ma¬ 

terial once more, it follows the unloading path 

back into the plastic range, as if the unloading 

and reloading had never taken place. 

A hip nail that has been permanently 

bent, but not broken, is an excellent example 

of plasticity. The permanent (plastic) deforma¬ 

tion is an indicator of the amount of energy 

that went into bending the nail. Another exam¬ 

ple is the permanent deformation of a ligament 

of a joint that has been traumatically loaded 

beyond its elastic range. The ligament in such 

a situation may not be torn, but it may be 

considered nonfunctional and unable to main¬ 

tain the stability of the joint. 

Explanatory Note. To understand and visu¬ 

alize the plastic behavior of a material, engi¬ 

neers idealize the material’s behaviors. This 

idealized behavior is simulated by the behavior 

of a simple model consisting of a friction block 

resting on the ground connected in series with 

a spring (Fig. 5-14B). The force applied to 

Stress or 

load 

-*A/V\A» C 

B 

Stress 

► Strain 

FIGURE 5-14 Plasticity is the property of the material 

indicated by a permanent deformation on release of the 

load. A. If the material is loaded into the plastic range, 

such as point D on the load-deformation curve, then 

there is a permanent deformation OD,, and the unloading 

and reloading curves are the same. B. A spring con¬ 

nected in series with a block resting on a surface with 

friction, is a simple model of plasticity. When stress is 

applied to the free end of the spring, the spring elongates 

but the block does not move. If the load is removed at this 

stage, then the free end returns to its original position, 

indicating elastic behavior. Only when the load reaches 

a threshold value, larger than the friction force under 

the block, does the block start moving. This would corre¬ 

spond to a point on the stress-strain diagram where 

the plastic behavior starts. 
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the model represents the load or stress in the 

material; displacement of the free end of the 

spring describes the deformation strain of 

the material. 

In order to visualize this in a more 

familiar context, consider the block as a heavy 

book and the spring as a rubber band. The 

application of a small force produces defor¬ 

mation of the rubber band (spring), but no 

motion of the book (friction block). There¬ 

fore, the total deformation is only due to 

the rubber band. This corresponds to the 

elastic material behavior within the elastic 

range OB in the diagram (Fig. 5-14A). Let 

the force be increased until it reaches a value 

that is just sufficient to move the heavy book. 

This corresponds to the yield stress point B 

for the material. A small additional force 

produces motion of the entire model, book 

and rubber band, with no additional defor¬ 

mation of the rubber band. This behavior 

corresponds to the plastic behavior of the 

material. On release of the load at any point 

D, the rubber band recoils, but the book, 

due to the friction, does not go back to its 

original position, thus producing a perma¬ 

nent deformation, ODj. Reloading duplicates 

the unloading path DD^ We, like other au¬ 

thors, hope our book will be more useful 

than this. 

Plastic Range 

Definition. Plastic range is a range of loads 

or deformations within which a structure 

starts to permanently deform and eventually 

fail. 

Description. The plastic range is character¬ 

ized by a permanent deformation (or strain) in 

the structure after the load has been removed. 

Now let us observe this expressed on the load- 

deformation (stress-strain) diagram. If a 

structure is loaded such that its status is repre¬ 

sented by point D on the load-deformation 

(stress-strain) diagram (Fig. 5-14A), then on 

unloading, it will exhibit a permanent defor¬ 

mation of magnitude OD^ This is in contrast 

to a loading status in which the point D lies 

anywhere on the line OB (the elastic range). 

The deformation within the elastic range does 

not result in any permanent deformation. 

One of the important material character¬ 

istics, especially for orthopaedic implant mate¬ 

rials, is the amount of energy they can absorb 

before failure. If the implants do not absorb 

the energy then the surrounding structures 

must do so. This energy is directly related to 

the size of the plastic range. (Also see Deforma¬ 

tion Energy.) 

When the late, great Dizzy Gillespie first 

began playing his trumpet as a young man, 

the deformation of his cheeks was in the elastic 

range and they returned to their normal size. 

In later years, with strong forces and perhaps 

some alterations in the tissues, his cheeks 

went into the plastic range of deformation 

(Fig. 5-15). When he would stop a riff, his 

cheeks would not return to the original shape 

they had when he was a young man. They had 

been stretched permanently into the plastic 

range. 

FIGURE 5-15 Plastic range. Fromthe end of the elastic 

range to the point of failure, the material exhibits perma¬ 

nent deformation. This is the plastic range. The perma¬ 

nent enlargement of the cheeks of the trumpet player 

exemplifies the plastic range of the skin. (Photograph 

of Dizzy Gillespie in performance © Bettmann/CORBIS, 

with permission.) 
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Load (%) 

Load (%) 

B 

FIGURE 5-16 Subfailure injury. A stretch below the fail¬ 
ure point may or may not result in an incomplete injury of 
the soft tissue. A. Rabbit ACL was subjected to 50% stretch 
(failure is 100% stretch). This did not result in injury as 
documented by apparently similar load, unload, and reload 
curves. Thus, the stretch was in the elastic range. B. Rabbit 
ACL was stretched to 80% stretch. This resulted in an injury 
as shown by the difference between the load and unload 
curves, and similarity of the unload and reload curves. Thus, 
the stretch was in the plastic range. 

Subfailure Injury 

Definition. Subfailure injury is a stretching 

of a soft tissue resulting in incomplete tissue 

failure. 

Description. Complete behavior of a liga¬ 

ment or other soft tissue that is stretched to 

failure encompasses first the elastic range and 

then the plastic range. In Figure 5-16A we 

illustrate the behavior of the material after it 

was unloaded in the plastic region and then 

reloaded. The material followed the same un¬ 

load-reload path. This is true for most engi¬ 

neering materials, and also for biologic materi¬ 

als, as recent studies illustrate. 

Well-defined incomplete or subfailure 

injuries were produced in rabbit anterior cruci¬ 

ate ligament (ACL) by stretching. The subfail¬ 

ure stretch was defined as a certain percentage 

of the failure deformation. Two magnitudes 

of subfailure stretches were studied. In the 50% 

subfailure stretch (100% is complete failure) 

the ligament behaved as if the stretch took 

place within the elastic range, that is, the load¬ 

ing, unloading, and reloading paths were the 

same, although nonlinear (Fig. 5-16A). But 

the effect of the 80% subfailure stretch was 

different (Fig. 5-16B). First, on unloading 

after the 80% stretch, it exhibited permanent 

deformation, indicating that the ligament was 

stretched into the plastic range. Second, on 

reloading the ligament followed the unloading 

path. Third, the failure load was not affected 

by the 80% subfailure stretch. 

If the above results were to hold for the 

human ACL and other knee joint ligaments, 

then the result of the subfailure stretches may 

be joint instability and associated clinical 

problems. 

Ultimate Load and Stress 

Definition. Ultimate load is the load that 

causes a structure to fail. This load divided by 

the cross-sectional area is called the ultimate 

stress. 

81 



CHAPTER 5 / MATERIALS UNDER LOADS 
N 

Units of Measurement. Newton = N (pound- 

force = lbf), if the load is a force, and Newton 

meter = N.m (foot poundforce = ft.lbf), if it 

is a moment. For ultimate stress, the unit is 

pasacal = Pa (poundforce per square inch = 

lbf/in.2). 

Description. Take a simple structure, a well- 

machined tensile test specimen of bone. Sub¬ 

ject it to a uniaxial tensile test (Fig. 5-17A). 

There will be a well-defined unambiguous 

point of failure on the load-deformation 

curve. This is the ultimate load point on the 

load-deformation curve or the ultimate stress 

point on the corresponding stress-strain 

curve. However, for more complex structures 

subjected to another type of loading, the maxi¬ 

mum load may not necessarily be called the 

ultimate load. This is well-illustrated by the 

load-deformation curve of an intact func¬ 

tional spinal unit due to a compression test 

described below. 

The tracing of an actual experiment car¬ 

ried out in a testing machine is shown in Figure 

5-17B. The compressive load increased and 

reached a maximum value at point X and then 

decreased to Y and started increasing again. 

Load (N) 

FIGURE 5-17 Ultimate load. A. Failure load of a structure is generally considered the ultimate load. This is 

exemplified by tensile test of a sample of cortical bone. B. The load-deformation plot observed in a functional spinal 

unit of the lumbar spine subjected to compression is more difficult to analyze. Note that at the point X there is start 

of the failure although it is not complete. With increasing deformation the load drops to point Y and then rises again 

to point Z, the limit of the testing machine. For practical purposes the point X is the ultimate load. (Data from Yale 

Biomechanics Laboratory.) 
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At point Z, the load reached the limit of the 

measuring load transducer, but it was still in¬ 

creasing. What is the ultimate load? For the 

purpose of this experiment, point X was se¬ 

lected, under the assumption that a definite 

partial structural failure (probably the end- 

plate) within the spine segment had occurred, 

which caused the decrease in the load-sus¬ 

taining capacity of the specimen. After the 

point X, the spine specimen was not the same 

as it was in its initial pretest state. Therefore, 

any load that peaks after the point X does not 

belong to the original specimen. The actual 

ultimate load was 3700 N (811 lbf). It is impor¬ 

tant in reporting load-bearing capacity of any 

structure to indicate exactly where on the 

load-deformation curve the actual failure 

point was read. 

This particular point is clinically impor¬ 

tant. It shows us that in some compression 

fractures of the spine where there is not gross 

comminution of the vertebral body, there is 

the possibility that after the initial injury and 

failure the new fractured vertebra may have a 

higher load-sustaining capacity (ultimate load) 

than it did originally. (There is some experi¬ 

mental evidence to support this hypothesis.) 

This means that a fracture alone need not be 

an indication that there will be progressive 

collapse of the vertebra resulting in kyphosis. 

This probably depends more on the status of 

the posterior ligaments than on the presence 

of a fracture. All other things being equal, if 

there is a wedge-shaped configuration of the 

fracture on the lateral x-ray film, the posterior 

ligaments are more likely to be damaged. This 

is because with a wedge-shaped fracture there 

is a significant flexion bending moment. The 

posterior ligaments are, therefore, put under 

tension and more likely to be damaged. 

Deformation Energy 

Definition. Deformation energy is the 

amount of work done by the deforming load. 

Units of Measurement. Joule = J or newton 

meter = N.m (foot poundforce = ft.lbf). 

Description. When a force is applied to 

stretch a rubber band, or for that matter any 

structure, the structure increases in length, 

providing increasing resistance. The work ex¬ 

pended in stretching the structure is called the 

deformation energy. 

A load-deformation diagram is an excel¬ 

lent indicator of the magnitude of the deforma¬ 

tion energy (Fig. 5-18). Since the work equals 

force X the distance the force moves, the defor¬ 

mation energy stored in the structure by the 

deforming force is nicely given by the product 

of the force X the deformation or the area 

under the load-deformation curve. Let points 

B and C be the yield point and the ultimate 

load, respectively. Then the energy that may 

be stored in a structure without any perma¬ 

nent deformation is shown on the load- 

deformation diagram as the area 0-A-B-Br0. 

It is fully recoverable on removal of the force. 

This is elastic deformation energy. Beyond the 

yield point B and ultimate load point C, the 

deformation is permanent. The energy put into 

FIGURE 5-18 Deformation energy. A certain energy is 

necessary to deform a specimen or a structure. This is 

deformation energy; and is indicated by the area under 

the curve in a load-deformation diagram. The area 

OABB, represents the elastic deformation energy while 

B]BCC, is the plastic deformation energy. The former is 

recoverable upon unloading of the structure, while the 

latter is lost in the form of micro- and macrofractures. 
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the structure during this phase is not stored 

but spent in producing microfractures in the 

structure that result in the permanent defor¬ 

mation. This is plastic deformation energy. The 

maximum plastic energy put into the structure 

is Bj-B-C-Q-Bj. 

The total deformation energy up to the 

failure point is called the energy absorbed to 

failure, and is the sum of the elastic and plastic 

deformation energies. Sometimes the author 

of a research article may or may not include 

the elastic energy in energy absorbed to failure. 

Thus, it is important to note the exact defini¬ 

tion given in the biomechanical articles. 

A compression screw for a hip fracture, 

a femoral rod, or a condylar blade plate can 

fail in either of two ways. It may bend signifi¬ 

cantly and remain bent or it may break. In the 

former case it absorbed the plastic energy. In 

the latter case the deformation energy was the 

sum of the elastic and plastic deformation en¬ 

ergies, that is, the energy absorbed to failure. 

Ductility and Brittleness 

Definition. Ductility is a material property 

that allows it to undergo a relatively large de¬ 

formation before failure. In contrast, a brittle 

material fails at a relatively small deformation. 

For brittleness, think of peanut brittle candy 

or potato chips. For ductility try bubble gum. 

Description. Ductility of a material is quanti¬ 

fied by percentage elongation in length at fail¬ 

ure. Generally, materials that exhibit less than 

6% elongation or strain are called brittle, while 

those that exhibit more are called ductile 

(Fig. 5-19). 

A concept that is similar to the ductile/ 

brittle behavior of the material is called mate¬ 

rial toughness. This is defined as the amount 

of energy required to failure. A tougher mate¬ 

rial is also, in general, a ductile material as it 

absorbs large amounts of plastic energy, indi¬ 

cated by the shaded area under the stress- 

strain curve (Fig. 5-19). 

Stress 

FIGURE 5-19 Ductility and brittleness. A ductile mate¬ 

rial has greater deformation and plastic-deformation 

energy as compared to a brittle material (compare 

shaded areas). However, the ultimate load or stress 

for the ductile material may be lower than that for a 

brittle material. 

Most metals are ductile, while ceramics, 

methyl methacrylate, and cortical bone are 

brittle. Implants, made of ductile materials, 

can undergo large deformations and absorb 

substantial amounts of energy before failure. 

In general, however, they have lower ultimate 

tensile strength. Some examples of ductile and 

brittle materials are given in Chapter 9. 

The spine of a patient with Ehlers- 

Danlos syndrome is more ductile than that of 

a patient with Marie-Strumpell’s disease. This 

sentence resonates with the orthopaedists; 

other readers, we trust, are fully informed by 

the preceding text. 

STRESS CONCENTRATION 

Definition. Stress concentration is a local¬ 

ized stress peak in a structure due to abrupt 

change in its geometry and/or material pro¬ 

perty. 

Description. The concentration of stress is 

one of the most common causes of structural 

failure. Unexpectedly high stresses may be 

present in structures in which there is a sudden 

change in geometry and/or material property. 
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One of the most dramatic early examples of 

high-level stress concentration leading to fail¬ 

ure was the unexpected series of air crashes of 

the British jetliner Comet during the sixties. 

The problem was traced to the fatigue failure 

of the fuselage at the sharp corners of the win¬ 

dows. The stress concentration was further in¬ 

creased by the presence of the rivet holes near 

the sharp corners. 

Let us look at this phenomenon in some 

detail. Take two strips of metal, as shown in 

Figure 5-20A. Strip II, on the right, has a small 

hole, but is wider than Strip I, on the left, 

so that both strips have the same net cross- 

sectional area at the level of the midline of the 

hole. Now apply equal tensile forces to both 

the strips. The resulting stress cr in Strip I is 

uniform and equal to the force divided by the 

cross-sectional area. However, Strip II has a 

local high stress at the edge of the hole, which 

is about three times the stress level in Strip I 

(Fig. 5-20B). This local high stress is called 

the stress concentration. Using the theory of 

elasticity, it is possible, in certain simple geo¬ 

metric shapes, to precisely calculate the magni¬ 

tude of the stress concentration. For determin¬ 

ing the stress concentration in more complex 

structure (e.g., hip implant), the finite element 

methods (FEM) technique is employed. 

However, there is another phenomenon 

involved, beyond the computation of the stress 

concentration, in the failure of structures. If 

the strips in the above example are made of 

a ductile material, and the load is increased 

gradually, we will find the two strips to fail at 

about the same load. This surprising result, in 

spite of the high stress concentration, is due 

to the fact that although the material at the 

edge of the hole actually does start failing at 

one third the load for Strip I, the effect is 

quickly neutralized because of ductility of the 

material. However, if the material is brittle, 

the failure, started at the edge of the hole, will 

continue throughout the width of the strip, 

resulting in complete failure. Under these cir¬ 

cumstances, the failure load for Strip II will 

actually be one third of that for Strip I. Another 

factor that accentuates the effect of the stress 

concentration is the nature of the load. A cyclic 

load is much more dangerous than a static 

load, if stress concentration is present in a 

structure. 

There are many instances of stress con¬ 

centration in orthopaedic constructions. An 

example is a fixation plate, which illustrates 

several possible causes of stress concentration: 

sudden change in the cross section of the plate; 

junction of two or more dissimilar compo¬ 

nents of the system with mismatch of their 

mechanical properties; and local stresses at the 

points of application of the loads. These are 

depicted in Figure 5-20C. At (1) there is a 

hole in the plate. As the plate is subjected to 

cyclic stresses, especially tensile stresses, the 

hole becomes a point of stress concentration 

with local stresses that are about three times 

the average stress in the plate, as discussed 

earlier. In some designs the plate is made 

thicker around the holes to offset the stress 

concentration effect. A hole in the bone (2) 

has a similar effect. However, the bone adapts 

by remodeling and strengthening the parts of 

the bone surrounding the hole. At the sites 

marked (3) there are two structures of very 

different physical properties: the plate and 

bone, as well as the screw and bone. As there is 

load transfer from one to the other, it produces 

stress concentrations in the bone at the screw- 

bone and at the bone-plate junctions. 

At the site marked (4) in Figure 5-20C 

there is the screw, which may have stress con¬ 

centration at several places. The more impor¬ 

tant of these are the junction of the screw head 

and shank (unthreaded part of the screw) and 

the start of the thread or the junction of the 

shank and the threads. Failures have been ob¬ 

served at these sites. 

As the stresses in a structure are generally 

highest on the surface, stress concentrations 

may arise around very small surface irregulari¬ 

ties such as machining marks and other surface 

defects. This is the reason that one should be 
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FIGURE 5-20 Stress concentration. A. and B. When a strip (I) of metal is 

subjected to tension it develops uniform stresses across its cross section. 

However, when a strip with a hole (II) is subjected to the same force it 

develops highly nonuniform stress with the maximum stress, three times the 

average stress, located at the edge of the hole. This effect is the stress 

concentration. C. Some sites of stress concentration in a fracture healing 

bone, plate and screws system: (1) and (2) a sudden change in the cross 

section, respectively in plate and bone; (3) a mismatch of material properties 

of bone vs. plate and bone vs. screw. (4) Several sites of stress concentration 

in the screw, such as junction of the screw head and shank, and the start 

of the threads. 
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careful in handling orthopaedic implants. Not 

only the implants be free of such defects to 

start with, but care must be taken to see that 

the implant surfaces, especially at the points of 

expected high stresses, remain free of scratches. 

Based on this alone, the bending of a fracture 

plate is not recommended because it produces 

material failure at the surface, which may lead 

to early fatigue failure. This must be balanced 

against the necessity to bend a plate slightly 

to fit the convexity of the natural bend in a 

long bone when the function of the plate is to 

bear significant tensile loads. 

FATIGUE 

Definition. Fatigue is the process of birth 

and growth of cracks in structures subjected 

to repetitive load cycles. The load applied is 

always below the yield load of the structure. 

Description. There are generally micro¬ 

scopic defects present on the surface of struc¬ 

tures. A crack at a point of maximum repetitive 

stress on the structure is generally the fatigue 

starter. When the tiny crack is subjected to 

repetitive loading, it increases in size with every 

load cycle, the material yielding locally even 

though the average stress may be low. The 

cyclic increase in the crack may be very small, 

in the range of a fraction of a micrometer 

(micrometer = thousandth of a millimeter). If 

the load/unload process is repeated a sufficient 

number of cycles, it will eventually result in a 

crack size that will force the rest of the structure 

to take on stress exceeding its failure strength. 

This is the fatigue failure. A microscopic exam¬ 

ination of the fracture surface generally shows 

tiny striations, less than a micrometer wide, 

documenting the crack propagation with every 

load cycle. 

Another way to look at the fatigue phe¬ 

nomenon is to consider it as a summation 

effect visualized by a clock. As soon as the 

structure is subjected to a repetitive load, how¬ 

ever small, the fatigue clock starts ticking. The 

speed of the clock is in proportion to both the 

frequency of loading and magnitude of the 

load (in fact to several multiples of the load 

magnitude). The higher the load and greater 

the loading frequency, the faster the clock runs. 

The life of a given structure may then be mea¬ 

sured by its fatigue clock. When the structure 

has lived its full life as measured by the fatigue 

clock, it fails. 

The magnitude of the cyclic load that 

eventually produces failure is generally in the 

elastic range and is far below the failure load 

of the structure. For steel, cyclic loads of mag¬ 

nitudes as low as 20% of the failure load will 

cause fatigue failure in a reasonable time inter¬ 

val. A similar value for a sample of cortical 

bone is about 35%. In implants and bone, it 

is the combination of somewhat higher physio¬ 

logic loads and their cumulative repetition that 

brings about the failure. The method by which 

fatigue failure of a material may be determined 

is given below. 

The fatigue characteristics of a material 

are represented in the form of an S-N, or stress 

vs. number of cycles, diagram (Fig. 5-21). On 

the x-axis is the number of load cycles to fail¬ 

ure, generally plotted in the logarithmic scale. 

Stress is plotted on the y-axis. A couple of 

relevant terms are indicated in the figure. Ulti¬ 

mate stress is the failure stress at the first load 

cycle. The fatigue or endurance limit is the 

lowest stress that will cause fatigue failure. Any 

cyclic stress lower than the fatigue limit will 

almost never cause a fatigue failure. For the 

purpose of standardization, the fatigue curve 

is generally obtained for cyclic loads that vary 

with time, from a maximum in one direction 

to a maximum in the opposite direction as 

shown in the inset of Figure 5-21. This type 

of testing would provide a conservative esti¬ 

mate of the fatigue life of an implant, as the 

in vivo loads are generally not reversible. The 

S-N curve may also be presented as load vs. 

number of cycles by replacing the stress by the 

load on the structure. 
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Stress 

FIGURE 5-21 Fatigue. In a fatigue diagram, the fatigue 

curve represents the relationship between the applied 

cyclic stress (inset) and the number of cycles to failure. 

Stress is plotted on the vertical axis and the number of 

cycles (in logarithmic scale) on the horizontal axis. 

The stress value at which the specimen fails with a 

single loading is the ultimate stress. The fatigue limit 

is the stress at which the specimen does not break for 

any number of cycles, generally greater than one mil¬ 

lion. A similar diagram of load vs. number of cycles 

may be constructed by replacing the stress by the 

load. 

Most probably, the fatigue limit is rela¬ 

tively high in living bone, since reparative and 

adaptive biologic processes may slow down 

the propagation of fatigue cracks. However, 

fatigue fractures in bone do occur, indicating 

either that the loads above the fatigue limit 

have been applied for a sufficient period of 

time, or that the bone healing process failed to 

repair the minute fatigue cracks at a sufficiently 

rapid pace. Fatigue fractures have been often 

called stress fractures, which is a biomechanical 

misnomer. All fractures are created by stress 

at a point that exceeds the material strength 

at that point. What is special about fractures 

due to fatigue is that the cause of failure is 

due to the repetitive nature of the loads of 

relatively low magnitude, which are applied 

over a certain finite period of time. 

ANISOTROPY OF MATERIALS 

Definition. A material is called anisotropic 

if its mechanical properties are different in 

different directions. 

Description. Let us make several test speci¬ 

mens from a block of material, such that the 

specimens represent different directions in the 

material. We will then test their mechanical 

properties (strength, modulus of elasticity, 

etc.). If these are the same, regardless of the 

orientations of the test sample, the material 

is isotropic. Otherwise it is anisotropic mate¬ 

rial. 

Metals, hardened methyl methacrylate, 

and ice are examples of isotropic materials. 

Wood, bone, and intervertebral disc, as a con¬ 

trast, are anisotropic because they have fibers 

(cellulose and collagen, respectively) oriented 

in preferred directions. There is, to our knowl¬ 

edge, no isotropic tissue in the body because 

every tissue is highly specialized and adapted 

optimally to resist a specific set of loads. There¬ 

fore, a tennis ball is used here rather than an 

organ to demonstrate isotropic properties. 

Wherever the surface of the tennis ball 

is hit, its mechanical properties are the same, 

provided that the force vector remains con¬ 

stant and is directed toward the center of the 

ball. When the ball is hit, its subsequent mo¬ 

tion depends on the load-deformation charac¬ 

teristics in the direction of the force vector 

at the time of the ball-racket contact. This 

consistency of mechanical response is isot¬ 

ropy. 

Experiments have shown that bone is 

highly anisotropic. Figure 5-22 clearly docu¬ 

ments the cortical bone strength anisotropy. 

The values shown are from the mid-diaphysis 

and represent the strength in various direc- 
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material in the mid-diaphysis of a long bone varies 

in different directions. Generally, the axial strength is 

greatest, followed by radial and then circumferential 
strength. 

tions: circumfrential (1 unit), radial (1.7 units), 

and longitudinal (6.6 units). 

VISCOELASTICITY 

Definition. Viscoelasticity is the time- 

dependent mechanical property of a material. 

Description. As the name suggests, two basic 

components of viscoelasticity are viscosity and 

elasticity. The behavior of a viscoelastic mate¬ 

rial is a combination of these two fundamental 

properties. When a heavy ball is hung from a 

tree branch, say at 8:00 a.m., there is first an 

immediate deformation that is elastic in na¬ 

ture. That is, the branch would immediately 

return to its original position on removal of 

the load (Fig. 5-23). However, if the ball is 

allowed to hang, say up to 6:00 p.m., then 

additional deformation would have occurred. 

This later deformation is the result of no addi¬ 

tional load, but of additional time, and it dem¬ 

onstrates the time-dependent viscous nature 

of the tree branch. 

Creep and relaxation are two phenomen- 

ologic characteristics of viscoelastic materials 

and are utilized to document their behavior 

quantitatively. During creep, a viscoelastic 

structure subjected to a load continues to de¬ 

form with time, even though the load on it does 

not change. During relaxation, a viscoelastic 

structure that has been deformed is said to 

relax when the force in it decreases with time, 

although its deformation is held constant. 

It has been experimentally determined 

that most organic materials, such as bone, liga¬ 

ments, tendons, passive muscles, trees, and 

polymers, exhibit viscoelasticity. Traction ap¬ 

plied to a broken femur will eventually reduce 

the fracture because of the phenomenon of 

creep. A better correction with relatively less 

force is obtained in scoliosis surgery, which 

allows time for the spine to relax between dis¬ 

tractions. 

There are two additional phenomena that 

are typical of viscoelastic materials. A load- 

deformation or stress-strain curve of a visco¬ 

elastic material is dependent on the rate of 

loading. A higher rate of loading generally re¬ 

sults in a steeper curve. The other phenome- 

FIGURE 5-23 Viscoelasticity. The time dependency of 

the mechanical behavior of materials is exemplified by 

the branch of a tree. If a load is hung at 8:00 a.m., 

then there is an immediate deformation, followed by an 

additional deformation over the next several hours. The 

additional deformation resulted, not because of the addi¬ 

tional load, but because of the passing of time. This 

behavior is the viscoelasticity. 
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non involves the loading and unloading of the 

material. A viscoelastic material, in contrast to 

elastic material, shows loss of energy in the 

form of heat during each load/unload cycle. 

This is called hysteresis. All these four phenom¬ 

ena are described below individually. 

Creep 

Definition. Creep is a phenomenon in which 

a material or a structure deforms as function 

of time under the action of a constant load. 

(There is also a slang definition of creep that 

we shall not attempt to provide.) 

Description. Bone, ligaments, and plastics 

are examples of materials that may be classified 

as viscoelastic. A common way to document 

the viscoelastic nature of a material is to per¬ 

form a creep test. This test involves the applica¬ 

tion of a sudden load, which is then maintained 

at a constant magnitude. Measurement of de¬ 

formation is recorded as a function of time. 

The deformation-time curve is called the 

creep curve. 

When an individual’s height is measured 

in the morning and again at night after stand¬ 

ing all day, the second measurement is found 

to be less than the first. The change in height 

(deformation) is not due to any additional 

weight the person might have gained during 

the day, but rather to creep of the intervertebral 

discs and to a lesser extent the cartilage of 

load-bearing joints subjected to compression. 

The same load, applied over a period of time, 

has caused a subsequent deformation, that is, 

loss of height. The opposite has been found 

in the case of astronauts who go into space. 

The weightlessness experienced in space over a 

period of time increases their height by several 

centimeters, again demonstrating the creep be¬ 

havior. 

In Figure 5-24A, the creep test is per¬ 

formed on a functional spinal unit (FSU). On 

the left, the motion segment is shown without 

load at time zero. In the middle, a sudden 

tensile load of 100 N is applied, and on the 

right the FSU is seen after 1 hour. The sudden 

force application, which is maintained with 

time, is depicted in Figure 5-24B. The immedi¬ 

ate and time varying response of the FSU is 

seen in Figure 5-24C. First there is immediate 

deformation (D! — D0). This is the elastic part of 

the total deformation. Additional deformation 

(D2 — Dj) takes place within the next 1 hour. 

This is the creep deformation, documenting 

viscoelasticity of the soft tissue. The creep is 

an important mechanical characteristic of all 

biologic structures. 

Relaxation 

Definition. Relaxation is a phenomenon in 

which stress or force in a deformed structure 

decreases with time, while the deformation is 

held constant. 

Description. If a steel spring is compressed 

in a vise, say to 80% of its original length, 

there will be a certain force in the spring. This 

force will not change with time. Steel is not 

viscoelastic and its internal stresses do not relax 

with time. However, viscoelastic materials such 

as bone and ligaments behave quite differently. 

If one grabs a branch of a nearby tree, 

pulling it so that the tip of the branch touches 

the ground but does not break, a certain force 

is required. This force necessary to hold the 

branch tip to the ground will diminish with 

time. The diminution of the force is due to 

relaxation of internal stresses in the branch. 

Instead of the creep test described above, 

one may perform the relaxation test. This in¬ 

volves the application of a sudden deformation, 

which is then maintained during the test. The 

force-time curve obtained is called the relax¬ 

ation curve, and it documents the viscoelastic 

nature of the material or structure. As another 

example, we may take a spine segment, an 

FSU, that has been instrumented with a force¬ 

measuring transducer, a so-called load cell 

(Fig. 5-25A). The clamping vise is tightened 

to produce a certain deformation and internal 

stress in the segment. Let the deformation be 
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FIGURE 5-24 Creep. The viscoelastic behavior of a material is documented by the creep test. 

A. Load is suddenly applied to a functional spinal unit and held at that value. B. This is indicated 

by the load-time curve. C. The deformation of the functional spinal unit is plotted as function of 

time. First there is an immediate deformation D,-D0. Then there is additional deformation D2—D, 

that increases at a rapid rate at the beginning but slows down with increasing passing of time. 

This is the creep curve, a representation of viscoelasticity of the material. 

kept constant with time (Fig. 5-25B). Notice 

the force transducer reading: it will decrease 

with time (Fig. 5-25C). The curve of force 

versus time is called the relaxation curve. It is 

the manifestation of the viscoelastic properties 

of the motion segment. 

Hysteresis 

Definition. Hysteresis is a phenomenon as¬ 

sociated with energy loss exhibited by visco¬ 

elastic materials when they are subjected to 

loading and unloading cycles. 
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FIGURE 5-25 Relaxation. A. An experimental setup in 

which a load cell (force measuring device) is implanted 

within the vertebral body while the functional spinal 

unit is compressed in a vise. B. Deformation is kept 

constant as indicated by the deformation-time curve. 

C. The relaxation curve shows the decrease in the force 

within the spine segment as function of time. Relaxation 

is another manifestation of the basic material properties 

of viscoelasticity. 

Description. We have seen that the area un¬ 

der a loading curve in a load-deformation or 

stress-strain diagram represents the energy of 

deformation (see Deformation Energy). If the 

unloading curve is exactly the same as the load¬ 

ing curve, then the energy of deformation is 

completely regained during the unloading. 

This is the case for all elastic materials, such 

as a steel spring, if the load is kept below the 

yield point. On the other hand, the unloading 

curve for viscoelastic materials, such as bio¬ 

logic tissues, is always below the loading curve. 

Therefore, the energy regained during unload¬ 

ing is less than the energy expended in deform¬ 

ing the material. The area enclosed between 

the two curves represents the energy loss dur¬ 

ing one load/unload cycle. This is called hyster¬ 

esis loss. 

Figure 5-26 shows the results of a tension 

test experiment performed on ACL of a rabbit. 

The load-deformation curve during the un¬ 

loading cycle, as expected, is below the curve 

for the loading cycle. The load was within the 

physiologic limits. Measurements from the di¬ 

agram show that 17% of the total energy is 

lost during a load-unload cycle. This is the 

hysteresis loss. 

Load 

FIGURE 5-26 Hysteresis. In a stress-strain or load- 

deformation diagram the area under the curve repre¬ 

sents the energy of deformation. When the unload curve 

is below the load curve, then the energy recovered 

during unloading is less than the energy expanded dur¬ 

ing loading. Thus there is loss of energy as indicated 

by the area enclosed. This is the measure of hysteresis 

and is another reflection of the viscoelastic nature of 
the material being tested. 
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Loading Rate Sensitivity 

Definition. Loading rate sensitivity is the de¬ 

formation sensitivity of a material due to the 

loading rate. 

Description. All materials are sensitive to the 

rate of loading to a certain degree. However, 

this phenomenon is more dominant, and 

therefore important, in viscoelastic materials 

like biologic tissues and plastics. Silly Putty is 

a plastic of chewing gum consistency, and its 

inherent sensitivity to loading rate is meant 

to intrigue both the child and the adult. Its 

load-deformation behavior at different load¬ 

ing rates is indicated in Figure 5-27A. A slow 

pull on the putty (low rate of deformation) can 

produce a deformation of as much as several 

thousand percent before failure. The force re¬ 

quired is small, as indicated by the lower curve. 

The material behavior is classified as ductile. 

At higher loading rates, the behavior changes 

dramatically. A fast pull will break the putty 

at less than 5% deformation, and will require 

relatively large force, as indicated by the upper 

curve in Figure 5-25A. The material behavior 

may now be called brittle. The rate of loading 

also alters the fracture pattern as illustrated. 

Thus, if one were to describe the mechanical 

properties of Silly Putty, or for that matter 

any viscoelastic material (including all biologic 

tissues), it would be silly not to mention the 

rate of loading. 

It has been well established in biomecha¬ 

nics literature that bone, ligaments, tendons, 

and passive muscles are viscoelastic and, there¬ 

fore, sensitive to the rate of loading. Neverthe¬ 

less, one still finds data published on the me¬ 

chanical properties of vertebrae, discs, and 

various ligaments, with no mention of the rate 

of loading. The value of such data is there¬ 

fore questionable. 

An example of the dependency on the 

rate of loading of the energy absorption capac¬ 

ity to failure of a rabbit femur is shown in 

Figure 5-27B. Note that this bone strength 

parameter increased with the rate of deforma- 

FIGURE 5-27 Rate of Loading. A manifestation of vis¬ 

coelastic behavior of materials is their sensitivity to the 

rate of loading. A. Silly Putty is a common viscoelastic 

material. When pulled slowly, it shows large deforma¬ 

tion with application of relatively small force as indi¬ 

cated by the flat load-deformation curve. The same 

material, when pulled at a faster rate, deforms very little 

and fails sharply at relatively higher loads as shown by 

the steepness of the load-deformation curve. Medium 

rate of loading exhibits intermediate behavior. B. Experi¬ 

mental results of rabbit bones subjected to torsional 

loading at varying rates of deformation. The energy ab¬ 

sorbed to failure increases with the rate of deformation 

until a certain point and then decreases somewhat. 

tion, reaching a maximum at about 1 rad/s 

(57.37s). 

Explanatory Notes. The loading rate is often 

synonymous with the deformation rate. This 

is true only when the deformation is directly 

proportional to the load, that is, the load- 

deformation curve is a straight line. Most real- 

life materials, including the biologic tissues, 
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are, however, nonlinear in their mechanical 

behavior. Therefore, one must clearly state 

what was constant: the loading rate or the de¬ 

formation rate. In mechanically driven univer¬ 

sal materials testing machines, the loading plat¬ 

form is driven at a certain rate. In this case 

the rate of deformation is constant. In contrast, 

in the modern hydroelectric type of test ma¬ 

chines either the loading rate or the deforma¬ 

tion rate may be held constant. The deforma¬ 

tion rate is sometimes expressed as strain rate, 

which is equal to the deformation rate divided 

by the original specimen length. 

The rate of deformation can determine 

the site of failure in a complex structure. This 

can be clinically relevant as one attempts to 

evaluate the mechanism of injury. It has been 

shown that the failure site of a bone-ACL- 

bone complex varies with the rate of deforma¬ 

tion. At the higher deformation rates, the fail¬ 

ure tends to occur within the ligament. With 

the slower rates, the failure occurs in the bone 

near the ligament attachment point. 

MATERIAL MODELS 

Definition. Material models are idealized 

representations utilized for better understand¬ 

ing of real materials. 

Description. The actual behavior of real ma¬ 

terials such as bone, soft tissue, and plastics is 

quite complex. However, much insight into 

their mechanical behavior is gained by con¬ 

structing simple physical or, preferably, math¬ 

ematical models. For example, a spring may 

be used to represent the elastic material behav¬ 

ior of a piece of bone. In addition to the spring, 

a dashpot (explained later) may be necessary 

to study the viscoelastic behavior of ligaments. 

To represent permanent deformation and plas¬ 

tic behavior of a material, a third component 

is sometimes utilized. This is the dry-friction 

block (also explained later). These three com¬ 

ponents—spring, dashpot, and dry-friction 

block—can be used in specific combinations 

to represent the significant aspects of physical 

behavior of most real-life materials and struc¬ 

tures. 

We will first describe each of the three 

model components individually. Then, a few 

useful combinations, namely the Maxwell, Kel¬ 

vin, and three-element solid models, are pre¬ 

sented. The last of these models has been 

proven to represent the mechanical behavior of 

a wide variety of biological materials, including 

bone, muscle tissue, tendon, and skin. 

Spring Element 

Definition. Spring element is a basic compo¬ 

nent used in building conceptual or mathemat¬ 

ical models of materials or structures that ex¬ 

hibit elastic behavior. 

Description. Elastic behavior of a spring is 

depicted graphically in Figure 5-28A, in the 

form of a load-deformation or stress-strain 

curve. The loading and unloading curves for 

such behavior are exactly the same. The stiff¬ 

ness coefficient or the modulus of elasticity is 

given by the slope of the curve. It quantifies 

the behavior of the spring. If the behavior is 

constant throughout the loading range, then 

the spring element is a linear spring and the 

load-deformation curve is a straight line. On 

the other hand, if the deformation varies with 

the load, then it is a nonlinear spring and the 

curve is no longer a straight line. Also shown 

is the symbol for the spring element, that is, 

a spring with fixed and free ends. 

A model representing the action of shoot¬ 

ing an arrow from an archer’s bow may consist 

of a single spring element. In this case the 

spring is nonlinear, and represents the com¬ 

bined properties of the bow and the string in 

the direction of the pull. 

The load-deformation curve of a rabbit 

ACL (Fig. 5-28B) is nonlinear. This implies 

that the spring element needed to idealize 

this behavior is nonlinear, and its stiffness 

coefficient increases with load. In other 

words, the ACL of the rabbit becomes stiffer 
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FIGURE 5-28 Spring element. The spring is used as 

a model to represent elasticity of materials. A. The 

behavior as represented by the load-deformation curve 

may be linear or nonlinear. There is no loss of energy, 

as the loading and unloading curves are the same. 

B. The load-deformation curve of an ACL of a rabbit 

shows its nonlinear elastic behavior. 

with increasing load, and as it tightens, pro¬ 

vides greater stability. This experiment was 

performed at a particular loading rate. For 

a different loading rate, there would be a 

different curve. To idealize this aspect (i.e., 

variation with the loading rate) a more com¬ 

plex model is required. It must include time- 

dependent properties. See Three-Element 

Model (discussed later). 

Dashpot or Damping Element 

Definition. Dashpot, or damping, element is 

a basic component used in building con¬ 

ceptual or mathematical models of materi¬ 

als or structures that exhibit viscous or time- 

dependent behavior. 

Description. The damping properties of a 

tissue or a structure, as represented by the 

dashpot element, are quantified by the rela¬ 

tionship between the load applied and the 

speed produced (Fig. 5-29A). The slope of 

the load-speed curve is called the damping 

coefficient. The damping coefficient, which 

varies with the load, characterizes nonlinear 

damping. The area under the load-speed curve 

represents the rate of energy loss. This is in 

contrast to the spring element, which has no 

energy loss. The materials that experimentally 

show energy loss (see Hysteresis) are repre¬ 

sented by models that contain the dashpot 

element. Also shown in Figure 5-29A is the 

dashpot symbol: a freely moving piston mov¬ 

ing within a fluid-filled cylinder, which is fixed. 

A boat on water symbolizes the dashpot 

element. The difficulty with which one must 

push or pull a boat across the surface of the 

water is dependent on the speed of the move¬ 

ment of the boat. The increased resistance with 

speed is due to the viscosity of the water. An¬ 

other simple example is the ordinary syringe 

filled with fluid (Fig. 5-29B). When thumb 

pressure is applied to the plunger, it moves 

with speed dependent on the applied pressure. 

On removal of the pressure, the motion sud¬ 

denly stops. The plunger does not go back to 

its original position and the fluid does not 

return into the syringe. The former represents 

the displacement, while the latter is analogous 

to the energy expended. 

The intervertebral disc has strong damp¬ 

ing properties and is sometimes referred to 

as the shock absorber of the spine. Sudden 

motions of the lower part of the body, such 

as those occurring during walking, are attenu¬ 

ated by viscera, skin, bones, cartilage, discs, 
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FIGURE 5-29 Dashpot element. To represent the viscous 

part of the material behavior, a dashpot element is used 

as a component of a material model. A. The behavior of 

the dashpot element is represented by a load vs. speed of 

deformation diagram. The dashpot element provides in¬ 

creasing resistance with increasing speed. On unloading 

the entire deformation becomes permanent with complete 

loss of energy. B. A syringe serves as an example. The 

fluid pushed out represents the energy loss. 

and vertebral bodies before reaching the head. 

The blood in the vertebral capillaries and sinu¬ 

soids most probably also offers resistance to 

deformation, thus acting as a dashpot. In rapid 

rates of loading, the blood cannot escape 

through the foramina rapidly enough and 

thereby provides resistance. The system is vis¬ 

coelastic. 

Dry-Friction Element 

Definition. Dry-friction element is a basic 

component used in building conceptual or 

mathematical models of materials or structures 

that exhibit permanent deformation or plas¬ 

tic behavior. 

Description. The dry-friction (also called 

Coulomb friction) element is utilized to rep¬ 

resent those properties of a tissue or structure 

that are characterized by a sudden displace¬ 

ment after a threshold load is reached, and 

by permanent deformation at the removal 

of the load. The load-deformation curve for 

this element is shown in Figure 5-30A. It 

is characterized by the threshold load, perma¬ 

nent deformation, and loss of energy. At 

the start, when the load is increased, no 

deformation takes place, and the curve is 

vertical until a threshold load is reached. At 

this load magnitude, deformation increases 

without bounds, and the curve is horizontal. 

On removal of the load, deformation sud¬ 

denly stops, and the curve is down. The area 

between the load and unload curve represents 

the energy loss and the deformation at unload 

is the permanent deformation. Also shown 

in Figure 5-30A is the dry-friction element 
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FIGURE 5-30 Dry-friction element. The plastic defor¬ 

mation of materials may be represented as friction be¬ 

tween two objects. The plastic part of the behavior of 

materials is, therefore, simulated by the friction ele¬ 

ment. A. On a load-deformation diagram the curve looks 

as shown: no deformation until the load reaches a cer¬ 

tain threshold value; a large deformation thereafter with 

insignificant increase in load; and on unloading the 

entire deformation becomes permanent. All the deforma¬ 

tion energy is lost as indicated by the area under the 

curve. B. A book lying on a table serves as an example. 

Threshold load is the friction force between the book 

and table. 

not go back to its original position, imitating 

permanent deformation of material. This is 

the characteristic behavior of the dry-friction 

element. (Perhaps someone will write a book 

on alternative uses of books.) 

There are other natural phenomena in 

which the relation between force and motion 

is similar to that of the dry-friction element 

behavior. One example is the stretching of a 

ligament beyond its elastic limit, producing 

permanent deformation. The ligament is said 

to be plastically deformed. To describe these 

phenomena quantitatively, a mathematical 

model may be constructed in which a dry- 

friction element is included to represent the 

permanent deformation behavior. 

In Grade 1 spondylolisthesis at L5-S1, 

suppose the annulus and all the other support¬ 

ing soft tissue elements are removed. The pa¬ 

tient then develops a moderately stable syndes¬ 

mosis between the two vertebral bodies. Mild 

forces are not strong enough to push L5 further 

forward with respect to SI. However, a large 

force could transcend the threshold of the dry- 

friction offered by the syndesmosis, and L5 

would slip indefinitely but for other clinical 

and anatomic factors that create new dry- 

friction thresholds and restrict further dis¬ 

placement. 

Three Useful Viscoelastic Models 

representation, a free-to-move block sitting 

on the fixed ground. 

The above load-deformation curve is 

nicely explained by an object, such as a heavy 

book (poor authors) resting on a table (Fig. 

5-30B). To move the book lying on the table, 

an increasing amount of force is applied until 

the external force overcomes the friction force 

under the book. After the force threshold (fric¬ 

tion force) is reached, the book begins to move. 

It will continue to move, without any subse¬ 

quent increase in force. Upon removal of the 

force, the book will suddenly stop and will 

Definition. Models that use the spring and 

dashpot elements in different combinations to 

represent the viscoelastic behavior of materials 

or structures. 

Description. The main characteristic of real- 

life materials such as bone, soft tissue, and 

plastics can be simulated by simple models 

that combine the basic elements of elasticity 

and viscosity. These models help provide a 

better understanding of the material behavior. 

The spring element represents the elasticity, 

while the dashpot element represents the vis¬ 

cosity. Three of the fundamental combinations 
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of these elements are called the Maxwell, Kel¬ 

vin, and Three-element Solid models. The 

models and their physical behavior, as exhib¬ 

ited by their corresponding creep curves, are 

shown in Figure 5-31. Recall that the creep 

test involves sudden application of a constant 

load and measurement of the resulting defor¬ 

mation as a function of time. 

Maxwell 

S D 
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Kelvin 
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E- 
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FIGURE 5-31 Three viscoelastic models. To represent 

viscoelastic behavior under physiologic loading condi¬ 

tions of many different biologic tissues, such as bone, 

ligament, and skin, certain combinations of the spring 

and dashpot elements provide useful models. Represen¬ 

tations of three such models and their creep behavior 

are shown. A. The Maxwell model consists of a spring 

and dashpot in a series. It has creep behavior such that 

there is immediate deformation followed by a uniformly 

increasing deformation with time. B. The Kelvin model 

consists of a spring and dashpot in parallel. It has creep 

behavior such that there is increasing deformation with 

time but at a decreasing rate. C. The three-element 

model consists of a Kelvin model in series with an 

additional spring S2. The creep curve shows immediate 

deformation followed by an increasing deformation with 

time at a progressively decreasing rate. 

The Maxwell model is a series combina¬ 

tion of a spring S and a dashpot D (Fig. 5— 

31 A). If a creep test is performed on it, then the 

motion of one end of the model with respect to 

the other end, as a function of time, is given 

by the graph shown. There is an immediate 

deformation (of the spring) followed by a pro¬ 

portionately increasing deformation (of the 

dashpot) with time. The Maxwell model is 

mostly used to represent fluids. 

The Kelvin model is a parallel combina¬ 

tion of a spring S and a dashpot D (Fig. 5-3 IB). 

Its creep curve shows that the length of the 

model increases continuously, but at an ever- 

decreasing rate (Fig. 5-3IB). This is explained 

by the observation that upon sudden applica¬ 

tion of the creep load, the dashpot locks itself, 

offering infinite resistance, and thus there is 

no immediate deformation. However, with 

time, the deformation increases as the dash- 

pot “unlocks.” 

The Three-element Solid model derives 

its name from the three mathematical compo¬ 

nents. It is made by adding a series spring S2 

to the Kelvin model (parallel spring S, and 

dashpot D) (Fig. 5-29C). Result of the creep 

test is an immediate deformation followed by 

an exponential deformation (a continuously 

increasing deformation, but at an ever- 

decreasing rate) with time. The immediate de¬ 

formation is due to the series spring S2, and 

the exponential deformation corresponds to 

the Kelvin part (spring Sj and dashpot D in 

parallel) of the model. The Three-element 

Solid model has been successfully used to rep¬ 

resent viscoelastic behavior for many musculo¬ 

skeletal structures, such as bone, ligament, 

disc, and FSU. 

The main reason for this is the fact that 

the Three-element Solid model has several 

characteristics that are able to mimic the vari¬ 

ous phenomena observed in the mechanical 

behavior of real-life biologic structures, espe¬ 

cially the soft times. The immedicate stretch 

followed by additional stretch with time, in 

response to the applied load, is a phenomenon 
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observed in most soft tissues (e.g., ligaments, 

tendons, muscles, and neural elements). 

SUMMARY 

All structures—a piece of rubber, a tibia, and 

an airplane wing—deform when subjected to 

a load. The deformation characteristics of a 

structure in response to the applied load vary. 

A load-deformation diagram is used to docu¬ 

ment the characteristics. In this diagram load 

applied is plotted on the vertical axis while 

the deformation produced is on the horizontal 

axis; the curve so generated is called the load- 

deformation (L-D) curve. This curve is a func¬ 

tion not only of the material properties of the 

specimen, but also of its geometric size, namely 

the length, cross-sectional area of the speci¬ 

men, and the distribution of the material over 

the cross section. The L-D curve could be 

linear or nonlinear. The latter type represents 

typical behavior of biologic tissues. The non¬ 

linearity of the L-D curve may be quantified 

by comparing to a straight line. Another, more 

useful alternative, is to divide the entire length 

of the L-D curve into biomechanically relevant 

regions, for example: neutral zone (NZ) repre¬ 

senting laxity, elastic zone (EZ) denoting tissue 

resistance, and plastic zone (PZ) referring to 

a region of micro- and macroscopic failures. 

Concepts of stress and strain are utilized to 

arrive at pure material characteristics that are 

free of the effects due to the geometric size 

and material distribution of the specimen. 

The strain is defined as the deformation per 

unit length, while the stress is defined as the 

load per unit area. Thus the load-deformation 

diagram may be converted into a stress-strain 

diagram by dividing the deformation by the 

original length of the specimen and the load 

by the original cross-sectional area of the speci¬ 

men. This is the fundamental diagram charac¬ 

terizing the pure material properties. 

The discussion that follows applies 

equally to strain as to the stress. The stress is 

of two types: normal and shear. Looking at 

the cross section of a specimen, such as bone, 

the normal stress is perpendicular to the plane 

of the cross section while the shear stress is 

parallel to the cross section. Therefore, to give 

a meaningful description of the stress at a point 

in a structure, it is necessary to define the 

orientation of the cross-sectional plane. Thus, 

for a transverse cross section (perpendicular 

to the axis of a structure), the normal stress 

or strain is along the axis and the shear stress 

is perpendicular to the axis. One may think 

of stress as a vector. Consider an arbitrarily 

oriented plane passing through a point in the 

structure. The component of stress vector that 

is parallel to the plane is the shear stress, while 

the component that is perpendicular to the 

plane is a normal stress. It is possible to find 

an orientation of the plane on which the shear 

stress is zero, and only the normal stress is 

present. This is the principal plane and the 

corresponding stress is called principal stress. 

Elasticity is the property of a material to 

return to its original size and shape following 

the removal of the deforming load. This elastic 

region is also called the elastic range of the 

material. The stress-strain curve within the 

elastic range may be a straight line or it may 

be curved. In the latter case, the material is 

said to exhibit nonlinear elastic behavior. Mod¬ 

ulus of elasticity is the slope of the stress-strain 

curve in the linear region. During loading of 

the material, not only there is change in the 

length, but also there is change in its cross 

section or its transverse dimensions. During 

tensile loading the specimen stretches and its 

transverse dimensions decrease, while in com¬ 

pression loading the reverse happens: the spec¬ 

imen length decreases and its transverse di¬ 

mensions increase. In both loadings, the ratio 

of the percentage change in the transverse di¬ 

rection to the percentage change in the length 

direction is called Poisson’s ratio. Analogous 

to the modulus of elasticity, the shear modulus 

is the ratio of shear stress to shear strain. The 

three quantities of the linear elastic region— 
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shear modulus, modulus of elasticity, and Pois¬ 

son’s ratio—are all related to each other via 

a set of mathematical equations. 

When the material is loaded beyond its 

elastic range, it no longer returns to its original 

size on removal of the load. The material is 

said to yield and the corresponding point on 

the load-deformation or stress-strain curve 

is called yield point. The stress at which the 

yielding occurs is called the yield stress. If the 

material is loaded further until it fails, the fail¬ 

ure load is called the ultimate load and the 

corresponding stress is the ultimate stress. Be¬ 

tween the yield and failure points, the stress- 

strain curve is called the plastic range of the 

material. When unloaded in the plastic range, 

the material exhibits permanent deformation 

and the material is said to be plastically de¬ 

formed. This property of the material is called 

plasticity. Incomplete injuries of the soft tis¬ 

sues also show residual deformation after a 

substantial stretch. This implies that the tissue 

was stretched into the plastic range. This class 

of injuries have been termed as subfailure in¬ 

juries. Not only these injuries exhibit perma¬ 

nent deformation, but also the L-D curve is 

significantly altered. The results show in¬ 

creased joint laxity after the subfailure injury. 

The amount of total deformation that a mate¬ 

rial can undergo before failure, characterizes 

the material as either ductile or brittle. As a 

rule, a material exhibiting less than 6% total 

elongation is considered brittle while greater 

than 6% characterizes it to be ductile. Cortical 

bone and methyl methacrylate are brittle mate¬ 

rials while stainless steel and titanium are duc¬ 

tile materials. To deform a piece of material 

certain energy is needed. This is called the 

deformation energy. As there are two ranges of 

deformation, there are correspondingly elastic 

and plastic deformation energies. 

Loading of a structure, such as a bone 

or an automobile, results in stresses in its mate¬ 

rial. Generally, the stresses vary gradually from 

one point to the other. However, there are 

situations in which the stresses may vary sud¬ 

denly at a certain point or within a small re¬ 

gion. These high peaks of stresses are called 

stress concentrations. These are either due to 

sudden change in the geometry or in the mate¬ 

rials properties of a structure or both. Exam¬ 

ples are sharp corner of the window in a bone 

or contact point of the tip of the stem of a 

hip implant. These high stresses may lead to 

premature failure, especially in repetitive load¬ 

ings. Fatigue is a phenomenon in which rela¬ 

tively small load applied repetitively causes fail¬ 

ure of the structure. With such loading the 

material fails at stress that is much lower than 

its ultimate stress. The fatigue life is the num¬ 

ber of cycles to failure and is dependent on 

the stress level. Lower the stress more the num¬ 

ber of cycles the material can withstand before 

the failure. The highest load value that does 

not result in fatigue failure (within conceivable 

useful life of the structure) is called the fatigue 

or endurance limit. Anisotropy is a concept 

that characterizes the variation in the mechani¬ 

cal properties of a material along different di¬ 

rections. Stainless steel and titanium are not 

anisotropic while bone and ligament are highly 

anisotropic materials. It is known that bone 

and ligament are strongest along their lengths 

as compared to their transverse directions. 

Viscoelasticity characterizes the time- 

dependent mechanical properties of a material. 

All tissues of the musculoskeletal system ex¬ 

hibit, to a lesser or greater degree, viscoelastic 

characteristics. A fractured femur or a scoliotic 

spine, when subjected to traction, keeps elon¬ 

gating with time even though the traction load 

is kept constant. This deformation due to time 

in a viscoelastic material is called creep. The 

same viscoelastic behavior is manifested if a 

deformation is produced in the structure, and 

then it is kept constant. The force when moni¬ 

tored as function of time is found to decrease. 

This is a case in the surgical procedure of Har¬ 

rington rod in a scoliotic spine. At the end of 

maximum distraction, an additional amount 

of correction may be obtained if the procedure 

is continued after an elapse of a certain time, 
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say 5 to 15 minutes. The stresses and forces 

in the spine have relaxed during this time. The 

process is called relaxation. Another manifes¬ 

tation of the viscoelasticity is in the repeated 

loading and unloading of a structure. As we 

have seen, if the structure is first loaded and 

then unloaded exhibiting no permanent defor¬ 

mation, then it is an elastic structure. However, 

if within its elastic range the load and unload 

curves are not the same, then the material is 

viscoelastic and it exhibits hysteresis. The area 

enclosed within the load and unload curves 

represents the strain energy that is lost. This 

hysteresis loss quantifies the viscoelastic 

property of the material. Finally, a viscoelas¬ 

tic material generally also exhibits load- or 

deformation-rate sensitivity. In other words, 

stress-strain curve of such a material is depen¬ 

dent on how slow or fast the load is applied 

to the material. Bone, ligaments, and Silly 

Putty are known to be stronger and stiffer 

when loaded at relatively high loading rates. 

We have seen that different materials ex¬ 

hibit different behaviors when subjected to a 

load. To systematize the study of material be¬ 

havior, the characterizations have been classi¬ 

fied into elasticity, plasticity, and viscoelas¬ 

ticity. To provide a deeper understanding, 

especially for the development of mathematical 

analysis, the real-life material behavior is repre¬ 

sented by idealized material models. There are 

three basic components or elements of which 

the various material models are built. The 

spring element represents pure elastic behav¬ 

ior. The deformation produced is only depen¬ 

dent on the applied load and is fully recover¬ 

able upon removal of the load. The dashpot 

or damping element represents the viscous be¬ 

havior of the material. The resistance offered 

by this element is only dependent on the speed 

at which it is deformed. On removal of the 

load there is no recovery of the deformation. 

A syringe is an example. On removal of the 

thumb pressure, the fluid does not return into 

the syringe. Finally, the dry-friction element 

is rather special. Such an element when sub¬ 

jected to load does not deform until a certain 

threshold load value is reached. At this point 

the deformation is suddenly initiated, and con¬ 

tinues beyond limit without any increase in 

load. The deformation suddenly stops on re¬ 

moval of the load. The motion of a book lying 

on a table when subjected to a horizontal force 

exemplifies the behavior of a dry-friction ele¬ 

ment. An injury to hard or soft tissue showing 

permanent deformation may also be repre¬ 

sented by a dry-friction element. To try to 

imitate the material behavior of real-life sub¬ 

stances, two of these basic elements, namely 

spring and dashpot, are combined into several 

different viscoelastic models. In the Maxwell 

model a spring and a dashpot are combined 

in a serial manner. This model is used to repre¬ 

sent the viscoelastic behavior of fluids. The 

Kelvin model consists of a spring and a dashpot 

that are combined in a parallel manner. This 

model represents solids. Finally, the most im¬ 

portant material model for representing the 

behavior of most musculoskeletal materials is 

called Three-element model. This model is 

made by adding a serial spring element to the 

Kelvin model. It has been shown that the three- 

element model can be used to represent, quite 

accurately, the stress-strain behavior of bone, 

muscle, ligament, or skin just by altering the 

values of the two springs and the dashpot. 
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Structures Under Loads 

External load 

A load-bearing structure, such as a fem¬ 

oral prosthesis when loaded externally 

by the joint reaction force, fails when stresses 

at a point in the structure exceed the strength 

of the material at that point (Fig. 6-1). 

We know that external loads applied to a 

rigid body result in internal loads that are of 

different type, magnitude, and direction. We 

could determine these internal loads with the 

help of free-body analysis utilizing the equilib¬ 

rium equations given in Chapter 2. But the real 

structures are made of nonrigid or deformable 

materials. The behavior of deformable materials 

(but not structures) was studied in Chapter 3. 

In the present chapter, we are going to 

study methods that help us relate in nonrigid 

structures the external loads applied to the 

internal stresses and deformations produced. 

The methodologies are called the stress and 

deformation analyses, respectively. In doing 

these analyses, we need to first learn about 

the different kinds of external loads and the 

different geometric and physical properties of 

FIGURE 6-1 Structures develop internal stresses and deforma¬ 

tions when they are subjected to external loads. A femoral hip 

prosthesis in a femur is a structure that develops stresses and 

deformations, tensile on the lateral side and compressive on 

the medial side, when subjected to an external load, the joint 

reaction force. The stresses and deformations, which are differ¬ 

ent at different points of the structure, are the result of the 

external loads, the geometric shape of the structure, and its 

material properties. 
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the structures that relate the loads to the stress 

and deformations. 

EXTERNAL LOADS 

Definition. External loads are the loads ap¬ 

plied on the outside of the body under investi¬ 

gation. 

Description. The first task in analyzing the 

internal stresses or deformations of a structure 

is to define the external load (force and/mo¬ 

ment) vectors. It is of great help to categorize 

the external loads into one or more of the basic 

types: axial, cantilever, three-point bending, 

four-point bending, and torsional. The princi¬ 

ple of superposition may then be utilized to 

combine the results of the basic load types to 

represent external loads. 

The effect of axial load is identical on 

each section of a long straight structure. The 

same is true for the torsional load. The effect 

of bending loads on the structure, however, 

varies along its length. A diagram that clearly 

and quantWtively defines this effect is called 

the bending moment diagram. Description of 

the basic load types follows. 

Axial Load and Critical Load 

Definition. Axial load is an external force 

vector that is parallel to the longitudinal axis 

of the structure. 

Description. There are two types of axial 

loads or forces, namely, tensile and compres¬ 

sive. So long as they act along the axis of the 

structure and are in the vicinity of the geomet¬ 

ric center of the cross section of the structure, 

they produce little bending, and, therefore, 

minimum stresses. If the axial loads do not 

produce bending, they are, in general, well 

tolerated. There is an interesting aspect to the 

axial tensile load that is worth mentioning. It 

is the question of mechanical stability. How 

much axial load may be placed, without any 

eccentricity, on a long structure before the 

structure buckles or becomes unstable? This 

has some relevance, as illustrated by an exam¬ 

ple below. 

Psychologist jargon carries some tempt¬ 

ing correlates to mechanics. We sometimes say 

“the emotional stresses became too great and 

he buckled.” Or we say “as a result of the 

stresses he became unstable.” 

In an experiment an upright spine speci¬ 

men from T1 to pelvis, devoid of muscles and 

the rib cage, was loaded at Tl with increasing 

weights (Fig. 6-2). It was found that a mass 

of 2 kg (4.4 lb) was the maximum load that 

the spine specimen could carry and still main¬ 

tain its posture. This mass corresponds to an 

axial force of about 20 N (2 kg X 9.81 m/s2 

gravitational acceleration) or about 4 lb. When 

higher loads were applied, the spine bent to 

the side permanently. This load value is the 

critical load for the thoracolumbar ligamen¬ 

tous human spine specimen. (For explanation 

see below.) This points out the importance of 

the spinal muscles in maintaining the upright 

posture of the spine besides the ligaments and 

discs of the spinal column. In the above exam¬ 

ple of the spine specimen, the 20 N load that 

made the spine mechanically unstable is called 

the critical load. 

Explanatory Notes. There is a special and 

very important subject in engineering mechan¬ 

ics that deals with the determination of critical 

loads and, more generally, the elastic stability 

of long structures. Critical load is defined as 

the maximum axial load that a long structure 

can carry without bending to the side. In the 

18th century, Euler studied long cylindrical 

columns and derived mathematical formulae 

for computing their critical loads. One case 

from his study is shown in Figure 6-2B. Note 

that the lower end of the column is fixed in the 

ground, while the upper end is completely free. 

Euler’s formula for calculating the maxi¬ 

mum load W, the so-called critical load, in 

newtons (pound force) for the case shown is 

as follows: 

W = 7T2EI/(4E2) 
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Stable Unstable 
B 

FIGURE 6-2 The axial load is a load applied parallel to 
the long axis of the structure that produces compression 
or tension. The compression load becomes a critical load 
when it makes the structure unstable or buckle. A. Consider 

an isolated osteoligamentous cadaveric spine from T1 to 

pelvis. It is positioned in erect posture by fixing the pelvis 
to a test table. If the T1 vertebra is given a small side de¬ 

flection and then released, the spine will come back to its 
neutral position. This is a mechanically stable structure. 

On the right is shown the same spine to which an axial 

load is added at T1. When this structure is given a side 
deflection, it may or may not come back to its neutral posi¬ 
tion, depending on the magnitude of the axial load. If it 

does not come back it would be called an unstable struc¬ 

ture. Thus there is a threshold value of the axial load that 
makes the structure either stable or unstable. This thresh¬ 

old is called the critical load of the structure. The critical 

load is dependent on the length of the structure, its cross- 
sectional geometry, and its materials properties. B. A gen¬ 

eral case of a column carrying axial loads: below critical 

load/stable and above the critical load/unstable. 

where 

77 = 3.1416 

E = modulus of elasticity in N/m2 or Pa 

(lbf/in.2) 

I = sectional moment of inertia in m4(in.4) 

L = length in m (in.). 

Torsional Load 

Definition. Torsional load is an external mo¬ 

ment vector whose axis is parallel to the longi¬ 

tudinal axis of the structure. 

Description. In its pure form, the torsional 

load—also called torque—about the long axis 

of a structure is applied by a couple of forces 

that are equal, parallel, opposite in sense, and 

separated by a distance. (See Force Couple and 

Torque in Chapter 2.) Turning the steering 

wheel of a car is an excellent example of the 

application of the torsional load. However, tor¬ 

sional load may also manifest itself in other 

loading situations, as illustrated by several ex¬ 

amples below. 

Consider the case of a diving board, with 

a person standing on its one end. Maximum 

bending moment results at the fixed end. This 

must be qualified in that pure bending mo¬ 

ment results only when the person is standing 

on the diving board precisely centered along 

its width. A location off the center line of the 

diving board, however, will result in torsion, 

in addition to the bending. A similar phenome¬ 

non occurs with the tennis racket (Fig. 6-3A). 

When the tennis racket contacts the ball at a 

point away from its midline—something that 

would never happen to you because you always 

watch the ball as it hits the racquet—the im¬ 

pact creates a torsional load on the racket. This 

torsional load travels throughout the length of 

the racket and is finally taken up by the hand 

grip. The torsional load is proportional to the 

force of the hit as well as the distance of the 

contact point from the center line of the racket. 

Another example is the torsional load on 

the femoral shaft. Figure 6-3B shows the femur 

seen in the axial direction from the knee. 

105 



CHAPTER 6 / STRUCTURES UNDER LOADS 

FIGURE 6-3 The torsional load is a load that tends to 

produce relative rotation of different cross sections of 

a structure. A. When a tennis ball hits the racket on the 

side of its center it produces a torsional load on the 

racket throughout its length. The torsional load is taken 

up by the hand grip. The torsional load is proportional 

to the force of the hit times the distance of the contact 

point from the center line of the racket. B. The horizontal 

component FH of the joint reaction force on the femoral 

head produces torque, represented by the circular 

arrow, on the femur (see text for details). 

Forces FH and Fv are, respectively, the horizon¬ 

tal and vertical components of the femoral 

head joint reaction force. The Fv is perpendicu¬ 

lar to the paper, and therefore it is shown as 

a circle. (Imagine an arrow representing Fv 

coming out of the paper. The circle is a repre¬ 

sentation of the head of the arrow.) There is 

also a third component, the fore-aft force (not 

shown), that is perpendicular to these two 

forces. A line joining the center of the head 

to the center of the femoral shaft makes an 

angle with the condylar plane. This is the ante- 

version angle. Because of this angle, the force 

Fh produces a torque around the femoral shaft. 

The magnitude of this torque is given by multi¬ 

plying the force FH by the distance D. The 

fore-aft force also induces torque (not shown) 

into the femoral shaft. 

Bending Moment Diagram 

Definition. Bending moment diagram shows 

the amount of bending moment at various 

cross sections of a long structure subjected to 

bending loads. 

Description. Often the external forces ap¬ 

plied to a structure are not directly supported, 

thus resulting in bending and twisting of the 

structure. An excellent example to illustrate 

this concept, once more, is the loading of a 

diving board. Figure 6-4A shows a diving 

board and a person standing on its one end 

while the other end is fixed into a wall. The 

weight of the person is not directly supported 

under him, thus the entire board is subjected 

to bending. The bending moment at a point 

on the diving board is the product of weight 

of the person and the distance of the weight 

line from the point (see Bending Moment, 

Chapter 2). Thus, the bending moment in the 

diving board is least under the feet of the per¬ 

son and is a maximum at the fixed end. A 

diagram that documents the variation of the 

bending moment along the length of a struc¬ 

ture is called a bending moment diagram. For 

the cantilever loading shown, it is a right-angle 

(one angle is 90°) triangle (Fig. 6-4B). Details 

concerning the constructing of the bending 

moment diagrams are provided under Explan¬ 

atory Notes, below. 

Explanatory Notes. The bending moment 

diagram for a given loading situation may be 

determined by the following procedure. For 

example, in the diving board schematics (Fig. 

6-4A), the bending moment M at an arbitrary 

point is: 

106 



CHAPTER 6 / S TP UCTURES UNDER LOADS 

B 

FIGURE 6-4 The bending moment diagram is a dia¬ 

gram that shows the amount of bending moment at every 

section of a long structure. Bending moment is presented 

as a function of the structure’s length. A. A diver standing 

on the edge of a diving board produces bending of 

the structure (diving board). B. The amount of bending 

moment at any point of the structure is the product of 

the force (weight of the person) times its distance from 

the point. Thus the bending moment at the point is F • A, 

and at the fixed end of the diving board is F • L. Now if 

the point is moved such that its distance from the force 

F varies from zero under the force to the maximum at 

the fixed end of the diving board, then we obtain the 

bending moment magnitude at every point on the struc¬ 

ture. This is the bending moment diagram. In this partic¬ 

ular example the bending moment diagram is a right- 

angle triangle as shown. 

F-A 

where F is the force due to weight of the person 

on the diving board, “ • ” is the symbol for 

multiplication, and A is the perpendicular dis¬ 

tance of the point from the force F. (Here we 

assume that the weight of the diving board 

does not contribute to the bending moment.) 

Ma is the height of the bending moment dia¬ 

gram at the point and equals F • A. The com¬ 

plete bending moment diagram is obtained by 

moving the point from under the force F to¬ 

ward the fixed end. Thus, the bending moment 

diagram for the diving board is a triangle, with 

the maximum bending moment Mmax = F • L 

occurring at the fixed end (Fig. 6-4B). If there 

is more than one force acting on the structure, 

then the bending moment of all the forces 

to the right of the point are added together. 

In the example shown, the force to the right 

of the point is a single force F and therefore, 

the bending moment diagram is a triangle with 

its apex at the fixed end. For other kinds of 

loads, the bending moment diagram would 

have different shapes, see the discussion of 

cantilever, three-point and four-point bending 

loads, below. 

Cantilever Bending Load 

Definition. Cantilever load is a loading situa¬ 

tion in which one end of a long structure is 

fixed while its other free end is loaded. 

Description. A diving board, a balcony, a 

wing of an airplane, and the human spine 

(when we bend forward) are examples of the 

cantilever-type load. The bending moment di¬ 

agram for this loading situation was shown in 

Figure 6-4B. The bending moment increases 

as we move away from the force, and it reaches 

its maximum value at the fixed end of the 

cantilever. The normal stresses are propor¬ 

tional to the bending moment, when the canti¬ 

lever beam is of the same cross section 

throughout its length. Therefore, to keep the 

stresses the same throughout the length of the 

cantilever beam, the cross section must in¬ 

crease with increasing bending moment. Na¬ 

ture, of course, thought about it when it de¬ 

signed the branch of a tree and the human 

spine, making these increasingly thicker to¬ 

ward their respective fixed ends. 
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Three-Point Bending Load 

Definition. A long structure is loaded in 

three-point bending when a single force is ap¬ 

plied in the middle of a beam, supported under 

its two ends. 

Description. When an archer draws his/her 

bow string, the bow is loaded in three-point 

bending (Fig. 6-5A). The bow has maximum 

cross section at its middle because the bending 

moment and, therefore, the stresses are highest 

there. The Jewett brace is a similar clinical 

example in which three-point bending forces 

A 

F 

FIGURE 6-5 Three-point bending is a loading situation 

in which a structure is supported at its both ends while 

a force is applied somewhere in the middle. A. A bow 

is loaded in three-point bending when its string is pulled 

with a force F. B. Femur is loaded by a force F, resulting 

in three-point bending in an experiment to determine 

its strength. C. The bending moment diagram for the 

femoral loading is a triangle with its apex under the 

applied force. Thus the maximum bending moment is 
under the force F. 

are employed in addition to axial tension to 

obtain angular correction of the spine. 

The reader familiar with Western my¬ 

thology may elect to take a short study break 

and fantasize about Cupid shooting an arrow 

on his or her behalf at some unsuspecting sub¬ 

ject of his or her choosing. 

A femur specimen, subject to three-point 

bending for determining its strength, is shown 

in Figure 6-5B. The resulting bending moment 

varies along the length of the structure, being 

zero under the end forces and maximum under 

the middle force. (The method for determining 

the bending moment diagram is the same as 

described earlier under Bending Moment Dia¬ 

gram—Explanatory Notes.) In the present 

loading situation, we have two forces FA and 

Fb that are considered. The combined bending 

moment diagram is a triangle with apex under 

the middle force (Fig. 6-5C). The quantitative 

expression for the maximum bending moment 

is derived below. 

Explanatory Notes. Referring to Figure 

6-5B and C, the maximum bending moment 

is under the force F and is given by the follow¬ 

ing equation: 

M = F • A • B/(A + B) (1) 

where F is the middle force and A and B are 

the distances of the two end forces from it. 

The above expression is obtained in the follow¬ 

ing manner. 

First, we determine the forces FA and FB 

at the end supports. This is done by using 

the force moment equilibrium equations (see 

Equilibrium in Chapter 4). Thus: 

Force equilibrium along the vertical di¬ 

rection gives: 

Fa + FB = F (2) 

Moment equilibrium about point A 

gives: 

F • A = FB • (A + B) (3) 

Solving the above two equations for FA and 

Fb, we get: 
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FA = (F • B)/(A + B) F 

and 

Fb = (F • A)/(A + B) 

By definition, moment at any point on 

a structure is the sum of all the moments on 

one side of that point. By using the above 

values of forces FA and FB, we easily see that the 

moments at the application points for forces FA 

and Fb are zero, and that the maximum mo¬ 

ment is under the force F and it has a magni¬ 

tude as given by equation (1) above. 

Four-Point Bending Load 

Definition. A long structure is loaded in 

four-point bending when two forces are ap¬ 

plied on one side of the beam, supported under 

its two ends. 

Description. The four-point bending mode 

is often utilized for mechanical testing pur¬ 

poses because of its very special properties. If 

all four forces are of equal magnitude and are 

arranged symmetrically, as, for example, in the 

case of a spine specimen with injury to its disc 

(Fig. 6-6A), a unique situation results so that 

the length of the spine, between the inner pair 

of forces, is subjected to a constant bending 

moment. This makes it possible, while testing 

a specimen, to determine the weakest point 

in the structure. With other types of bending 

modalities, such as the three-point bending, 

the specimen will tend to fail at the point of 

maximum bending moment, under the force, 

rather than at its weakest point, which may 

not be under the force. (Another type of load¬ 

ing that provides uniform load distribution 

throughout the length is torsional loading.) 

Since the bending moment is constant 

along the section of the structure within the 

inner two forces, a constant corrective effect 

is obtained along the corresponding region of 

the spine. This may be useful in certain clini¬ 

cal situations. 

FIGURE 6-6 Four-point bending is a special case. The 

structure is supported at both ends and two forces are 

applied in the middle. The two forces are of the same 

magnitude and are located symmetrically. A. To test the 

strength of a spine specimen in which a disc injury has 

been produced at the level shown, four-point bending 

is utilized. B. For the spine specimen subjected to the 

four forces, the bending moment diagram is as shown. 

The bending moment to which the specimen is subjected 

between points P2 and P3 is of constant magnitude. 

This is advantageous so that the failure site clearly 

indicates the weakest section of the specimen, and not 

any variation in the applied load. 

Explanatory Notes. As shown by the bend¬ 

ing moment diagram in Figure 6-6B, the equa¬ 

tion for the maximum bending moment for 

the case when all four forces are equal, is as 

follows: 

M = F-C 

where F is one of the forces and C is the perpen¬ 

dicular distance between the forces at points 

P, and P2. 
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It is interesting to note that dimensions 

A and B are not included in the above formula. 

The reason is that the bending moment at a 

point in a structure, as you may recall, is the 

summation of all the moments due to the 

forces on one side of the point. Therefore, at 

point P2 there is bending moment F • C, be¬ 

cause of forces on the left side (Fig. 6-6A). 

The bending moment can also be determined 

by the forces right of the point P2. This mo¬ 

ment is: 

F - (B + C) - F-B 

= F-C 

Thus, the moments calculated at any point on 

a structure, by forces either from the left or 

from the right are the same, as they should be. 

How is the bending moment uniform 

between points P2 and P3? As one moves to 

the right from point P2 toward point P3, there 

are equal and opposite bending moment con¬ 

tributions from the two F forces located at 

points Pj and P2, canceling out each other. 

Thus the bending moment remains constant 

between the points P2 and P3. 

In case the forces are unequal or there is 

asymmetry due to location of the forces, the 

bending moment applied to the spine between 

the points P2 and P3 will not be constant. 

SUPERPOSITION PRINCIPLE 

Definition. Response of a structure subjected 

to several different loads (forces and moments) 

can be obtained by simply adding the individ¬ 

ual responses of the structure due to each of 

the forces and moments. 

Description. The principle of superposition 

is one of the most powerful tools in all mechan¬ 

ics. An example clearly illustrates the power of 

this simple but fundamental principle. Figure 

6-7 shows a cantilever beam with not one, 

but three forces acting on it. We are asked to 

construct the bending moment diagram and 

to determine the magnitude and location of 

Fi 

FIGURE 6-7 Superposition principle is a principle that 

helps us to determine the effect of several loads simulta¬ 

neously acting on a structure by adding the effect of 

each individual load. Three forces Fb F2 and F3 are 

applied to a cantilever beam at three different distances 

from the fixed end. Considering each force individually, 

there are three respective bending moment diagrams, 

shown in the middle, with maximum bending moments 

Mh M2 and M3 of Fj • Llt F2 • L2 and F3 • L3. In accordance 

with the superposition principle, the bending moment 

diagram for the combined system of the three forces is 

obtained by simply adding the individual bending mo¬ 

ment diagrams. The result is shown at the bottom, with 

maximum bending moment of IVf + M2 + M3. 

the maximum bending moment. The superpo¬ 

sition principle tells us that the bending mo¬ 

ment at any point of the cantilever beam will 

be the sum of the three individual bending 

moments computed separately for each of the 

three forces. In other words, we first need to 

construct three bending moment diagrams, 

one for each of the three forces, and then 

add them. As expected, the bending moment 

diagrams are triangles and are shown below 

the cantilever beam. Adding the heights of the 
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three diagrams, which represent the bending 

moment magnitudes, at every point along the 

length of the structure, we obtain the final 

diagram shown at the bottom of Figure 6-7. 

The maximum bending moment is again at 

the fixed end of the cantilever. 

We chose the bending moment and this 

particularly simple example to illustrate the 

basic concept. However, the principle of super¬ 

position may be applied to other quantities 

and structures of greater complexity. Deforma¬ 

tions, strains, stresses, etc., of a structure under 

the action of multiple forces and moments 

directed in any manner in space can be ob¬ 

tained by the use of the superposition princi¬ 

ple. Thus, a complex problem can be solved by 

adding together individual solutions of simple 

problems. This is the essence of this simple, 

but fundamentally important, principle of me¬ 

chanics. 

A note of caution: the above principle is 

true only when the deflections and deforma¬ 

tions are small and material properties are 

linear. 

GEOMETRIC PROPERTIES 

Definition. Geometric properties are cross- 

sectional properties of a structure that helps 

relate the external loads to internal stresses 

and strains. 

Description. The key factor here is the distri¬ 

bution of the material in the cross section of 

a long structure. The material distribution can 

make a dramatic difference in the properties of 

a structure. A thin tube is significantly stronger 

than a solid rod of the same weight, length, 

and material. The thin tube is also significantly 

stiffen This effect of material distribution is 

especially true in situations where the most 

severe types of external loads, namely bending 

and torsion, are involved. In order to develop 

this concept, we must first define certain basic 

terms such as centroid, neutral axis, and area- 

and polar-moment of inertias. 

Centroid 

Definition. Centroid of an area is a point on 

it, where the total area may be thought to 

be centered. 

Description. One way to obtain the feeling 

for the centroid of an area is to do the following 

experiment. Draw the given area whose 

centroid is required on a piece of thick paper 

or cardboard, and cut it out. The center of 

gravity of this piece of cardboard is the centroid 

of the area. To find the center of gravity, choose 

a point on the cardboard and hang the card¬ 

board by a thread from this point. Most likely, 

the cardboard will not be horizontal. Choose 

a different point for hanging. The point that 

makes the cardboard hang horizontally is the 

center of gravity for this piece of cardboard 

and the centroid for the area. (Now if you 

were to tilt the cardboard, it will remain tilted, 

confirming that the point from which it is 

hanged is the centroid. For cross sections of 

some simple symmetric shapes, the centroids 

are recognized intuitively (e.g., those seen in 

Figure 6-8A). For more complex shapes, the 

centroids can be obtained mathematically if 

the boundary can be described mathematically. 

The formulas are given below. 

The centroid of the area of a cross section 

of a long structure is required, among other 

things, to determine the bending strength of 

the structure and other related items like the 

neutral axis and the area moment of inertia. 

Explanatory Notes. In mathematical terms, 

the centroid of an area may be obtained in the 

following manner. As an example, choose a 

stainless steel fixation plate for long bone frac¬ 

tures (Fig. 6-8B). The area to be analyzed is 

shown in an enlarged view at the bottom. The 

two coordinates of the centroid of the area are 

given by the integrals: 

Cx = /(1/A) x-y• dx 

Cy = /(1/A) x • y • dy 

where A is the area of the cross section. In the 

above expressions, integrations /, is carried 
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Fixation plate 

FIGURE 6-8 Centroid is a point within an area on 

which the total area may be thought to be centered. 

A. Centroids of some common sections. B. A fracture 

fixation plate. A close-up view of the fracture plate cross 

section, indicating the method of computing the location 

of the centroid is also shown. See text for details. 

out from one edge of the cross section to the 

other edge. The integration is part of calculus, 

and is beyond the scope of the book. 

Neutral Axis 

Definition. Neutral axis is a line in a long 

structure subjected to bending where the nor¬ 

mal stresses are zero. 

Description. If a long structure, with sym¬ 

metric cross section, is subjected to bending 

loads in its plane of symmetry, it develops 

a curvature in that plane. An example is a 

cantilever beam of circular cross section with 

a vertical force F on its one end (Fig. 6-9). 

The fibers on the convex side of this curvature 

are in tension, while those on the concave side 

are in compression. Somewhere in between 

these two outer layers is a layer of fibers in a 

horizontal plane that has neither tension nor 

compression. This is the neutral plane. 

Now if we move the force F around the 

cantilever so that it is in the horizontal plane, 

then there will be another neutral plane, this 

time vertical. The experiment can be repeated 

by moving the force all around the axis of the 

cantilever. The intersections of all the neutral 

planes is the neutral axis, which passes through 

the centroid of the cross section. It should be 

noted that although the tension and compres¬ 

sion (normal stress) are zero at the neutral 

axis, there may be other stresses present in 

bending, such as shear stress. 

When a long structure with circular cross 

section is subjected to torsion, there are shear 

stresses created that are maximum in the outer 

fibers of the structure and zero along the tor¬ 

sion axis. This axis, therefore, is the neutral 

axis for the torsional load. For simple cross 

sections shown in Figure 6-8A, the bending 

and torsion neutral axes pass through the 

centroid of each cross section. 

From the above discussion, we conclude 

that the fibers at and around the centroid cross 

section have very low, if any, stresses compared 

F 

FIGURE 6-9 Neutral axis is a line in a structure where 

normal stresses are zero when the structure is subjected 

to bending. In a cantilever with a vertical force F acting 

at one end, the longitudinal fibers on the upper surface 

carry tensile stresses, while those on the lower surface 

carry compression stresses. The fibers in the middle 

layer have zero stresses. These fibers constitute neutral 

plane. As the force F is turned around the structural 

axis, there are other neutral planes. The intersection of 
these planes is the neutral axis. 
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to the fibers at the periphery, in cases of bend¬ 

ing as well as torsional loads. Therefore, it 

makes biomechanical sense to have hollow 

bones, with cortical bone distributed toward 

the periphery where the stresses are highest. 

I = 491mm4 

10mm 

A 

26mm 

Area Moment of Inertia 

Definition. Area moment of inertia is a mea¬ 

sure of the distribution of the material in the 

cross section of a structure characterizing its 

bending stiffness and strength. 

Unit of Measurement. Meter to the fourth 

power = m4 (in.4). 

Description. Consider a rod with a circular 

cross section. How should its material be dis¬ 

tributed to make it stiff and strong in resisting 

bending? The concept of the area moment of 

inertia is useful here. To illustrate this point, 

a comparison is made between a solid rod and 

a hollow rod, both made of the same material 

and with the same cross-sectional area. 

A rod 10 mm (0.394 in.) in diameter, 

shown in Figure 6-10A, has an area moment 

of inertia about its diameter of 491 mm4 

(.00118 in.4). (For computing these values, see 

below.) Redistributing this same material into 

a hollow tube of 1 mm (0.039 in.) thickness 

results in an outer diameter of 26 mm (1.024 

in.) and an area moment of inertia of 6146 

mm4 (0.0148 in.4). Now the bending strength 

(the moment of inertia divided by the radius; 

see Bending Stresses) of the two rods may be 

calculated. It is found that the 26-mm tube is 

4.8 times as strong as the 10-mm rod. 

One of the best examples of the above 

concepts is the construction of human bones. 

They are hollow and cancellous on the inside 

and hard and cortical on the outside. This 

provides maximum “strength” for weight and 

also some neat space for making blood cells. 

This brilliant bioengineering design is an ex¬ 

ample of the kind of evidence theologians may 

discuss in their dialogues about the presence 

of a supreme being. 

FIGURE 6-10 Area moment of inertia is a measure 

of the distribution of the material characterizing the 

bending stiffness and strength of the structure. A. Con¬ 

sider a solid stainless-steel rod 10 mm in diameter and 

a hollow stainless-steel tube 26 mm in diameter. The 

thickness of the tube is such that both the rod and the 

tube have the same amount of material. Because of 

the distribution of the material toward the periphery, 

the tube is about 4.8 times as strong in bending as the 

rod. B. Mathematical expression for the area moment 

of inertia is obtained using the formulae given in the 

text. C. Some of the cross sections for which equations 

for computing their area moments of inertia are given 

in the text. 
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Explanatory Notes. The area moment of in¬ 

ertia of a cross section of a long structure is 

calculated by the formula given below. Figure 

6-1 OB shows a cross-sectional area A. Its area 

moments of inertia about x-axis and y-axis 

passing through point 0 are given, respectively, 

by formulas: 

lx = ly2 ■ dA 

Iy = fx2 • dA 

where integration f is performed over the 

whole area A. These integrals can be solved 

for specific cross sections. For example, for a 

solid circular cross section, as depicted in Fig¬ 

ure 6-10A, the following results are obtained: 

Ix = Iy = 77 • d4/64 

where 77 = 3.14 and d is the diameter of the 

circular cross section. 

Area moments of inertia for four cross sections 

depicted in Figure 6-IOC are given below: 

Hollow circle: 

I = Ad\,-d*,) 
64 

Rectangle: 

T b • h3 
Ix — (about minor axis — x) 

t b3-h . . 
ly — - (about major axis — y) 

Triangle: 

Ellipse: 

Ix = 7T • a • b3/64 (about minor axis — x) 

Iy = 77 • b • a3/64 (about major axis — y) 

goes with bending and which with torsion), 

just remember this: you don’t want to get a 

polar bear “torqued off.” 

Unit of Measure. Meter to the fourth power 

= m4 (in.4). 

Description. When a long structure is sub¬ 

jected to torsion, the maximum shear stress 

on the surface of the structure is a function 

of the torque applied, material properties of 

the structure, geometry of the cross section 

and distribution of the material. The more 

distant the material is with respect to the axis 

of torsion (neutral axis), the greater is 

its contribution to structural stiffness and 

strength. This contribution is quantified by the 

polar moment of inertia. The general expression 

for determining the polar moment of inertia 

for a given cross section is provided under 

Explanatory Notes. 

It has been clinically observed that the 

juncture of the middle and distal thirds of the 

tibia fractures more frequently than any other 

region. This is the shaded area shown in Figure 

6-11 A. This fracture occurs largely because 

the polar moment of inertia is minimal at this 

section, as compared to the rest of the tibia. 

(More precisely, it is the polar moment of 

inertia divided by the radius that determines 

the shear stress in the tibia; see Torsional 

Stresses.) The diagram shows the actual polar 

moment of inertia distribution for a human 

tibia as a function of the distance from the 

distal end of the tibia. 

Explanatory Notes. Referring to Figure fi¬ 

ll B, the mathematical expression for the polar 

moment of inertia about the centroid of the 

cross section is as follows: 

Polar Moment of Inertia 

Definition. Polar moment of inertia is a mea¬ 

sure of the distribution of material in the cross 

section of a structure characterizing its tor¬ 

sional stiffness and strength. 

If the reader has a challenge remembering 

area and polar moment of inertia (i.e., which 

I = JV-dA 

where integration f is performed over the en¬ 

tire cross section. For a solid circular cross 

section, the formula is: 
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A 
Distance (m) 

x 

FIGURE 6-11 Polar moment of inertia is a measure 

of the distribution of the material characterizing the 

torsional stiffness and strength of the structure. A. Polar 

moment of inertia J for various cross sections of human 

tibia as function of the distance from the distal tip of 

the tibia is shown. Please note that the site of most 

fractures and the location of the lowest polar moment 

of inertia seem to coincide. B. Mathematical expression 

of the polar moment of inertia of a cross section is 

derived using the formulae given in the text. 

where d is the diameter of the circular cross 

section. Note that the polar moment of inertia 

is the sum of the area moments of inertia about 

the x- and about the y-axes. 

The polar moments of inertia for three 

cross sections shown in Figure 6-IOC are 

given below: 

Hollow Circle: J = 

Rectangle: J = 

Ellipse: J = 

STRESS ANALYSIS 

Definition. A technique to determine 

stresses in a structure due to external loads. 

Description. Stress analysis, like the free- 

body analysis, consists of three basic steps. 1. 

Loads at the point in the structure are deter¬ 

mined. In case of axial or torsional loads, one 

may then proceed to step number two. If there 

are bending loads, we then construct a bending 

moment diagram. 2. Sectional properties such 

as areas and polar moments of inertia are com¬ 

puted. 3. Appropriate formulae are utilized to 

compute the stresses. We have already dealt 

with the first two steps. The final step is pre¬ 

sented below, subgrouped and classified ac¬ 

cording to the kinds of stresses produced. All 

stresses have units of measurement N/m2 or 

pascal (Pa) lb/in.2 (psi). 

Axial Stresses 

Definition. Axial stresses are stresses pro¬ 

duced in a structure due to application of axial 

(compression or tension) force. 

Description. Let us consider a circular bar 

subjected to a compressive force F (Fig. 6- 

12A). As a response, internal forces (stresses) 

are produced. These forces balance the external 

force F, both in magnitude and direction, ac¬ 

cording to the law of equilibrium. Assuming 

that these internal forces are uniformly distrib¬ 

uted over the entire area, then they have uni¬ 

form intensity. This is called stress. You can 

77 
~(do - dl) 

(b2 + h2) 

(a2 + b2) 

32 

bvh 

12 

77 • a • b 

64 
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FIGURE 6-12 Axial stress is a stress produced in re¬ 

sponse to the application of axial compression or ten¬ 

sion. A. A rubber cylinder is compressed by a force F. 

On the transverse cross section, seen in the middle, the 

compressive stress is the force divided by the cross 

sectional area. While on a cross section at 45° to the 

cylinder axis, seen on the right, the compressive stress 

is half in magnitude, but is accompanied by equally 

large shear stress. B. Tensile force is opposite in direc¬ 

tion to the compressive force. Therefore, all the 

stresses, on the transverse as well as the 45° inclined 

planes, are opposite in direction but of the same magni¬ 

tude as those for the compressive force. 

think of it as little molecules in the material 

all pushing together to resist the external com¬ 

pressive force tending to squeeze them. Now 

if the external force is a tensile force (Fig. 

6-12B), then the opposite is true: the little 

molecules are pulling back against the external 

tensile force. 

If the cross section upon which the inter¬ 

nal forces act is transverse (perpendicular) to 

the direction of the force, (see Fig. 6-12, mid¬ 

dle) then the force intensity is called the nor¬ 

mal stress. There is no shear stress on this 

section. However, at a cross section that is 

inclined, there will be both normal stress as 

well as shear stress. The maximum shear stress 

is at a section that is inclined at 45° (see Fig. 

6-12, right-hand side). At this inclination, 

both the shear and normal stresses are of equal 

magnitude, but only half of the magnitude of 

the stress on the transverse section. Thus, if 

the shear strength of a material is less than 

half of its tensile strength, it will fail at 45° 

to the axial load direction. Examples of such 

materials are wood and cancellous bone. 

Torsional Stresses 

Definition. Torsional stresses are stresses 

produced in a structure subjected to torsional 

load or torque. 

Description. Application of torque to a long 

structure produces relative rotations of differ¬ 

ent axial cross sections. This results in shear 

stresses between the cross sections, marked (1) 

in Figure 6-13A. To keep the material of the 

structure in equilibrium, it is found that these 

circumferential shear stresses are accompanied 

by axial shear stresses (2) and normal compres¬ 

sive (3) and normal tensile (4) stresses (Fig. 

6-13A). The circumferential and axial shear 

stresses are in the planes at 90° and 0°, respec¬ 

tively, to the axis of the structure. The com¬ 

pressive and tensile stresses, on the other hand, 

are in the planes that are at ±45° with respect 

to the torque axis. All four stresses, based upon 

stress analysis of a cylindrical rod, are equal 

in magnitude. The relationships between the 

stresses and the dimensions of the structure 

are given below under Explanatory Notes. 

A piece of ordinary chalk nicely illustrates 

above-mentioned stress distribution. When it 

is subjected to torque, it breaks along a plane 

about 45° to the long axis, where tensile stresses 

are maximum. We know that under torsional 

loading all the four stresses produced at a point 

are equal in magnitude. Therefore, tensile 

stress failure of the chalk indicates that the 

chalk material is weakest in tension, as com- 
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FIGURE 6-13 Torsional stresses are the stresses in the structure subjected 

to torsional load or torque. A. Consider a cylindrical rod fixed at one end and 

free at the other. Application of torque to the free end results in generation 

of several types of stresses depending on the plane of observation: (1) shear 

stresses on the transverse plane; (2) shear stresses along the length of the 

structure; (3) compressive stresses at 45° to the length; and (4) tensile stresses 

at 45° along a direction perpendicular to that of the compressive stresses. 

B. When we twist the lumbar spine, its vertebrae and discs are subjected to 

torque as well as bending moments because of its lordosis. 

pared to shear and compression. School kids 

who are good chalk warriors have learned this 

intuitively as they prepare their ammunition: 

they don’t twist the chalk or pull it apart they 

simply bend and fire. 

According to some researchers, interver¬ 

tebral disc of the lumbar spine may fail as a 

result of the combined torsion and bending 

loads. Since the lumbar spine is a curved struc¬ 

ture, it may be shown to be subjected to these 
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combined torsion and bending loads as a per¬ 

son simply rotates his trunk with respect to 

the pelvis. The L5-S1 disc typically has an angle 

of 32° with the horizontal plane (Fig. 6-13B). 

Therefore, when an axial torque, say of 10 Nm 

(7.3 ft lbf), is applied about the vertical axis 

to the spine, the disc is subjected to a torque 

of 8.5 Nm (6.2 ft lbf) and a lateral bending 

moment of 5.3 Nm (3.9 ft lbf). These values 

were obtained by a free-body analysis (see 

Free-Body Analysis in Chapter 2) of the disc, 
and are shown in Figure 6-13B. 

Explanatory Notes. When a straight struc¬ 

ture is subjected to a torque, the shear and 

normal stresses are manifested (Fig. 6-13A). 

These stresses in N/m2 (psi) are given by the 
following formula: 

Shear stress = normal stress = T • R/J 

where 

T = torque in Nm (lbf in.) 

R = cylinder radius in m (in.) 

J = polar moment of inertia in m4 (in.4). 

Bending Stresses 

Definition. Bending stresses are stresses pro¬ 

duced in a structure subjected to bending 
loads. 

Description. We have previously described 

how the bending of a long structure, such as 

a tibia, produces normal tensile stresses on the 

convex side of the bend and normal compres¬ 

sive stresses on the concave side of the bend, 

while the normal stresses are zero at the neutral 

axis. This is illustrated for a structure with a 

rectangular cross section in Figure 6-14A. 

Both the tensile and compressive stresses vary 

linearly from zero at the neutral axis to maxi¬ 

mum at the outer fibers. 

The outer fibers of the structure, sub¬ 

jected to bending, carry the highest stresses and 

thus provide maximum resistance to bending. 

The opposite is true for inner fibers near the 

neutral axis. Thus, for most efficient utilization 

of the material, it should be placed as far away 

from the neutral axis as possible. 

Consider bending a plastic ruler (Fig. 6- 

14B). A simple trial will tell you that it provides 

little resistance to bending when loaded as 

shown on the left as compared to the loading 

situation seen on the right. This is, of course, 

due to the fact that the material is further away 

from the neutral axis when the ruler is loaded 

on its edges. Another way to express it is to 

say that the area moment of inertia (see Fig. 

6-10C) is higher for the loading situation seen 

on the right as compared to the one on the left. 

The vertebral pedicle is designed on the 

same principle. It has a cross section that is 

especially suited for taking up flexion/exten¬ 

sion bending loads. The area moment of inertia 

of an elliptical cross section is greatest around 

its minor axis and smallest around its major 

axis. The bending loads produce bending mo¬ 

ment around the minor axis of the elliptical 

cross section of the pedicle. Thus, the weakest 

and strongest orientations of the pedicle cross 

section are as shown on the left in Figure 6- 

14C. (Also see Explanatory Notes for Area Mo¬ 

ment of Inertia.) This is probably the reason 

that the pedicle cross section is approximately 

elliptical, with its minor axis oriented horizon¬ 

tally. In other words, the structural design of 

the vertebra is capable of best resisting bending 

loads in the direction in which those loads are 
most likely to be greatest. 

Although the fibers at the neutral axis 

carry no normal stresses, they are not alto¬ 

gether free of stresses. They carry shear stresses 

that are in fact maximum at the neutral axis 

and decrease away from it, reaching zero value 

at the two edges. A detailed explanation of this 

fact is beyond the scope of this book. You will 

not lose by accepting this as valid without 
proof. 

Explanatory Notes. It was mentioned in an 

example given under the Area Moment of Iner¬ 

tia that a hollow cylinder is 4.81 times as strong 

in bending as the solid cylinder of the same 
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FIGURE 6-14 Bending stresses are the stresses produced in a structure subjected 

to a bending load. A. Consider a long structure with a square cross section fixed at 

one end and free at the other. When a bending moment is applied to its free end, 

its long fibers on the top surface develop tensile stresses, while those on the bottom 

develop compressive stresses. The magnitude of the fiber stresses varies from the 

maximum at the surfaces to zero in the middle. B. A plastic ruler bends easily in 

response to the application of forces that are perpendicular to its flat surface. 

However, if the same forces are applied perpendicular to its edges, there is a much 

greater resistance to bending. This is due to the greater area moment of inertia of 

its cross section in the latter case. C. If one bends backward (spine extension), then 

the pedicles are subjected to a bending load. Nature has optimally used the bone 

material by orienting the major diameter of the cross section vertically. 
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weight and material. The derivation is given 

below. Fibers on the concave side of a bent 

structure are compressed, while those on the 

convex side are elongated. The amount of fiber 

stress <t (Greek letter sigma) varies linearly 

from the neutral axis to the outer fibers, and 
is given by the following formula: 

a = M • y/I 

where 

M = bending moment 

y = fiber distance from the neutral axis 

I = area moment of inertia of the cross sec¬ 
tion around the bending axis 

A useful variant of the above formula helps 

determine bending strength of a structure. We 
express the bending strength (moment M) in 

the form of the material failure (stress a) and 

the geometry of the cross section. The above 
equation is rearranged to the following: 

hdstrength ^failure " I/y 

Thus, the bending strength of a structure is 
directly proportional to the “I/y,” also called 

section modulus. Let us use this expression 
for the case shown in Figure 6-10A, and de¬ 

termine the relative strengths of a solid rod 
10 mm in diameter and a tube made of the 

same amount of material in the form of a thin 

tube with outer diameter of 26 mm and 1- 

mm wall thickness. Express the comparison 

between the tube and road by the ratio of their 
strengths. Thus 

M-tube/Mro(i (I/y)tube / (I/y)rod 

= M - dl)/d0}/{d4/d} 

where d0 and d; are, respectively, the outer 

and inner diameters of the tube, and d is the 

diameter of the rod. Substituting the values of 

the diameters: d = 10 mm, d0 = 26 mm and 
d; = 24 mm, we find 

Mtube/Mrod = 2408/500 = 4.8 

Thus the tube is nearly five times as strong in 

bending as the rod of the same weight and ma¬ 
terial. 

Allowable Stress and Factor 

of Safety 

Definition. Allowable stress is a stress value 

that is higher than that due to the normal 

physiologic loads, but lower than the yield 

stress of the material. Factor of safety is a ra¬ 

tio of allowable stress to physiologic stress. 

Description. In designing man-made struc¬ 

tures for carrying mechanical loads it is neces¬ 

sary, in addition to normal loads, to allow for 

dynamic loads, accidental overloads, inaccura¬ 

cies in material and workmanship, and other 

unknown variables. For these reasons, a mar¬ 

gin of safety is generally provided by choosing 

the design or allowable stress much below the 

yield stress so that no permanent deformation 

can take place as a result of these unwel¬ 
come loads. 

Bridges are built with allowable stress. 

They are designed to carry greater loads than 

those to which they are expected to be sub¬ 
jected during normal use. 

The same is true of the human skeleton. 

Our bones tolerate a broad range of physio¬ 

logic loading. The routine human activities 

of walking, running, and jumping may be 

thought of as being in the physiologic range. 

When the pole vaulter, ski jumper, or para¬ 

trooper has an imperfect fall and does not 

break or permanently deform his skeleton, the 

bones have been overloaded and have reached 

the range of allowable stress. 

How does the nature do it? What are 

the in vivo loads during normal activities in 

comparison to the yield and failure loads or 

stresses of the same bone? It is not possible to 

measure loads or stress in a bone. By measuring 

strain, that is, deformation per unit length, 

one can estimate the stress using a stress-strain 

diagram of the cortical bone (Fig. 6-15). Some 

experimenters have done just that. By applying 

strain gauges directly to the midshaff of the 

tibia of a man, in vivo strains have been mea¬ 

sured while walking and running. The maxi¬ 

mum strains (compressive and tensile) in long 
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Stress Failure 

FIGURE 6-15 Allowable stress is a stress magnitude 

in a structure that is higher than the stress due to physio¬ 

logic loads but lower than the yield stress of the mate¬ 

rial. By measuring in vivo strains in the human femur 

(e.g., while jogging), and also knowing the yield and 

failure strains, an estimate of allowable stress can be 

made. 

bone varied, range: 400-850 microstrains (1 

microstrain = 1 millionth of the length 

change). Biomechanical studies have deter¬ 

mined the bone yield strain to vary signifi¬ 

cantly depending upon bone type, loading di¬ 

rection and age. A reasonable estimate is 0.5% 

or 5000 microstrains. Thus the factor of safety, 

assuming an allowable strain of 4000 micro¬ 

strains, is about 5 to 10. 

DEFORMATION ANALYSIS 

It is sometimes necessary not only to estimate 

the stresses in an implant or a bone, but also 

to evaluate the strains and deformations. Com¬ 

pression plating of a fractured long bone 

clearly illustrates this point. It will be seen that 

compression not only produces the desired ap¬ 

position of the two fragments, but at the same 

time produces separation of the fragments. 

In Figure 6-16A is shown a tibia with 

fracture, and a fracture-compression device. 

Turning the horizontal screw of the device 

generates compression across the fracture site. 

All screws are put in and the device is removed. 

An idealized model of a fractured bone fixed 

with the compression plate is seen in Figure 

6-16B. When there is no compression applied 

by the plate, the two fragments are in perfect 

contact with each other at their contact sur¬ 

faces (Fig. 6-16B). But a different situation 

arises when compression is applied (to im- 

Compression 

FIGURE 6-16 Deformation analysis is a method by 

which one determines deformations of a structure sub¬ 

jected to loads. A. A tibial fracture being compressed 

by a compression device. B. A broken bone is put to¬ 

gether with the help of a fracture plate and screw fixation 

without any compression at the fracture site. C. Applica¬ 

tion of compression force F to the fracture fragments 

results in equal tensile force in the plate, and develop¬ 

ment of the gap. D. A free-body diagram helps relate the 

bone and plate forces to the development of a bending 

moment F • D. The bending moment bends the plate, such 

that a gap develops on the opposite side. E. Prebending 

the plate a defined amount eliminates the gap and results 

in more uniform contact stresses across the entire frac¬ 

ture area. 
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prove fracture healing) to the bone fragments 

(Fig. 6-16C). The cortex immediately adjacent 

to the plate is compressed, while a gap develops 

on the opposite side. The situation is under¬ 

stood by conducting a free-body analysis. One 

half of the structure is isolated, and the effect 

of the missing half is replaced by the forces and 

moments (Fig. 6-16D). The force equilibrium 

requires that the two types of forces (plate and 

the bone) be of equal magnitude and opposite 

direction. However, there is a small distance 

D that separates the plate force from the bone 

force. This results in a bending moment, equal 

to F • D, applied to the bone and plate. The di¬ 

rection of the bending moment on the plate is 

such as to bend the plate as shown, with convex¬ 

ity toward the bone, resulting in the gap (Fig. 

6-16C) (the distance D and the gap are shown 

highly exaggerated to make it more clear). In 

summary, as the bone is compressed, there de¬ 

velops tension and bending moment in the 

plate. The bending of the plate results in the 

development of the gap on the opposite side. 

Deformation analysis is helpful in the 

above example. One may not only compute 

the magnitude of the gap at the fracture site, 

but also estimate the amount of initial bend 

of the plate needed to eliminate the gap and 

to provide uniform compression across the 
entire cortex (Fig. 6-16E). 

In the following pages, we have provided 

information and discussion about the various 

concepts concerned with the deformation of 

structures when subjected to axial force, tor¬ 

sion, and bending. A useful concept, resulting 

from the deformation analysis, is the stiffness 

of a structure. 

Stiffness versus Elasticity 

Definition. Stiffness is the resistance offered 

by a structure when it is subjected to external 

loads. Elasticity is the “stiffness” of the ma¬ 
terial. 

Description. Elasticity and stiffness are simi¬ 

lar concepts, but they apply to two different 

entities. The former represents the mechanical 

behavior of a material. The latter represents 

the mechanical behavior of a structure includ¬ 

ing the material, shape, and size. Thus, one 

speaks of elasticity of a material and stiffness 

of a structure. 

Let us look at an example to illustrate 

the above point. Stainless steel has a much 

higher modulus of elasticity as a material than 

does the cortical bone. In fact, the ratio of the 

modulus of elasticity for the two materials is 

about 10 (200 GPa vs. 17 GPa). This is indi¬ 

cated by the relative slopes of the stress-strain 

curves of the two materials in Figure 6-17A. 

Stress 

FIGURE 6-17 Elasticity vs. stiffness. The resistance 

offered by a structure to bending deformation is the 

bending stiffness of the structure. This is different from 

the elasticity, which is a material property. A. Stainless 

steel has higher modulus of elasticity as compared to 

the cortical bone, as shown by the slopes of the two 

stress-strain curves. B. The slope of the load- 

deformation curve of a femur is higher than that of a 

hip nail, indicating the higher stiffness of the femur 

compared to the nail. Although the femur is made of a 

less stiff (lower modulus of elasticity) material, it has 

higher bending stiffness because of its relatively larger 

cross-sectional dimensions or area moment of inertia. 
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A hip nail is a structure. Even though it is 

made of steel, it has lower bending stiffness 

than the neck of the femur, which is made of 

cortical bone (Fig. 6-17B). This is so because 

the femoral neck cross section has greater area 

moment of inertia than the hip nail. This is 

supported by clinical observation. The hip nail, 

if unsupported by bony fragments, may per¬ 

manently bend when loaded with full body 
weight. 

The difference between the material and 

structural behavior in the above example is 

explained by deformation analysis of the 

amount and distribution of the two materials 

in each structure. The nail has a smaller cross 

section and its material is relatively near to its 

axis. In contrast, the femoral neck has a bigger 

cross section and its material is distributed 

farther away from the axis. Put it differently, 

the hip nail cross-sectional area moment of 

inertia is smaller than the area moment of 

inertia of the femoral neck (see Area Moment 

of Inertia). Flexibility concept is opposite to 

the stiffness concept. The relationships of the 

stiffness (flexibility) and the geometry of the 

cross section for three common load types are 

provided below. 

Axial Stiffness and 

Axial Stiffness Coefficient 

Definition. Axial stiffness is the resistance of¬ 

fered by a structure to axial deformation. Its 

measure is called the coefficient of axial stiff¬ 

ness, defined as the ratio of axial force to 

axial deformation. 

Unit of Measurement. Newton per meter = 

N/m (poundforce per inch = lbf/in.). 

Description. Consider blocks of steel and 

cortical bone of equal lengths and equal cross 

sections that are compressed by equal forces 

(Fig. 6-18A). The deformation Dsteel of the steel 

block will be less than the deformation Dbone 

of the cortical bone. In other words, the bone 

block is less stiff. This is because of the rela- 

FIGURE 6-18 Axial stiffness and the axial stiffness 

coefficient refer to the resistance offered by a structure 

to axial deformation. A. Due to the application of a 

compressive force F, a steel cylinder deforms much less 

than a cortical bone cylinder of the same dimensions 

subjected to the same force. B. If a compressive defor¬ 

mation D is applied to a composite structure, steel and 

cortical bone cylinders, the loads carried by the steel 

plate (Fstee,) and the cortical bone (Fbone) are dependent 

on the relative axial stiffness coefficients of the two 

cylinders. The steel cylinder, being much stiffer than 

the cortical bone cylinder, carries the major share of 

the load. 

tively lower value of the modulus of elasticity 

of the bone. We can make the stiffness of the 

two blocks equal by increasing the cross- 

sectional area of the bone block. The formula 

for exact calculations is given below. 

An interesting consequence of the stiff¬ 

ness concept is seen in the clinical situation 

where a heavy plate is utilized to fix a broken 

bone. The stiffness properties are markedly 
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different for the steel plate and the bone, with 

the result that the major share of the load is 

carried by the plate. This substantially deminis- 

hes the physiologic load stimulus that goes to 

the bone, resulting in osteoporosis under the 

plate. (The bone quality may also be affected 

by interference with the blood supply to the 
region.) 

The basic aspects of this complex phe¬ 

nomenon may be modeled by a simple concep¬ 

tual experiment in which the two blocks of 

steel and cortical bone described above are 

placed side by side. Instead of the force, now 

deformation D is applied via a rigid steel plate 

placed on the top of the two blocks (Fig. 6- 

18B). It can be shown (by direct measurement 

via load cells placed underneath) that the shar¬ 

ing of the load by the cortical and steel blocks 

is unequal. The force Fsteel of the steel block is 

much bigger than the force Fbone measured un¬ 

der the cortical block. In fact, the load shared 

is inversely proportional to the stiffness of the 
respective blocks. 

To decrease the axial stiffness of the metal 

plate, but at the same time maintain its bend¬ 

ing stiffness, a plate with an empty center, 

something like a flattened tube, has been advo¬ 

cated. This would provide adequate stability 

to the fracture and also physiologic stimulus 

during healing, it is believed. Of course, we do 

not yet know whether it is the force or motion 

that is the critical variable at the fracture site. 

It has been suggested that the critical variable 

is interfragmentary strain (i.e., motion). More 

research is needed to resolve this fundamen¬ 
tal problem. 

Explanatory Notes. To quantify axial stiff¬ 

ness of a structure, we define axial stiffness 

coefficient, generally represented by ka. Mathe¬ 
matically, ka is given by: 

elastic properties of the column (Fig. 6-18A). 

In the case of the axial force, deformation D 

is given in terms of E, the modulus of elasticity 

of the material, A the cross-sectional area of 

the structure, and L its length. The modulus 

of elasticity is the slope of the stress-strain 
curve. Thus: 

E = stress/strain = (F/A) / (D/L), 

or 

F = E • A • D/L 

but 

ka = F/D 

Substituting for F: 

ka = (E • A • D/L)/D = E • A/L 

Therefore, the stiffness of the structure in¬ 

creases with E and A, but decreases with L. 

The modulus of elasticity E for steel is much 

bigger than that of the cortical bone. Hence, 

the axial stiffness coefficient of the steel block 
is also bigger. Thus, 

or 

F/Dsteei > F/Dbone 

or 

f-^steel <'' Dbone 

Consider the situation in Figure 6-18B, 

and see why the steel block is carrying the 

major share of the load. Both the blocks are 

equally deformed by amount D, resulting 

forces in steel (Fsteel) and bone (Fbone) are: 

Fsteel E) ' ka stee[ 

ka = F/D 

where F is the applied force and D is the defor¬ 
mation produced. 

We will derive the expression for the stiff¬ 

ness coefficient in terms of the geometric and 

Thus, the load sharing is proportional to the 
stiffness of the blocks. 

Flexibility is opposite to stiffness, thus 

the axial flexibility coefficient is l/ka. 
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Torsional Stiffness and Torsional 

Stiffness Coefficient 

Definition. Torsional stiffness is resistance 

offered by a structure to torsional deformation. 

Its measure is called the torsional stiffness coef¬ 

ficient or torsional rigidity, defined as the ratio 

of the torque applied to the angular deforma¬ 

tion produced. 

Unit of Measurement. Newton meter per ra¬ 

dian = N m/rad (foot poundforce/deg = ft lbf/ 

deg) or newton meter per degree = N m/deg. 

Description. Another name for the torsional 

rigidity is rotatory stiffness. An example of this 

is the resistance felt when turning the steering 

wheel of an automobile (Fig. 6-19). The tor¬ 

sional rigidity of the steering wheel system can 

be measured by applying a defined torque, 

F • D, in Figure 6-19, and recording the angu- 

A° 

FIGURE 6-19 Torsional stiffness and the torsional stiff¬ 

ness coefficient. The resistance offered by a structure 

to torsional deformation is the torsional stiffness or ri¬ 

gidity of the structure. Couple of forces F separated by 

distance D applied to the steering wheel of a car pro¬ 

duces torsional load on the steering column. The result¬ 

ing angular movement of the steering wheel provides a 

measure of torsional stiffness coefficient of the steer¬ 

ing system. 

lar displacement A of the steering wheel, as 

the tires start to turn on the pavement. 

Another way to think of torsional rigidity 

is as follows. When you turn the steering wheel 

of a car without power steering that is standing 

still, the steering wheel resists with a relatively 

high torsional rigidity. When you do the same 

with the car rolling, there is a much lower 

torsional rigidity. Finally, with power steering 

working, the steering system has a very low 

torsional rigidity. 

Torsional rigidity is an important quan¬ 

tity in characterizing body joints. For the bio¬ 

mechanical analysis of the mechanism of ski 

fractures, it is necessary to know the value of 

torsional rigidity of the joints involved, so that 

the release mechanism of the bindings could 

be properly set. These values may be obtained 

by experiments. Torsional rigidity of some of 

the joints of the lower extremity have been 

measured: 

Flip: 1.3 N m/rad (230 in lbf/rad) 

Knee: 2.0 N m/rad (350 in lbf/rad) 

Ankle: 2.1 N m/rad (360 in lbf/rad) 

Explanatory Notes. As defined above the 

torsional rigidity kt is given by 

kt = T/9 

where T is the torque and 9 is the angulation 

produced. This latter quantity is given by the 

formula below (for details of its derivation, 

one may consult standard engineering me¬ 

chanics books): 

9 = T • L/(G • J) 

where L is the length of the structure, G is the 

shear modulus of the material, and J is the 

polar moment of inertia of the cross section. 

For circular cross section of diameter d, J = 

tt ■ d4/32. This results in an expression for the 

torsional rigidity: 

kt = G • J/L = G • tt ■ d4/(32 • L) 

The expression clearly shows that, relatively 

speaking, the diameter d plays a much more 
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important role than the material property G. 

Doubling the shear modulus increases the stiff¬ 

ness to 200%, while doubling the diameter 

increases the torsional stiffness to 1600%! 

It is for this reason that fracture callus, 

weaker in material properties but larger in di¬ 

ameter compared to intact bone, may provide 

a reasonable measure of support to the broken 

bone in the early phase of healing. 

Bending Stiffness and Bending 
Stiffness Coefficient 

Definition. Bending stiffness is the resistance 

offered by a structure to bending deformation. 

Its measure is called the bending stiffness coef¬ 

ficient, and is defined as the ratio of the bend¬ 

ing moment applied to the angulation pro¬ 
duced. 

Unit of Measurement. Newton meter per 

radian = N m/rad (foot poundforce per de¬ 

gree = ft lbf/deg) or newton meter per de¬ 

gree = Nm/deg. 

Description. For a particular structure, the 

slope of its load-deformation curve is the stiff¬ 

ness coefficient. When the curve is linear the 

slope, and therefore the stiffness coefficient, 

is a constant. For a specimen with nonlinear 

stiffness behavior, the stiffness coefficient var¬ 

ies with the magnitude of the load. 

Take an entire spine from a patient with 

ankylosing spondylitis and fix it at the sacrum. 

Then apply a side pull by way of a spring 

balance at C7 until the spring balance registers 

a force F of 20 N (4.47 lbf), as shown in Figure 

6-20A. Let the distance that the vertebra C7 

moves be Dj. Now repeat the same experiment 

with a supple spine of an agile adolescent. 

Apply the same amount of force and measure 

the motion of C7 again. Let this value be D2 

(Fig. 6-20B). The ratio of the force to the 

displacement is the coefficient of stiffness, 

Di d2 

FIGURE 6-20 Bending stiffness and the bending stiffness coefficient 

refer to the resistance offered by a structure to a bending deformation. 

A. Consider an isolated cadaveric spine of length L fixed at the pelvis 

and subjected to a horizontal lateral force F at C7. A stiff spine (e.g., 

ankylosing spondylitis) has small deformation D, and angulation 0, 

at C7. The bending stiffness coefficient is FL/0,. B. A supple spine 

(e.g., of an agile adolescent) has a relatively large deformation D2 

and angulation 02, and small bending stiffness coefficient of FL/02. 
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which has, in this case, N/m as unit of measure¬ 

ment. It is found that F/D, is greater than 

F/D2 and, therefore, the stiff spine has a higher 

stiffness coefficient. Strictly speaking, one may 

not call this the bending stiffness coefficient 

as its unit of measurement is not N m/rad or 

Nm/deg. A better measure of bending stiffness 

would be the ratio of the bending moment 

at the base of the spine, that is, F • L, to the 

angulation 9 of C7 with respect to the base as 

shown in Figure 6-20. 

Explanatory Notes. Here we will derive an 

expression for the bending stiffness of a long 

bar such as the spine or femur, so that we 

can appreciate the relative contributions of the 

distribution of the material and the material 

properties. 

There are different kinds of bending 

loads, namely cantilever, three-point bending 

and four-point bending, as we have seen. For 

the purpose of illustrating the methodology, 

we will analyze only the cantilever as exempli¬ 

fied by the spine in Figure 6-20. By definition, 

the bending stiffness coefficient kb is the slope 

of the load-deformation or moment-angle 

curve. Thus, 

kb = M Id 

The bending moment is M = F • L, while 

the expression for angulation 6 of a cantilever 

is given below (for details of derivation of this 

expression consult a book on engineering me¬ 

chanics): 

6 = F • L3 (2 • E • I) 

where E and I are, respectively, modulus of 

elasticity and area moment of inertia of the 

cross section. For a circular cross section of 

diameter d, 

I = 77 • d4/64 

With some mathematical manipulation, 

we finally obtain the required expression 

kb = (77 • 132) ■ E • d4/L2 

It is interesting to note that although the 

bending stiffness is directly proportional to 

the modulus of elasticity of the material, it is 

proportional to the fourth power of the diame¬ 

ter. (The same is true for the torsional stiffness, 

as we saw earlier.) In other words, we can 

double the bending stiffness, say of an implant, 

by choosing a material with twice as high a 

modulus of elasticity. However, the same in¬ 

crease in bending stiffness is obtained by in¬ 

creasing the diameter by only 19%. Also, notice 

that a longer structure has less bending stiff¬ 

ness, everything else being equal. 

SUMMARY 

Structures such as a tibia or a femur prosthesis 

fail when the stresses at a point in the structure 

exceed the strength of the material at that 

point. We consider here the stresses that result 

from loads, such as axial, torsional, and bend¬ 

ing. Axial load is a force that is applied to 

a long structure along its axis. It could be 

compressive or tensile. If the structure is rela¬ 

tively slender, there is risk for collapse due to 

buckling when the structure is subjected to 

axial compressive load. The maximum such 

load a structure can carry is called the critical 

load of that structure. If a force applied to the 

structure is not precisely centered on its long 

axis, it tends to bend the structure. This bend¬ 

ing load is called bending moment and has 

been described in Chapter 4. Torsional load 

is a rotatory load (torque) around the long 

axis of the structure that tends to twist the 

structure. In contrast to the axial and torsional 

loads, which are the same on all cross sections 

of a long structure, the bending loads vary 

depending on the lever arm of the force causing 

the bending. To document this variation a 

bending moment diagram is constructed. The 

diagram shows the amount of bending mo¬ 

ment at each cross section of a long structure. 

This diagram is extremely helpful in pinpoint¬ 

ing the sites in the structure with the highest 
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bending moment. Generally the structures fail 

because of bending loads and the points of 

high bending moment are often the sites of 

highest stresses and failure. 

Forces can be applied to a long structure 

at many different points and in different man¬ 

ners. We identify three types of bending loads. 

Cantilever is a bending load in which a long 

structure is fixed at its one end while the other 

end is subjected to a force perpendicular to its 

long axis. In this case the maximum bending 

moment occurs at the fixed end. Three-point 

bending is a situation in which a long structure 

is supported at its two ends, while somewhere 

between the two supports a force is applied that 

is perpendicular to the axis of the structure. In 

this case the highest bending moment occurs 

at the point of force application. The bending 

moment is zero at the points of support. Fi¬ 

nally, four-point bending is a special situation 

in which two, equal and parallel, forces are 

applied perpendicular to the long structure 

symmetrically about its middle, while the 

structure is supported at its ends. In this load¬ 

ing configuration the bending moment is high¬ 

est between the two forces and decreases to 

zero at the points of support. The highest 

bending moment is constant throughout the 

length between the two forces. This loading 

situation is often used in testing biologic struc¬ 

tures, such as bone or spine, where weakest 

point in the structure is to be identified. 

A real-life structure may be subjected, 

not only to the load configurations described 

above, but also to other combinations of forces 

in different directions and at different applica¬ 

tion points simultaneously. To simplify this 

complex situation, a simple, but extremely im¬ 

portant, concept is utilized, namely the princi¬ 

ple of superposition. This principle states that 

the result of the application of multiple forces 

to a structure can be obtained by simply adding 

the individual effects of each of the individual 

forces on the structure. This tremendously 

simplifies the analysis of complex loading situ¬ 

ations. However, the principle is valid only 

when the deflections of the structure are small 

and the material behavior is linear. 

The stresses and strains in a structure, 

subjected to a given load combination, are de¬ 

pendent on, besides the material properties, 

the geometric properties of the cross section 

of the structure. This is exemplified by a thin 

tube that is significantly stronger than a solid 

rod of the same weight, length, and material. 

Four geometric concepts are important in this 

respect. The centroid of an area is a point in 

it on which the total area may be thought to 

be centered. It is like the center of gravity of 

a body. Neutral axis is a line in a structure 

where the normal stresses are zero when the 

structure is subjected to bending. Generally, 

the neutral axis passes through the centroid of 

the cross section of the structure. Area moment 

of inertia is a measure of the distribution of 

the material in a cross section. The bigger the 

area moment of inertia, the larger will be the 

bending stiffness and strength of the structure. 

Finally, polar moment of inertia is a measure 

of the distribution of the material in the cross 

section of the structure so as to provide maxi¬ 

mum torsional stiffness and strength. Often, 

a material distribution that provides high 

bending stiffness and strength (area moment 

of inertia) also provides high torsional stiffness 

and strength (polar moment of inertia). For 

example, both the area and polar moments of 

inertia are proportional to the fourth power 

of the diameter of a structure with a circular 

cross section. Therefore, it is extremely advan¬ 

tageous to place the material toward the pe¬ 

riphery, just as nature has done with hollow 

long bones. 

Stress analysis of a structure consists 

of three basic steps. First, the loads applied to 

the structure are determined. Second, cross- 

sectional geometry is defined together with 

the geometric properties described above. Fi¬ 

nally, mathematical equations that relate the 

stresses to the applied loads, geometrical 

properties of the cross sections, and the 

material properties of the structure are uti- 
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lized to compute the stresses in the structure. 

Axial stresses are obtained by simply dividing 

the axial load by the area of the cross section 

of the structure. Torsional and bending 

stresses require more complex computations. 

Once the stresses are computed at a point 

in the structure, these must be compared to 

the corresponding allowable stresses for the 

material. The latter are the stresses to which 

the material may be expected to be subjected 

under day-to-day use. The computed stresses 

in the structure should not exceed the allow¬ 

able stresses, in fact, a factor of safety must 

be allowed for to accommodate unaccounted- 

for high loads. 

The result of the application of external 

loads to a structure is not only to produce 

internal stresses but also to result in deforma¬ 

tion of the structure. Deformation analysis 

helps compute the deformations of the struc¬ 

ture, which in certain situations may be as 

critical as the stresses. For example, when an 

external fixator is applied to a fractured long 

bone it is necessary to see not only that the 

external fixator does not fail under the body 

load, but that its deformation is sufficiently 

small so as not to produce excessive motion 

at the fracture site. 

Stiffness is a structural property. Axial 

stiffness is concerned with axial load and defor¬ 

mation, while torsional stiffness relates to the 

torsional load and twist. In a similar manner, 

bending stiffness of a structure relates to the 

bending loads and bending deformations. 

Flexibility is the reverse of stiffness. In other 

words a structure that is more stiff is less flexi¬ 

ble and vice versa. The quantitative measure 

of stiffness is called the coefficient of stiffness. 

It is defined as a ratio of the load applied to 

the deformation produced. One must clearly 

differentiate between the stiffness coefficient 

(of a structure) and modulus of elasticity (of 

a material). Mathematical equations are pro¬ 

vided to compute the various stiffness coeffi¬ 

cients given the cross-sectional area geometry 

and the material properties. For example, the 

axial stiffness coefficient is proportional to the 

square of the diameter, while torsional and 

bending stiffness coefficients are proportional 

to the fourth power of the diameter, in case 

of a circular cross section. Therefore, similar 

to the case for the minimization of the stresses, 

to maximize the stiffness (rigidity or stability) 

of a structure one should distribute the mate¬ 

rial in a cross section in such a way as to place 

it near the periphery, just as nature does in a 

bone or the cortical shell of a vertebra. 
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CHAPTER SEVEN 

Vibrations 

FIGURE 7-1 Vibration. Plucking string of a guitar results in vibration of the string 

and production of a given tone. The vibration of the string can be documented in 

the form of an amplitude-time curve. 

Low-back pain is a well-recognized and im¬ 

portant problem of the musculoskeletal 

system. Vibration of the spine has been identi¬ 

fied as one of the factors contributing to low- 

back pain. Although conclusive evidence di¬ 

rectly linking vibration to low-back pain is 

not yet available, there are indications strongly 

suggesting that this is true. Epidemiologic 

studies of tractor, truck, and bus drivers and 

airplane pilots have shown that their profes¬ 

sions carry a higher risk of low-back pain as 

compared to the general population. In a re¬ 

cent study, driving certain brand-name pas¬ 

senger cars has been associated with an in¬ 

creased risk for disc herniation. Besides the 

spine, there are other body joints, such as the 

knee and hip, in which an increased risk of 

osteoarthritis has been found in association 
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with the sharp, repetitive dynamic loading to 

the feet caused by jogging on hard surfaces. 

Although the mechanism of tissue damage due 

to repetitive dynamic loading is not clearly 

understood, it is believed that fatigue of the 

tissue and disturbances in the nutrition supply 

to the tissue, especially cartilage and interverte¬ 

bral disc, in which this is precarious, play an 

important part. The study of vibration, there¬ 

fore, is important, as it can provide an under¬ 

standing of the underlying phenomenon. Mus¬ 

culoskeletal problems may be prevented by 

vibration isolation and better design of man- 

machine interfaces, such as artificial turf, jog¬ 

ging shoes, automotive suspensions, and seats. 

Vibration also has some positive aspects. 

All musical instruments, from oboes to guitars 

(Fig. 7-1), produce tones by vibrating an air 

column or a string. The vibration produced 

by massage provides direct relaxation of the 

muscles. Vibration has also been used in the 

study of the musculoskeletal system. For exam¬ 

ple, the transmission of vibration across a frac¬ 

ture site in a long bone is studied to determine 

the stage of fracture healing. In addition, the 

resonance frequency of the ulna is measured 

to determine the changes in this measurement 

as reflection of the progression of osteoporosis. 

The underlying concept is that changes in the 

amount, size, and distribution of bone mass 

will correspondingly change the resonance fre¬ 

quency of the bone. 

Vibration is considered a relatively ad¬ 

vanced subject in engineering mechanics. It 

has its own terms and concepts that are not 

easily accessible to professionals dealing with 

the problems of the musculoskeletal system 

who ordinarily do not have a mathematical or 

engineering background. The purpose of this 

chapter is to introduce the terms and concepts 

of vibration in the simplest possible way so 

that vibration-related problems and the ever¬ 

growing literature of vibration will be better 

understood. We have provided what we believe 

to be the basics of vibration. We have followed 

the same format as that in the other chapters, 

that is, presenting the definition, description, 

and examples without mathematics. However, 

because of the mathematical nature of this sub¬ 

ject, we have expanded the explanatory notes 

for each term to provide the mathematical ex¬ 

pressions for those readers who may wish to 

have a deeper involvement. 

VIBRATION 

Definition. Vibration is a repetitive motion. 

Description. Vibration is an oscillatory phe¬ 

nomenon in which a particle or a part of a 

structure moves back and forth around a neu¬ 

tral position with a certain periodicity. The 

vibratory motion can be very pleasant, such 

as that produced by strumming a guitar (Fig. 

7-1) or banging a drum. Vibrations such as 

those in a tractor moving over rough terrain 

can be unpleasant. They can also be destructive 

and cause tissue damage and changes in 

bone morphology. 

Before we go into the details of vibration 

terms and concepts, a brief introduction to the 

types of vibration and the duality of vibration 

analysis is presented. 

VIBRATION TYPES 

To start, vibration can be free or forced. The 

former, as the name implies, is exhibited by 

a structure freely. This is exemplified by the 

vibration of a guitar string, which vibrates 

freely once plucked. The vibration is generally 

plotted as a curve in an amplitude-time dia¬ 

gram (Fig. 7-1). There are many different 

types of vibrations (Fig. 7-2). The vibration 

may be a general periodic motion or a smooth 

periodic motion, which is called harmonic. 

These vibrations are characterized by their am¬ 

plitude, period or frequency, and phase angle. 

If damping is present in the vibrating system, 
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Amplitude 

General 

Harmonic 

Damped 

Forced 

Time 

FW^ 
Random 

FIGURE 7-2 Vibration types. Vibrations are of several 

types: general, harmonic, damped, forced, and random. 

then the amplitude of the free vibration will 

decrease with time. The forced vibration is 

maintained by a periodic driving force. An 

example is an unbalanced wheel of a car: the 

vibration felt in the car is due to the dynamic 

forces created by the eccentric mass in the 

wheel. Many real-life vibrations are, however, 

complex and their periodicity is not easy to 

discern. These are termed random vibrations. 

They are analyzed by first decomposing them 

into harmonic components using Fourier 

transformation and then visualizing them on 

an amplitude-frequency diagram. 

DUALITY OF REPRESENTATION 

For the purposes of analysis, vibration is repre¬ 

sented in either the time domain or the angle 

domain, depending on which is most conve¬ 

nient. Consider a strip of metal anchored at 

one end and free at the other (Fig. 7-3A). 

Given a small displacement to one side the 

free end of the strip will vibrate freely. This 

vibration can be represented in the time do¬ 

main as a wave, that is, the displacement of 

the free end is expressed as function of time 

(Fig. 7-3B). For example, at time tj the strip 

end has been displaced upward by Dj mm. In 

the angle domain, vibration is represented by 

a line rotating at a certain rotation speed. The 

position of the line is defined by the angle 

measured from the horizontal axis, while its 

projection on to the vertical axis is the ampli¬ 

tude of the vibration (Fig. 7-3C). Using the 

1 f Vibration 

Displacement 

Displacement 

C 

FIGURE 7-3 Duality of representation. A vibration may 

be presented as an amplitude-time curve for visualiza¬ 

tion or as a projection of a rotating line onto a fixed 

axis. The latter is used for the mathematical analysis 

of the vibration. A. A metal strip fixed at one end is 

displaced at the free end to produce vibration. B. The 

amplitude-time curve. D, is the displacement at time 

t,. C. The rotating-line representation. D, is the displace¬ 

ment at angle A,. Thus t, and A, are equivalent. 
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same example, the displacement D, occurs at 

angle A1} corresponding to time q. Although 

they look different, these representations are 

intimately related. 

HARMONIC VIBRATION 

Definition. Harmonic vibration is vibration 

whose magnitude varies with time as a trigono¬ 

metric function of sine or cosine. 

Description. Harmonic vibration, such as 

that of a plucked guitar string, the up-and- 

down movement of the diving board, or the 

flutter of a leaf in the wind, is one of the 

simplest forms of repetitive motion. If we were 

to plot the magnitude of motion in each of 

these examples as function of time the curve 

would look something like that shown in Fig¬ 

ure 7-4A. On the horizontal axis is the time 

and on the vertical axis is the displacement or 

Amplitude 

Amplitude 

B 

FIGURE 7-4 Harmonic vibration. The vibration of a 

string of the guitar and the movement of a pendulum of 

a clock are harmonic vibrations. A. The amplitude has 

periodicity and varies smoothly as function of time 

around the zero value. B. The harmonic vibration is best 

analyzed by using the rotating-line representation. See 

text for details. 

amplitude of motion. In harmonic vibration, 

the motion increases smoothly with time, 

reaches a peak, and then decreases in the same 

manner as it increased, reaching a zero value 

before reversing its direction. The harmonic 

motion is nicely represented by a simple math¬ 

ematical function presented in Chapter 1, 

namely, the sine curve. 

Explanatory Notes. It is convenient to start 

with the angle representation (Fig. 7-4B). We 

can express the harmonic motion amplitude 

X at any time t as: 

X = X0 • sin (A) 

where X0 is the maximum positive (or nega¬ 

tive) amplitude of the motion and A is the 

angle of the rotating line at time t (Fig. 7-3B). 

The time and angle representations are 

related by a simple expression: 

A = o> • t 

where A is the angle in degrees, co (the Greek 

letter omega) is the angular speed (in degrees/ 

second) of the rotating line, and t is the time 

in seconds (Fig. 7-4B). Thus, the angle repre¬ 

sentation of the harmonic motion is trans¬ 

formed into the time representation: 

X = X0 • sin (co • t). 

This is the mathematical description of 

harmonic vibration: the amplitude X at any 

time point is a function of time t, with given 

values of X0 and co. The equation is plotted in 

Figure 7-4A. 

AMPLITUDE 

Definition. Amplitude is the magnitude of 

vibration. 

Units of Measurement. The unit used de¬ 

pends on the particular characteristic of vibra¬ 

tion being evaluated (i.e., millimeters = mm 

for displacement, meters per second squared 

= m/s2 for acceleration, newtons = N for 

force, etc.). 
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Description. When we push on the edge of 

a diving board with a rhythmic motion the 

amplitude of the vibration of the board in¬ 

creases. Another example is the motion of your 

seat in the car while traveling on a bumpy 

road. The amplitude increases and decreases 

with time. Although the amplitude of vibration 

indicates the magnitude of the vibratory mo¬ 

tion, it is not synonymous with the severity of 

vibration or discomfort felt. These aspects are 

dependent on, besides the amplitude, other 

parameters, such as relative values of excitation 

and resonance frequencies, as explained later. 

The amplitude of the vibration may be 

defined in at least four different ways (Fig. 

7-5). The peak is the maximum displacement 

away from the middle or neutral position. The 

peak-to-peak distance is the total displacement 

of the vibratory motion from one extreme to 

the other extreme (synonymous with the total 

range of motion of a joint). The average ampli¬ 

tude is simply the average displacement. For 

this purpose, the negative displacement is first 

reversed, making all displacements positive, 

VIBRATIONS 

and then the average is computed. Finally, the 

root-mean-square (RMS) is the measure of 

vibration based upon the energy content in the 

vibratory motion. (This last aspect is especially 

important when the vibratory motion is ran¬ 

dom, as will be explained latter.) The RMS 

measure, representing the amount of vibratory 

energy input into a structure or tissue, may 

represent the magnitude of tissue damage. A 

further description of the last two quantities 

is provided in the Explanatory Notes, below. 

Explanatory Notes. The average amplitude 

is simply the average of all amplitudes over a 

single cycle, taking the absolute values of the 

amplitudes. Mathematically speaking: 

Average amplitude = (1/T) /|X| • dt 

where T is the time period for one cycle and 

J|X| • dt is the summation of the absolute val¬ 

ues of the amplitude within a single cycle or 

the time period T. The symbol f is the integral. 

The RMS amplitude is also calculated 
over a single cycle or the time period T, and 

is given by the expression: 

Amplitude 

FIGURE 7-5 Amplitude. The magnitude of a vibration can be measured in 

four different ways: “peak” is the maximum displacement from the zero posi¬ 

tion; “peak-to-peak” is the total amplitude from extreme positive to the extreme 

negative; “average” is the average amplitude; and root-mean-square (RMS) 

represents energy contained in the vibration. 
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RMS amplitude = \/(l/T) fX2 • dt 

For the determination of the RMS value, 

the average is taken of the squares of the ampli¬ 

tudes within the time period T. Thus larger 

amplitudes (i.e., sharp peaks) contribute sig¬ 

nificantly to this parameter. These peaks may 

also be responsible for relatively larger tissue 

damage. The symbol is the square root. 

For the harmonic vibration, the four am¬ 

plitudes are all related. If peak = 1, then the 

peak-to-peak, average and RMS are 2, 0.64, 

and 0.70, respectively, using the above equa¬ 
tions. 

PERIOD AND FREQUENCY 

Definition. The period of vibration is the 

amount of time needed to complete one cycle 

of vibration. The frequency is the reciprocal 
of the period. 

Units of Measurement. For the period, the 

unit is seconds = s. For the frequency, 

the unit is cycles per second = cycles/s or 

hertz = Hz. 

Description. Because the vibratory motion is 

repetitive, one of its fundamental characteris¬ 

tics is its periodicity, or the repetition time. 

The period is the time to complete one cycle 

of vibration. One can measure this by the 

amount of time elapsed between the two exact 

same consecutive positions of the vibrating 

structure. The period is measured as the time 

difference between two adjacent peaks or the 

zero values of the amplitude (Fig. 7-6). Thus, 

when we pluck the string of a guitar, the time 

elapsed between releasing of the string and the 

return of the string to the point of the release 

is the period of vibration. 

Frequency of vibration is the reciprocal 

of the period (1/period), or the number of 

cycles that take place in 1 second. In a musical 

instrument the frequency is equivalent to the 

tone. While tuning the piano, the tuner uses 

a U-shaped metal fork, the so-called tuning 

fork, which gives out a precise tone (frequency) 

Amplitude 

FIGURE 7-6 Period and frequency. The time T to complete one cycle of vibration 

is called the period. As shown, the period may be measured from one peak to 

the next peak or from one zero position to the next zero position. Frequency f 
is simply the reciprocal of the period. 
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when hit on one of its limbs. (Also see Reso¬ 

nance Frequency.) 

Explanatory Notes. The vibration frequency 

is expressed in two alternative forms: f and 

<D, depending on convenience of expression. 

Relations among f, co, and the time period T 

are given below: 

f = 1/T 

f = m/(2tt) 

T = 1/f, 

T = 2tt/co 

The tt in the above equation has an approxi¬ 

mate value of 3.14. 

PHASE ANGLE AND TIME LAG 

Definition. The phase angle is the angular 

shift between two vibrations; the time lag is 

the difference between vibrations expressed as 

a unit of time. 

Units of Measurement. For the phase angle, 

the unit is radian = rad or degree = deg, and 

lor the time lag it is second = s, respectively. 

Description. Imagine a person walking up 

Fifth Avenue starting from the intersection of 

42nd Street in the city of New York. When 

the person has walked half a block (midway 

between 42nd and 43rd Streets), another per¬ 

son starts in the same direction, with the same 

speed and from the same starting point. The 

time lag between the two persons may be 

counted in units either of time or of blocks. 

The second person lags the first person by a 

certain number of seconds or half a block. 

A similar situation exists between two clock 

pendulums (Fig. 7-7A) if the second pendu¬ 

lum (#2) is started after the first pendulum 

(#1). The time lag or the angular shift between 

the movements of the two pendulums repre¬ 

sents the “time lag” or “phase angle” between 

the vibratory motions of the two pendulums. 

When the vibratory motion is expressed as a 

function of time, we use the term “time lag,” 

FIGURE 7-7 Phase angle and time lag. A. The motion of a pendulum is a good 

analog of the angle representation of vibration. Pendulum #2 starts when the 

pendulum #1 has already moved by B°. This is called phase angle. B. The 

time representation of the two pendulums shows that pendulum #2 lags behind 

pendulum #1 by time tB. This is time lag. 
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while we use “phase angle” when the motion 

is expressed in terms of angle. 

Explanatory Notes. We start with the mathe¬ 

matical expression for a harmonic motion 

given earlier under the Explanatory Notes for 

Harmonic Vibrations. The vibratory ampli¬ 

tude Xj is related to time by the following ex¬ 

pression: 

X[ = X0 • sin (to • t) 

where X0, to, and t are, respectively, peak ampli¬ 

tude, rotational frequency, and time. 

In the above expression, when t = 0, X 

is also 0; that is, the vibration starts at time 0, 

as shown by curve #1 in Figure 7-7B. The 

second vibration, represented by curve #2, 

starts after a certain time tB; that is it lags 

behind curve #1 by time tB. Mathematically, 

the second curve is given by 

X2 = X0 • sin (to • t — to • tB). 

Representing the two vibrations in the 

angle domain, the two expressions are trans¬ 

formed as shown below: 

X, = X0 • sin A 

X2 = Xq • sin (A — B) 

where A = a; • t and B = to • tB. Vibration #2 

lags behind vibration #1 by angle B. Thus, B 

and tB, are, respectively, the phase angle and 

the time lag. (Note that for simplicity we used 

the same Xq for the two vibrations depicted 

in Figure 7-7 and expressed mathematically 

above, but this need not always be so.) 

FREE VIBRATION 

Definition. Free vibration is the vibration of 

a system freely occurring around its stable 

equilibrium position, once the system has 

been disturbed. 

Description. Fet us observe the strings of a 

guitar once more. After the string is plucked 

(displaced from its equilibrium position) it will 

not only return to its equilibrium position but 

will displace onto the other side, return to the 

equilibrium position, and so on. This back- 

and-forth displacement around the equilib¬ 

rium or neutral position would continue for¬ 

ever if there was no friction in the system to 

consume the vibratory energy. This vibration, 

without the friction, is called the free vibration 

of the string. 

Consider an idealized vibrating system: 

a mass hanging from a spring (Fig. 7-8A). 

When the mass is pulled a certain distance D! 

downward and then let go, the mass will freely 

vibrate around its neutral position (Fig. 7-8B). 

Its period is noted in seconds. Now if the pro¬ 

cedure is repeated, but with larger downward 

displacement D2. Note again the period. The 

two periods will be found to be exactly the 

same. This is the basic characteristic of a free 

vibration system and is inherent to it. It is 

dependent only on the elastic properties of the 

spring and the mass of the vibrating body. 

Explanatory Notes. To analyze the resulting 

free vibratory motion of the simple system 

shown in Figure 7-8A, let us displace the mass 

(m) a distance (X). This action will be resisted 

by two forces: the force in the spring (the 

product of distance X and stiffness k); and 

the force due to acceleration of the mass (the 

product of mass m and acceleration X). Using 

the technique of free-body analysis (see Chap¬ 

ter 3), we can set up the equilibrium equation 

utilizing the free-body diagram shown in Fig¬ 

ure 7-8C: 

m X + X = 0 

where the two dots above X represent the sec¬ 

ond derivative of X with respect to time. Note 

that the space between m and X represents an 

implied multiplication, i.e., X or •. 

The solution of this differential equation 

results in expressions for the vibration ampli¬ 

tude X and frequency f: 

X = X0 • sin (2 77 f t) 

f = Vk/m 
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FIGURE 7-8 Free vibration. A. A mass hanging from a spring is a simple conceptual model to represent an elastic 

structure. If the mass is displaced from its stable position and let go, then it will freely vibrate around it. The vibration 

frequency of a free vibration is called its resonance or natural frequency. B. When the mass is displaced by two 

different displacements (D, and D2), both the resulting motions have the same period and frequency. C. Free-body 

diagram of the vibrating mass, showing the acceleration force mX and spring force kX acting on it when the mass 

has been displaced X amount. 
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where X0 is the peak amplitude and f is the 

vibration frequency. As it is a free vibration, 

f is the free or natural frequency of the vibrat¬ 

ing system. 

RESONANCE OR 
NATURAL FREQUENCY 

Definition. Resonance is the frequency of the 

free vibration of an elastic system. 

Units of Measurement. Cycles per second = 

cycles/s or hertz = Hz. 

Description. The natural frequency of an 

elastic system is one of its fundamental charac¬ 

teristics. A string of a musical instrument has 

certain tone, which is its natural frequency. 

The same is true for the length of the air col¬ 

umn in a flute. When you vibrate a wineglass 

by stroking its rim with a slightly wet finger 

the wineglass vibrates at its natural frequency, 

giving out a high pitch. 

But the natural frequency can be 

changed. Consider the mathematical expres¬ 

sion for the natural frequency derived in the 

Explanatory Notes for Free Vibration, above. 

It states that the natural frequency f is directly 

proportional to the square root of the stiffness 

k and inversely proportional to the square root 

of the mass m of the vibrating body. 

Again musical instruments provide one 

of the best examples of altering the natural 

frequencies. As the string of a violin is tight¬ 

ened, it results in higher tension in the string, 

which results in higher stiffness and higher 

resonance frequency and tone of the violin. 

Decreasing the string tension results in lower¬ 

ing the stiffness of the string and tone of the 

sound produced. An example in which reso¬ 

nance frequency is changed by altering the 

mass of the vibrating system, while the stiffness 

remains the same, is the flute or oboe. Here 

lower frequencies are obtained by increasing 

the length of the air column and, therefore, 

the mass of the vibrating air. The opposite 

effect is obtained by decreasing the air col¬ 

umn length. 

Attempts have been made to utilize the 

resonance frequency in the musculoskeletal 

system in a novel manner to evaluate the pro¬ 

gression of osteoporosis. We know that the 

natural frequency of a structure is dependent 

on its elastic properties as well as the mass. In 

fact, as shown earlier, the resonance frequency 

is directly proportional to the square root of 

stiffness and inversely proportional to the 

square root of mass. With this background, 

the resonance frequency of ulna in vivo has 

been proposed as a measure of the progression 

of osteoporosis. The amount of bone present 

in ulna directly contributes to the mass of the 

vibrating structure and, thus, its frequency. 

Therefore, if the bone mass decreases as a result 

of osteoporosis, then its resonance frequency 

will increase. The problem is compounded, 

however, by the fact that a decrease in bone 

mass is most likely accompanied by a decrease 

in the stiffness, which will decrease the reso¬ 

nance frequency. The end effect of osteoporo¬ 

sis may, therefore, be difficult to discern with 

the resonance test. 

It is important to note that a structure 

may have several natural or resonance frequen¬ 

cies. In fact, a structure has as many resonance 

frequencies as the number of degrees of free¬ 

dom it possesses (see Chapter 2 for the defini¬ 

tion of degrees of freedom). A car engine is a 

good example to illustrate this point. The en¬ 

gine has 6 degrees of freedom, that is, it can 

move in six independent ways—three transla¬ 

tions and three rotations. 

Explanatory Notes. We observed that the 

natural resonance frequency of a system is 

given by 

f = Vk/m 

where k and m are, respectively, stiffness and 

mass. The consequences of altering the stiffness 

and mass are seen in Figure 7-9, depicting a 

ball hanging from a spring. Let the stiffness, 

mass, and natural frequency of the hanging 

ball be, respectively, ko, m„, and f0. Quadrupling 
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f = f0 f = 2 f0 f = 0.5 f0 

FIGURE 7-9 Resonance or natural frequency. A funda¬ 

mental characteristic of a structure is its resonance or 

natural frequency. For the mass hanging from a spring, 

the natural frequency equals Vk/m, where k is the 

stiffness and m is the mass. The model in the middle 

has doubled the natural frequency because the spring 

stiffness k is four times that of the base model seen on 

the left. The model on the right has half the natural 

frequency because the mass is four times of the base 

model. 

the stiffness results in doubling the frequency, 

while quadrupling the mass decreases the fre¬ 

quency to one half of the natural frequency. 

Observe the engine block, under an open 

hood while the car is parked, as the engine 

is slowly accelerated to increasing speeds. At 

discrete speeds, the engine block will vibrate 

excessively, indicating that it is passing through 

one of its resonance frequencies. The reso¬ 

nance will occur at the same discrete speeds 

as the engine slows down. Careful observation 

will show that the engine block vibrates in 

different directions, depending upon the par¬ 

ticular resonance frequency it is passing 

through. Theoretically, there will be six such 

speeds, one for each degree of freedom. Con¬ 

sider, now, an older car in which the parts 

are a bit loose. One may experience different 

natural frequencies as the engine is accelerated, 

but for a different reason. As the engine rota¬ 

tion speed passes through the resonance fre¬ 

quencies of each of the loose parts of the car, 

that part vibrates excessively. Thus, each part 

acts as an independent mass loosely connected 

to the engine block. 

FREE VIBRATION 
WITH DAMPING 

Definition. Free vibration is the vibration of 

an elastic system with damping. 

Description. Again, observe the vibration of 

a guitar string, but this time a real-life guitar. 

Pluck one of its strings. The vibration ampli¬ 

tude will decrease with time (Fig. 7-10A). This 

is due to the friction or damping within the 

vibrating system, which absorbs the vibration 

energy during each vibration cycle. The damp¬ 

ing can be small, such as in the musical instru¬ 

ments, or it can be large, as in the shock absorb¬ 

ers of an automobile. 

Damping is defined as resistance to mo¬ 

tion. As explained in Chapter 5, viscoelasticity 

and damping are physical characteristics asso¬ 

ciated with all biologic structures, including 

soft tissues such as ligament and cartilage, as 

well as hard tissues such as bone. Vibration is 

transmitted to the skeletal system, for example, 

from contact with the vibrating machinery or 

by jumping or jogging. On its way through 

the musculoskeletal system, the vibration is 

damped (generally decreased in peak ampli¬ 

tude, but not always; see Transfer Function). 

Explanatory Notes. A conceptual model il¬ 

lustrating the damped free vibration (Fig. 7- 

10B) consists of a mass suspended by a spring 

and a damper (or dashpot). It can represent 

the string of the guitar or seat in a car. The 

free-body diagram of the model, on the right 

side, provides the following equation of mo¬ 

tion of the mass: 

mX + cX + kX = 0 

where m, c, and k are measures of the mass, 

damping, and stiffness of the vibrating system, 
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FIGURE 7-10 Free vibration with damping. Most real- 

life structures, such as bone and joints, are viscoelas¬ 

tic (i.e., have elasticity as well as damping). A. Once 

the mass is displaced from its stable position, it will 

vibrate with decreasing amplitude. The amount of de¬ 

crease in each cycle represents the magnitude of 

damping in the system. B. A simple conceptual model 

to represent such structures may consist of a mass 

suspended from a spring and a dashpot. On the right 

is the free-body diagram of the mass, and the forces 

of acceleration (mX), damping (cX), and the spring 
(kX) acting on it. 

respectively. X is the displacement, while X and 

X are, respectively, velocity and acceleration 

of the vibrating mass. The solution of the 

above differential equation is graphed in Fig¬ 

ure 7-10A. The mathematical formula is not 

presented here, but can be found in any stan¬ 

dard books on vibration. 

CRITICAL DAMPING 

Definition. Critical damping is the smallest 

damping necessary to bring the system to equi¬ 

librium without oscillation. 

Description. As we have seen, the effect of 

damping is to reduce the vibration amplitude 

Amplitude 

FIGURE 7-11 Critical damping. If the damping in the vibrating system is 

increased so that the vibration dies out in one cycle, then the amount of 
damping is termed critical. 
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with time. Addition of a small damping to a 

freely vibrating system results in a motion that 

decreases in amplitude with every cycle, even¬ 

tually coming to rest at the initial position of 

equilibrium (see previous section). Increasing 

the damping reduces the number of cycles 

needed to return to equilibrium. A critical 

value of damping is reached when the number 

of cycles needed to come back to equilibrium 

is just one (Fig. 7-11). This is called critical 

damping. 

The main use of this concept of critical 

damping is in defining a measure of damping 

present in a real system. By conducting a sim¬ 

ple experiment and making measurements of 

the decreasing peak amplitudes with time (Fig. 

7-10A), one can assess the damping present 

in the system. The system damping is then 

expressed as a ratio of the critical damping. 

We will see this use in the descriptions of 

Forced Vibration as well as Transfer Function 

and Vibration Isolation, below. 

FORCED VIBRATION 

Definition. Forced vibration is the vibration 

of a structure excited by an external time vary¬ 

ing force or displacement. 

Description. Forced vibration is probably 

the most common vibration in real-life situa¬ 

tions. A person sitting on a tractor is vibrated 

by the harmonic force of imbalance in the 

tractor engine or the random vibrations com¬ 

ing from the uneven ground. Another example 

is stroking the strings of a violin with a bow, 

resulting in a forced vibration that is a bit 

more pleasant. In the cast room, the electric 

reciprocating saw is a source of forced vibra¬ 

tion to the hand. What is common among all 

these examples is that the forced vibration is 

caused by repetitive vibratory input. 

Consider that one of the wheels of the 

tractor is out of balance, that is, its mass center 

of gravity is not precisely at the center of the 

axle around which it is rotating. The result is 

P VIBRATIONS 

an unbalanced dynamic force that is rotating 

with the wheel, moving the axle upward/down¬ 

ward and pushing it back and forth in a cyclic 

manner. This force is transmitted from the 

wheel to the tractor frame, to the seat, and, 

finally, to the driver. Similar kinds of dynamic 

forces arise in the cast saw. The magnitude of 

discomfort one would feel, in a tractor or from 

the cast saw, for example, is a function not 

only of the vibration input to the system but 

also of “vibratory” properties of the structure. 

But the most destructive aspect of forced vi¬ 

brations is that when the vibrations are ex¬ 

cited, with ever-increasing amplitude without 

bound, eventually violent failure of the struc¬ 

ture results. A classic example is the complete 

destruction of the Tacoma Bridge in Washing¬ 

ton State in 1934 (Fig. 7-12A). In this case 

the strong gusts of wind repeatedly excited 

the natural vibration of the bridge until the 

amplitude of the vibration reached such high 

values that the resulting stresses in the various 

parts of the bridge exceeded their strength, 

leading to complete failure of the bridge. 

A good understanding of the underlying 

phenomenon can be achieved by studying a 

simple system created by a mass suspended by 

a spring and a damper (Fig. 7-12B). The two 

important parameters characterizing the re¬ 

sponse of this vibrating system are the natural 

frequency of the system and the frequency of 

the forcing vibration input applied to the mass. 

The vibratory effect produced is maximum 

when the two frequencies are close to each 

other. Although the mathematical analysis is 

briefly described in the Explanatory Notes, be¬ 

low, the results are graphically depicted in Fig¬ 

ure 7-12C. In the diagram are three parame¬ 

ters, which are all ratios. On the horizontal 

axis is the forcing frequency ratio (i.e., forcing 

frequency divided by the natural frequency of 

the system). On the vertical axis is the ampli¬ 

tude ratio (i.e., vibration amplitude divided by 

the displacement due to the peak force of the 

forcing vibration). Finally, the damping ratio 

(marked on the various curves) is the ratio 
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Vibration force Forcing frequency ratio 

B C 

FIGURE 7-12 Forced vibration. It is the most commonly occurring vibration in real-life situations. A. The classic 

example of the destructive nature of forced vibration is the complete failure of the Tacoma Bridge in Washington in 

1934, due to sustained gusts of powerful wind. B. A real-life vibrating structure may be simulated by a model 

consisting of a mass m, a spring with stiffness k, and a dashpot with damping c excited by a vibratory force. On the 

right is the free-body diagram of the mass being acted upon by forces of acceleration, spring, damping, and force 

vibration. C. Vibratory amplitude as function of the forcing frequency of the vibratory force is shown. Different curves 

are for varying degrees of damping in the system. We notice that for a given frequency, say 1.3 as marked, the 

amplitude of the vibration decreases with increasing damping. On the other hand, for a given damping value, say 
0.2, the magnitude of the vibration varies with the frequency. 

of the system damping divided by the critical 

damping. For the sake of simplicity, we will 

drop the word “ratio.” The four curves are for 

different amounts of damping in the system, 

from 0 to 1.0 (Fig. 7-12C). Let us follow a 

single curve from the beginning, for example, 

with damping of 0.2. We see that it has a peak 

of about 2.5 at a frequency of about 1, and 
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then the amplitude decreases to a value of 1 

at a frequency of about 1.3, and to a near-zero 

value at very high frequencies. In other words, 

the system vibration is maximum when the 

forcing frequency equals the natural frequency 

of the system, but as the forcing frequency is 

higher or lower than the natural frequency, 

the vibration amplitude is lowered. In conclu¬ 

sion, to decrease the vibration amplitude one 

should increase the damping or choose a natu¬ 

ral frequency of the system that is significantly 

different from the forcing frequency. 

Explanatory Notes. The mathematical equa¬ 

tion for the results of the forced vibration of 

the system graphed in Figure 7-12C is derived 

using free-body analysis (Fig. 7-12B): 

mX + cX + kX = F0 • sin (2rrft) 

where m, c, and k are mass, damping, and 

stiffness, respectivly; X, X, and X are displace¬ 

ment, velocity, and acceleration; and F0 and f 

are forced vibration force peak amplitude and 

frequency. The solution of the above differen¬ 

tial equation, as mentioned earlier, is depicted 

in Figure 7-12C. The mathematical formula 

for the motion shown can be found in any 

standard textbook on vibrations. 

RANDOM VIBRATION 

Definition. Random vibration is a periodic 

motion. 

Description. In the real world vibrations are 

seldom as regular as the harmonic vibration 

discussed earlier. A person sitting on a tractor 

seat moving over rough farmland is jolted ran¬ 

domly. The vibration amplitude varies with 

time randomly with no definable periodicity. 

The complex input to the man-tractor system 

comes from the uneven terrain over which 

the tractor is moving. The unevenness of the 

ground is random and, therefore, the vibratory 

input to the system is also random. The vibra¬ 

tions that produce injury to the musculoskele¬ 

tal system are often random and, therefore, in 

spite of their complexity, are important for us 

to study. 

Although the vibratory motion is ran¬ 

dom, there are certain parameters that can be 

used to quantify its magnitude and intensity. 

Figure 7-13 shows an example of random- 

vibration amplitude as function of time. We 

can define the magnitude of the vibration by 

any of the four parameters shown. The peak 

value defines the maximum vibration as mea- 

Amplitude 

FIGURE 7-13 Random vibration. Its amplitude varies with the time ran¬ 

domly with no definable periodicity. Magnitude of the vibration may be 

quantified by any of the four measures of amplitude described earlier, 

namely peak, peak-to-peak, average and, RMS. 
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sured from zero amplitude base-line during 

a given time period. The peak-to-peak value 

represents the total vibration, that is, the maxi¬ 

mum difference between the positive and the 

negative vibration in a given period. The aver¬ 

age value is the average of the vibratory ampli¬ 

tude in a given time period. This is obtained 

by dividing the total period into a certain num¬ 

ber of time intervals. The amplitudes at each 

of the time intervals are added together, irre¬ 

spective of their sign, and their average is deter¬ 

mined. Finally, there is the root-mean-square 

(RMS) value, which is obtained by summing 

the squares of the amplitudes at each of the 

time intervals, dividing these by the number 

of intervals, and then taking a square root of 

the result. As the energy in the vibratory mo¬ 

tion is related to the square of the amplitude, 

the RMS value is a good representation of 

the energy contained in the random vibration, 

which may be detrimental to the musculoskel¬ 

etal tissue. 

Explanatory Notes. The peak and peak-to- 

peak values are easily identified from the 

amplitude-time recording. On the other hand, 

the average and RMS values must be determined 

using the respective definitions given above. The 

mathematical expressions that help quantify the 

four amplitudes are the same as those given in 

the Explanatory Notes for Amplitude. 

FOURIER TRANSFORMATION 

Definition. Fourier transformation is a 

method of decomposing a complex vibration 

into its harmonic components. 

Description. When two harmonic vibra¬ 

tions, such as those marked #1 and #2 in Figure 

7-14A, are added together, a new vibratory 

motion, marked #3, is obtained, which is not 

a harmonic motion. The reverse is also true, 

that is, a vibratory motion (#3) can be decom¬ 

posed into its harmonic components (#1 and 

#2). An example is the decomposition of a 

square-wave vibration into its harmonic com¬ 

ponents (Fig. 7-14B). The square wave when 

decomposed turns out to be a summation of 

a serie of sine waves of decreasing amplitudes 

and increasing frequencies. The first two sine 

waves are shown in Figure 7-14B. This process 

of decomposition is called the Fourier transfor¬ 

mation; the resulting harmonic components 

are called the Fourier transforms. 

The Fourier transformation is often used 

to decompose and analyze complex real-life 

disturbing vibration inputs. In this manner, 

Amplitude 

Amplitude 

FIGURE 7-14 Fourier transformation. A. Two harmonic vibrations, marked #1 and #2, may be added together 

to produce a more complex vibration, marked #3 in the diagram. B. In a reverse fashion, a complex vibration 

can be decomposed into its harmonic components. This process of determining the harmonic components is 

called Fourier transformation. As an example, the first two harmonics of a square wave are a set of sine curves, 

with different amplitudes and frequencies. The harmonic components are called Fourier transforms. 
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by decomposing a complex vibration into its 

harmonic components, a better understanding 

is obtained. By studying the amplitude and 

frequency of the dominant vibratory compo¬ 

nent or Fourier transform, certain conclusions 

can be drawn regarding the vibratory input 

and its relationship to the vibrating system. 

Knowing the characteristics of the vibratory 

system, for example, the natural frequency in 

case of the human-seat-tractor system, cer¬ 

tain components within the vibratory inputs 

that may result in injuries or discomfort to the 

musculoskeletal system are identified. Based 

upon this kind of analysis, measures may be 

taken to eliminate or minimize the offending 

harmonics or fourier transforms. 

FREQUENCY SPECTRUM 

Definition. The frequency spectrum presents 

a set of Fourier transforms in an amplitude- 

frequency diagram. 

Description. As we have seen, Fourier trans¬ 

formation of a complex vibratory motion re¬ 

sults in components of harmonic vibrations of 

varying amplitudes and frequencies. To visual¬ 

ize the results, these components are repre¬ 

sented on a bar diagram where the x-axis is 

the frequency and the y-axis is the amplitude. 

A simple example is shown in Figure 7-15A. 

On the left is the amplitude-time curve of a 

free vibration, say acceleration of the end of 

a diving board as function of time. Being a 

harmonic vibration it has a single amplitude 

A, and a single time period T and frequency 

f. On the frequency spectrum diagram, shown 

on the right, the same motion is represented 

by a bar of amplitude A and is placed appropri¬ 

ately on the frequency axis at a distance f from 

the origin. Another example of the frequency 

spectrum is the square-wave vibration (Fig. 

7-15B). As mentioned earlier, the square-wave 

vibration consists of a serie of sine waves of 

decreasing amplitude and increasing fre¬ 

quency. The frequency spectrum as seen on 

the right depicts this. From the frequency spec¬ 

trum it is easy to recognize that the dominant 

frequency in the square-wave vibration, is the 

first Fourier transform, which has the same 

frequency as the square wave. Also shown are 

the three next Fourier transforms. 

Amplitude Amplitude 

Amplitude 

Frequency 

J i 
f 3f 5f 7f 

FIGURE 7-15 Frequency spectrum. The set of harmonic components (i.e., Fourier transforms) of a complex 

function can be advantageously represented on an amplitude-frequency diagram. A. For example, a sine wave 

is represented by a single bar equal to its amplitude, and is located on the horizontal axis at a distance equal 

to its frequency. B. Harmonic components of a square-wave are a set of sine waves of increasing frequency and 

decreasing amplitude. The corresponding frequency spectrum is seen on the right. 
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Frequency spectrum diagrams are impor¬ 

tant for analyzing complex vibrations. They 

indicate the dominant frequencies and show 

how these frequencies may change in response 

to variations in design parameters of a vibrat¬ 

ing structure. 

TRANSFER FUNCTION AND 
VIBRATION ISOLATION 

Definition. Transfer function quantifies the 

transformation of the amplitude of vibration 

from input to output. Vibration isolation is 

the process of optimizing the vibration system 

to minimize the transfer function. 

Description. Consider the rider of a moun¬ 

tain bike going over rough terrain (Fig. 7- 

16A). The vibration is transmitted from the 

wheels to the bike’s frame, to the seat, and, 

finally, to the human body. To minimize the 

vibration transmitted to the rider, one may 

either minimize the vibration input to the 

wheels (i.e., decrease the roughness of the 

road) or optimize the suspension system to 

minimize the vibration transmission to the hu¬ 

man body. The latter requires optimization of 

the suspension of the bike from the wheels to 

the human body. The system can be idealized 

as a mass (human body) supported on the 

wheels by the suspension (springs and dash- 

pot) (Fig. 7-16B). The vibration amplitude of 

the mass (output vibration) divided by the 

vibration amplitude of the support (input vi¬ 

bration) is called the transfer function or trans- 

missibility of the suspension system. To mini- 

Transfer function 

Forcing frequency ratio 
C 

FIGURE 7-16 Transfer function and vibration isolation. 

A. The magnitude of vibration transmitted to the musculoskele¬ 

tal system may be decreased by proper design of the suspension 

system interposed between the vibratory input (rough road) and 

the vibration output (human body). B. Conceptualization of the 

vibration system: human body (mass); suspension (springs and 

dashpot); and vibratory input (rough road). C. Transfer function 

ortransmissibilityisshownasfunctionoftheforcingfrequency 
ratio. The various curves represent varying amounts of damping 

present in the system. Note that the maximum transfer function, 

irrespective of damping, occurs around the vibratory input fre¬ 

quency that is close to the natural frequency of the system (i.e., 

forcing frequency ratio of 1). The transmissibility decreases 

with the increasing damping, but only if the forcing frequency 

ratio is less than the square root of 2 (about 1.41). However, if 

the forcing frequency ratio is higher than the square root of 2, 

then the increasing damping actually increases the transmissi¬ 
bility of the input vibration. 
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mize the transmission of vibration across the 

suspension (i.e., to minimize the transfer func¬ 

tion), one may optimize the values of the 

spring and the dashpot. This is called vibra¬ 

tion isolation. 

The results of the analysis of the system, 

details of which are not provided here because 

of their mathematical complexity, are pre¬ 

sented in Figure 7-16C. On the horizontal axis 

is the forcing frequency ratio, that is, the input 

frequency of the road roughness divided by 

the resonance frequency of the mass over the 

suspension. On the vertical axis is the transfer 

function, or transmissibility. A value greater 

than 1.0 for the transfer function implies that 

the mass is vibrating with bigger amplitude 

than the input. In other words, the vibration 

has been amplified. A value less than 1.0 im¬ 

plies that the vibration has been attenuated. 

The curves are given for various magnitudes 

of damping ratios of the dashpot, from 0.0 to 

a value of 1.0, which is the critical damping. 

The first thing we notice is that at the frequency 

ratio of 1.0, that is, when the forcing frequency 

is the same as the resonance frequency of the 

vibrating system, the vibration transmissibility 

is maximum. For frequency ratios less than 

1.0, the transmissibility decreases, but is always 

greater than 1.0. On the other side of the natu¬ 

ral frequency, that is, for frequency ratios 

greater than 1.0, a significant decrease in the 

transmissibility is observed at higher forcing 

frequencies. At the special forcing frequency 

ratio of \/2 = 1.41 the transfer function is 

1.0 irrespective of the damping magnitude. 

Therefore, if the forcing frequency is known, 

then the transmission of the vibration to the 

rider can be decreased significantly by decreas¬ 

ing the natural frequency of the vibrating sys¬ 

tem, which in turn increases the forcing fre¬ 

quency ratio and decreases the vibration 

amplitude (Fig. 7-16C). Under the study of 

free vibrations, we found that this can be 

achieved by using either a softer spring or a 

larger mass. We also note that in this particular 

situation a lesser damping is beneficial, con¬ 

trary to our intuition. 

SUMMARY 

Although vibration can be pleasant, as in mu¬ 

sic, it is the destructive nature of the vibration 

that is of interest to us. Vibration of the spine 

is one of the contributing factors to disc hernia¬ 

tion and low back pain. It may also accelerate 

degeneration of joints and result in sclerosis 

of bone. Vibration is defined as a repetitive 

motion. There are several types of vibration: 

free, forced, harmonic, and random. The vi¬ 

bration is visualized as a wave in time domain, 

but for its mathematical representation, it is 

represented as a projection of a rotating line 

onto a fixed axis in angle domain. Harmonic 

vibration is a pure type of vibration, such as 

that produced by plucking a string of a guitar 

or jumping off a diving board. The magnitude 

of the vibration is defined by its amplitude. 

The measure of the amplitude can be expressed 

in several different ways, including the peak, 

peak-to-peak, average, and root-mean-square 

values. Each of these measures provides a 

slightly different insight into the vibratory mo¬ 

tion. The harmonic vibration is periodic. 

Therefore, another measure of the vibratory 

motion is its period, the time interval between 

two consecutive similar positions of the struc¬ 

ture. A vibration with a large period is a low- 

frequency vibration, while that with a shorter 

period is a high-frequency vibration. Thus, the 

frequency is the inverse of the period. The 

third and final parameter defining the har¬ 

monic motion is its phase angle (in angle do¬ 

main) or time lag (in time domain). If there 

are two vibrations, one starting at time zero 

and the other at a certain time there after, then 

the second vibration is said to lag behind the 

first vibration by that time. Another way to 

express the time lag is to express it as an angular 

difference between the rotating lines represent¬ 

ing the two vibrations. This angle difference 
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is called the phase angle. Thus, the phase angle 

and time lag represent the same event. 

The vibration of the string of a guitar or 

that of a freely hung pendulum is called free 

vibration as it occurs naturally and is inherent 

to the structure. The frequency of the free 

vibration is called the natural or resonance 

frequency of the structure. Most real-life struc¬ 

tures, such as a knee joint, besides being elastic 

also possess damping. The free vibration of a 

structure with damping is somewhat different 

from that of a purely elastic structure. If such 

a structure is displaced from its equilibrium 

position and released, the vibratory amplitude 

decreases with time in contrast to that of a 

purely elastic structure, where the vibratory 

amplitude remains constant. The rate of de¬ 

crease of the amplitude depends on the 

amount of damping present in the system. As 

the damping increases, the number of cycles 

a system can vibrate before coming to a halt 

decreases. Critical damping is that value of 

damping which brings the vibrating system to 

halt in a single cycle. To provide a meaningful 

measure of damping present in a real system, 

the damping is represented as a ratio of its 

critical damping value. 

Forced vibration, as the name implies, is 

a vibration forced upon the structure from out¬ 

side. Most real-life vibrations that result in in¬ 

jury are forced vibrations. A person sitting on 

a tractor is vibrated by the vibrations of the 

wheels as they pass over uneven farmland. Vi¬ 

bration from a reciprocating saw is another 

source of forced vibration; in this case the vibra¬ 

tion is forced on to the hand. The forced vibra¬ 

tions may be magnified while passing through 

the suspension system of the structure. This 

happens when the excitation frequency of the 

forced vibration happens to coincide with the 

natural or resonance frequency of the structure. 

Most real-life vibrations that are injuri¬ 

ous to the musculoskeletal system, such as 

those of a tractor seat on a rough road, are 

random in nature. These complex vibrations 

can be quantified by several means. The four 

amplitude measures described earlier for the 

harmonic vibration are also used to quantify 

random vibration. Fourier transformation 

helps decompose a complex random vibration 

into its simple harmonic components. The set 

of harmonic components may be displayed on 

an amplitude-frequency diagram, also called 

the frequency spectrum. From such a diagram 

the dominant frequency component in a com¬ 

plex vibration can be easily identified, and 

measures taken to decrease its effect. 

Transfer function, or transmissibility, 

quantifies the change in the vibration ampli¬ 

tude passing through a structure. A value 

greater than 1.0 indicates that the vibration was 

amplified, and less than 1.0 represents attenua¬ 

tion of the vibration. For a given structure, the 

transfer function can often, but not always, be 

decreased by providing a sufficient amount of 

damping. More effectively, vibration transmis¬ 

sion from the source (input) to the musculo¬ 

skeletal system can be decreased by interposing 

an optimal combination of springs and damp¬ 

ers. The values of the springs and dampers are 

optimized to decrease the magnitude of the vi¬ 

bration transmitted to the musculoskeletal sys¬ 

tem. This is done by taking into account its reso¬ 

nance frequency as well as the forcing frequency 

of the source. The process of optimization of 

the suspension system to minimize the vibra¬ 

tion transmission is called vibration isolation. 

The study of vibration is an advanced 

subject in mechanical engineering and gener¬ 

ally requires significant knowledge of mathe¬ 

matics for its understanding. The treatment 

provided in this chapter is generally nonmath- 

ematical. However, within Explanatory Notes 

we have provided some mathematical expres¬ 

sions for those interested in this aspect of vi¬ 

brations. For further study, you may consult 

readily available engineering textbooks on vi¬ 

bration. 
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Joint Friction, Wear, 
and Lubrication 

FIGURE 8-1 Human and animal joints are remarkably efficient. They exhibit 

very low friction and a large load-carrying capacity even at low speeds, with 

minimum wear and long life. Such efficiency is achieved by the unique design of 

the contacting surfaces, the specialized structure of cartilage and subchondral 

bone, and the presence of the lubricating fluid, the synovium. 

The design and lubrication of human 

joints are major factors in our capacity 

for swift and prolonged mobility. This is 

dramatically seen in the Olympic Games. 

Speed is gained through the basic design of 

the joints, which involves tendinous attach¬ 

ments of powerful muscles close to the rota¬ 

tional axes of joints. This gives large excur¬ 

sions and displacements to the limbs and 

feet, allowing for great stride lengths. This 

advantage, however, carries the disadvantage 

of very large joint reaction forces. Conse¬ 

quently, the loads on many of our joints are 

as great as 2 to 4 times body weight during 

ordinary activities. These loads increase to 

even higher multiples in the activities of 

sports, dance, love, and war. 

One of the most critical biomechanical 

characteristics of human joints, one that allows 

them to function for 70 to 80 years, is their 
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superb system of lubrication. Several attempts 

have been made to explain the underlying 
mechanisms. 

The first studies utilized existing lubrica¬ 

tion theories, such as the theory of hydrody¬ 

namic lubrication. This theory, developed to 

explain the lubrication mechanism of ma¬ 

chines, requires continuous motion of the 

joint. This condition is not met in animal 

joints, which are capable of carrying large loads 

at slow speeds, as during walking. Recent theo¬ 

ries have been more realistic in modeling the 

joint because they have taken into account 

the resiliency and permeability of the articular 

cartilage and subchondral bone as well as the 

roughness of the surfaces (Fig. 8-1). 

In this chapter, we will introduce con¬ 

cepts and terms that will help in the under¬ 

standing of the normal and abnormal bio¬ 

mechanics of joint lubrication. 

JOINT REACTION FORCES 

Definition. When a joint in the body is sub¬ 

jected to external forces, in the form of external 

loads and muscle forces, the internal reaction 

forces acting at the contact surfaces are called 
the joint reaction forces. 

Unit of Measurement. Newton = N (pound 
force = lbf). 

Description. The contact surface of the 

metacarpal portion of a metacarpophalangeal 

joint has two components of joint reaction 

force acting on it (Fig. 8-2). One is perpendic¬ 

ular to the contact surface and is called the 

normal joint reaction force. The other is paral¬ 

lel to the surface and is called the tangential 

joint reaction force, or simply the frictional 

force. The normal component is always com¬ 

pressive and is generally large. The tangential 

component (frictional force) in healthy joints 

is generally very small, about 1% of the normal 

component. The direction of the frictional 

force is always opposite to the sliding motion 

of the two contacting surfaces. The ratio of 

Joint reaction forces 

FIGURE 8-2 Joint reaction forces. Large joint reaction 

forces are produced in response to the external loads 

and internal muscular reactions. In the metacarpopha¬ 

langeal joint, the joint reaction force in the long finger 

during grasp can be up to 14 times the force applied 

to the finger. The joint reaction forces consist of a normal 

compressive and a tangential friction force. 

the two components (tangential to normal) is 
called the coefficient of friction. 

There have been several studies to de¬ 
termine the normal joint reaction forces for 
various joints of the human body. Such infor¬ 

mation is not only important for the under¬ 
standing of the mechanism of joint function, 
but is essential for designing artificial joint 
replacements. There have been some experi¬ 
mental studies, in animals and humans, in 

which an instrumented joint implant is utilized 
to directly measure the joint reaction force 

vector (in three-dimensional space) under dif¬ 
ferent activities. In most other studies the joint 
reaction is computed, utilizing the force data 
obtained from a force plate or other such de¬ 
vice and some type of mathematical model. To 
illustrate, the magnitudes of the joint reaction 

forces during normal activities for various 
joints are given in the following table. 
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Joint Load Range 

Finger (long) 3.0-14 times finger load 

Elbow 0.4-1.4 bw 

Hip 4-7 bw 

Knee 2-4 bw 

Ankle 4-5 bw 

Lumbar spine 2-3 bw 

The bw in the above 

weight. Note that the 

bearing joints, such as 

jected to large loads. 

table stands for body 

so-called non-weight- 

the elbow, are also sub- 

CONTACT AREA 

Definition. Contact area is the area of con¬ 

tact between the two joint surfaces. 

Unit of Measurement. Square millimeters = 

mm2 (square inches = in.2). 

Description. The contact area is an impor¬ 

tant joint parameter. In general, the greater 

the contact area, the smaller the contact 

stress. However, under physiologic conditions 

the effective contact area may be significantly 

decreased/increased because of either load 

magnitude or joint position. An injury, joint 

misalignment, or disease process may lead 

to a decrease in the contact area and, there¬ 

fore, to an increase in contact stresses and 

wear of the joint surfaces. When two joint 

surfaces are brought together, there is contact. 

The area of contact depends on the congru¬ 

ency of the mating surfaces, physical proper¬ 

ties of cartilage and supporting bone, and 

the forces that press the two surfaces together. 

The contact area increases as the two radii 

of curvature of the mating surfaces approach 

in magnitude, but are opposite in sign. (The 

radius of curvature of a tennis ball is equal 

to half the diameter of the ball and has a 

positive sign. The radius of curvature of a 

soup bowl right side up has a negative sign 

and is larger.) 

The area of contact also increases when 

either the contacting surfaces decrease in 

stiffness or the joint forces increase. Let us 

take the example of the hip joint. The femoral 

head and acetabulum are nearly spherical 

and have radii of curvature that are nearly 

equal in magnitude, but opposite in sign. 

Because the acetabulum radius is somewhat 

smaller than that of the femoral head, the 

acetabulum contact area is small at small 

loads and is located around the periphery 

(Fig. 8-3). However, when increased weight 

FIGURE 8-3 Contact area. The area of contact between 

two surfaces is dependent on the physical properties 

of the contacting surfaces, radii of the curvature of the 

contacting surfaces, and the external load carried by 

the joint. Acetabulum has a relatively small contact area 

at small loads and a larger contact area at larger loads. 

This design feature of the joint makes it possible to 

carry large loads with relatively small increases in the 

contact stresses in the cartilage. 

153 



CHAPTER 8 / JOINT FRICTION, WEAR, AND LUBRICATION 

is borne on the hip, the contact area rapidly 

increases and centralizes. 

CONTACT STRESS 

Definition. Contact stress is the stress in the 
contacting surface. 

Unit of Measurement. Pascal = Pa (pounds 

force per square inch = psi). 

Description. When the two joint surfaces are 

in contact and carry load, stresses are devel¬ 

oped in both the cartilage as well as the sub¬ 

chondral bone. The stresses are not only com- 

Small load Large load 

FIGURE 8-4 Contact stress. The hip joint is an interest¬ 

ing example of how the contact stresses are kept within 

reasonable limits even though the load rises signifi¬ 

cantly. The surface of the femoral head can be divided 

into three regions. There is a region of no contact. In 

the second region, situated around the periphery of the 

femoral head, the contact takes place at small loads. 

In the third region, the rest of the femoral surface, the 

contact takes place at large loads, for example, during 

stance phase. With such a design the contact stress in 

the cartilage remains within reasonable limits. 

pressive, as one would assume, but are also 

tensile and shear. 

The hip joint provides an interesting de¬ 

sign concept in that it tends to minimize the 

peak stress under full weight bearing. As men¬ 

tioned earlier, the diameter of the head is 

slightly larger than that of the acetabulum. The 

result is that the contact begins around the 

periphery. As the load is increased, the contact 

area on the femoral head extends towards the 

center (Fig. 8-4). With such a design the con¬ 

tact area increases with increasing load, thus 

keeping the contact stresses about constant. 

This is especially important when the load 

reaches its maximum value. At this instant the 

load is spread all the way to the periphery, 

thus reducing the peak stress in the central 

regions of the head. 

FRICTION 

Definition. Friction is the resistance to 

movement between two surfaces in contact. 

Description. On a cold winter day driving 

uphill on an icy road with summer tires, one 

easily realizes the value of friction. Greater fric¬ 

tion provides better traction between the 

wheels and the ground. The opposite is true 

in the case of human joints or their artificial 

replacements. Here friction is the major cause 

of wear in a joint and is thought to be a factor 

in the loosening of the acetabular cup in a 

total-hip prosthesis. 

Friction obeys certain laws that have been 

deduced from collective experience over the 

last few centuries. Frictional force between two 

contacting surfaces has been found to increase 

in direct proportion to the load on the surfaces. 

This is the basis for the definition of the coeffi¬ 

cient of friction, to be described subsequently. 

The frictional force seems to be independent 

of the size of the area of contact between the 

surfaces. In other words, we can reduce the 

contact pressure in a joint by increasing the 

area of contact, but it will not reduce the fric- 

154 



C H A P T € R 8 / JOINT FRICTION, WEAR, AND LUBRICATION 

tional force. Finally, in general, the frictional 

force does not depend on the speed of sliding. 

Coefficient of Friction 

Definition. Coefficient of friction is a ratio of 

the friction force necessary to initiate a sliding 

motion between two bodies and the normal 

compressive force between the bodies. It is 

FIGURE 8-5 Coefficient of friction is the ratio of the 

force needed to initiate sliding to the compressing force 

between the two bodies. A. A skater on ice has a low 

coefficient of friction. B. In contrast, a boulder on the 

road has a high coefficient of friction. C. Let N be the 

force compressing the two surfaces together and F be 

the sliding force necessary to initiate motion. The ratio 

of this force to the compression force N is the coefficient 

of friction. 

commonly represented by the Greek letter 

/x(mu). 

Unit of Measurement. It has no units of 

measurement, because it is a ratio of similar 

quantities. 

Description. A skater glides effortlessly on 

ice (Fig. 8-5A). The ratio of her effort (i.e., 

the friction or tangential force) to her body 

weight (the normal compressive force) is very 

small, thus this interbody action has a rather 

low coefficient of friction. A boulder sitting 

on the road, on the contrary, requires consider¬ 

able effort to move, denoting a high coefficient 

of friction between it and the road (Fig. 8-5B). 

Some typical values of the coefficient of 

friction, for four different pairs of contacting 

surfaces are as follows: 

Contacting Surfaces Coefficient of Friction 

Stone on ground 0.75 

Steel on ice 0.01 

Bearing with lubrication 0.01 

Animal ankle joint 0.005 

Explanatory Notes. The relationship be¬ 

tween the frictional force F and the normal 

force N between surfaces is given by: 

F = p X N 

where p is the coefficient of friction. The fric¬ 

tion force is always opposite to the motion 

between the two surfaces (Fig. 8-5C). 

WEAR 

Definition. Wear is the removal of surface 

material due to the sliding motion between 

two surfaces under load. 

Description. It is a common experience that 

the tires on a car wear and so do our shoe 

soles. This is so-called abrasive wear. A softer 

material slides on a harder material under load. 

The wear particles consist mostly of the softer 
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material. The same situation exists in artificial 

joints such as total-hip replacement. 

As with friction, wear is proportional to 

the load between the two surfaces, and is inde¬ 

pendent of the size of the area of contact. It 

is, however, directly related to the distance one 
surface travels over the other. 

Besides abrasive wear, there are also other 

kinds of mechanical wear. In adhesive wear, 

the asperities of one surface adhere to the other 

when the surfaces are loaded, and are sheared 

off as one surface glides over the other. 

Fatigue wear is present when the contact¬ 
ing surfaces are loaded cyclically as they slide 

on each other. The result is cyclically varying 

stresses on the surfaces, which may cause 

cracks and removal of a significant amount of 

material. This is the mechanism believed to be 
present in the human joints. 

Coefficient of Wear 

Definition. Coefficient of wear is the volume of 

wear material per unit load and sliding distance. 

Unit of Measurement. Cubic millimeter per 
newton millimeter = mm3/N • mm (cubic inch 

per poundforce inch = in3/lbf • in.). 

Description. The coefficient of wear is a mea¬ 

sure of the wear of the rubbing surfaces and 

characterizes their wearability. A chalk writing 

on a blackboard wears easily (Fig. 8-6). The 

amount of chalk dust produced in the process 

is dependent on the pressing force as well as 

the amount of writing. The chalk has high 

coefficient of wear. A hard lead pencil writing 

on a smooth paper, in contrast, has a relatively 
small coefficient of wear. 

Explanatory Notes. The coefficient of wear 
K is given mathematically as 

K = V/(F X L) 

where V is the volume of the material removed 

(in cubic millimeters), F is the contact force be¬ 

tween the surfaces (in newtons), and L is the dis¬ 

tance slid (in millimeters) of one surface against 

the other. Figure 8-6 illustrates the formula. 

FIGURE 8-6 Coefficient of wear is the volume of wear 

material per unit load and sliding distance. Writing on 

a blackboard wears the chalk. The volume of the chalk 

particles produced is directly proportional to the force 

applied (F) and the length of the writing (L). The constant 

of proportionality is the coefficient of wear K. 

VISCOSITY 

Definition. Viscosity is the property of mate¬ 
rial to resist shear load. 

Description. The viscosity of dairy cream is 
greater than that of milk, and the same is true 
of the automotive motor oil for summer use 

as compared to that for the winter. This viscous 
property is essential for providing lubrication 
between two loaded joint surfaces. The lubri¬ 
cant is sheared by the sliding action of one 
surface against the other. It was found experi¬ 
mentally that the friction in an animal joint 

increased dramatically when the synovial fluid 
was replaced by water. Water, of course, is 
much less viscous than synovial fluid. 

Coefficient of Viscosity 

Definition. Coefficient of viscosity is a mea¬ 
sure of viscosity of a fluid. It is the ratio of 
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shear stress to shear strain rate; or shear stress 

to velocity gradient of the fluid. It is commonly 

represented by the Greek letter 17 (eta). 

Units of Measurement. Newton seconds per 

square meter = Ns/m2 or pascal seconds = 

Pa s (poundforce seconds/per square inch = 

lbfs/in.2). Also, poise. 1 poise = 0.1 Ns/m2. 

Description. Although the term viscosity ap¬ 

plies equally to solids (ligament) and fluids 

(synovium), in this chapter we are interested 

in its application to fluids. A more viscous 

fluid has a higher coefficient of viscosity and 

vice versa. Two contrasting examples are water, 

which has a low coefficient of viscosity, and 

motor oil, which has a high one. Note that a 

more viscous fluid is not necessarily a heavier 

fluid; for example, oil, which has higher viscos¬ 

ity, generally floats over water, which has 

lower viscosity. 
The coefficient of viscosity may be con¬ 

stant or it may vary with the speed of shearing 

(shear strain rate or velocity gradient). Fluids 

that have constant viscosity coefficients are 

called newtonian fluids. Examples are water 

and glycerine (Fig. 8-7A). (Note that the scales 

in this diagram are logarithmic on both axes.) 

On the other hand, there are fluids that de¬ 

crease in viscosity at higher shearing rates. 

These are called thixotropic. Latex house paint 

is a good example. It is jelly-like to start with, 

exhibiting a high viscosity coefficient, but 

changes to a lower-viscosity fluid when it is 

stirred for a minute or so. Another example, 

and one of the most important ones, is synovial 

fluid. Its viscosity behavior is shown in Fig¬ 

ure 8-7A. 
The coefficient of viscosity of a fluid is 

measured experimentally in several different 

ways. In one method, the time for the fluid to 

flow through a given-size tube is taken as the 

measure of viscosity. However, in the most 

common method, a viscometer is used. The 

fluid is placed between two surfaces. One sur¬ 

face is moved with respect to the other. The 

drag on the stationary or moving surface is 

proportional to the viscosity of the fluid. 

Viscosity (poise) 

Velocity gradient (1/s) 

FIGURE 8-7 Coefficient of viscosity for fluids is the 

ratio of shearing stress to the velocity gradient. A. Be¬ 

havior of fluids is documented on a viscosity-velocity 

gradient diagram. Viscosities of water and glycerine 

remain constant, while that of the synovial fluid de¬ 

creases with increasing velocity gradient. The unit for 

viscosity is the poise. Water at 20°C has viscosity of 

1/100 poise. B. The velocity gradient is defined as the 

change in the velocity of the fluid with depth. Let two 

glass plates be separated by a fluid film of thickness 

D. If one plate moves with respect to the other with 

velocity V, then the velocity gradient is V/D. 

Explanatory Notes. Mathematically speak¬ 

ing, the coefficient of viscosity 17 is as follows: 

77 = shear stress/shear strain rate, or 

17 = shear stress/velocity gradient. 
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The former definition is generally used 

with viscous solids, for example, ligament, 

while the latter is used with fluids, such as 

synovium. In the above expressions the shear 

stress and strain, as defined in an earlier chap¬ 

ter, are the respective measures of the stress 

and strain produced in the fluid in the plane 

of motion. Velocity gradient is the variation 

of the fluid velocity with fluid depth. This is 

further explained by the following example. 

Take two glass plates with a fluid between 
them (Fig. 8-7B). If one plate is moved with 

respect to the other, a velocity gradient is cre¬ 

ated. Consider the fluid layer attached to the 

moving plate. It has velocity V, the same as 

the moving plate, while the fluid layer attached 

to the stationary plate is at rest. The in-between 

layers have intermediate velocities. If D is the 

distance between the plates, then V divided by 

D is the velocity gradient, assuming that the 
variation is linear. 

LUBRICANTS: NEWTONIAN, 
DILATANT, AND THIXOTROPIC 

Definition. A lubricant is an interposed sub¬ 

stance that separates the two contacting sur¬ 
faces of a joint. 

Description. When two surfaces are brought 

together to slide one against the other under 

load, there is frictional resistance to motion. 

This may result in energy loss and damage 

(wear) to the immediate contact layers of the 

joint surfaces. The function of a lubricant is 

to provide an intermediate layer of a material 

of low shear resistance to decrease the friction 

and surface damage. The single most impor¬ 

tant characteristic of the lubricant in this con¬ 

text is its viscosity. Although a lubricant may 

be either a fluid or a solid (such as the Teflon 

coat on a frying pan), we restrict our discussion 

to the former. The lubricating fluids have been 

divided into three types according to the varia¬ 

tion of their viscosity with the shear strain rate. 

We will recall that the shear rate (for simplicity, 

but more correctly the shear strain rate) is the 

same as the velocity gradient. The three fluid 

types: newtonian, dilatant, and thixotropic are 

depicted in a viscosity-velocity gradient dia¬ 
gram (Fig. 8-8). 

A newtonian fluid is one that has a con¬ 

stant viscosity with respect to the shear rate. 

A common example is water. 

A dilatant fluid has viscosity that in¬ 

creases with the shear rate. Silly Putty is an 

excellent example. When pulled slowly (low 

shear rate) it offers little resistance, indicating 

low viscosity. It is quite malleable (i.e., low 

viscosity) when pressed slowly (i.e., low shear 

rate) between fingers. However, it behaves like 

a hard rubber ball (i.e., high viscosity) when 

bounced (i.e., high shear rate) against a board. 

Thixotropic fluid behavior is opposite to 

that of dilatant fluid. Its viscosity decreases 

Viscosity (poise) 

FIGURE 8-8 Lubricants: newtonian, dilatant, and 

thixotropic. A lubricant is a substance that separates 

two contacting surfaces of a joint. Newtonian fluid has a 

viscosity that does not change with the velocity gradient, 

such as water. Thixotropic fluid, such as latex paint, 

has viscosity that decreases with the shear rate. Dilatant 

fluid, such as Silly Putty, has viscosity that increases 
with the shear rate. 
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with increasing shear rate. Latex paint is thick 

(i.e., high viscosity) in a newly opened can of 

paint. As the paint is mixed by stirring (i.e., 

increasing shear rate), it loses its consistency 

and becomes free floating (i.e., decreasing vis¬ 

cosity). Another excellent and important ex¬ 

ample, as previously indicated, is synovial 

fluid. 

JOINT LUBRICATION 

One of the most important characteristics of 

human and animal joint lubrication is its very 

low friction even when compared to modern 

man-made bearings. Several fascinating char¬ 

acteristics of human and animal joints have 

been observed experimentally: 

1. Surface-dried cartilage pressed against 

glass exuded fluid under pressure. 

2. The coefficient of friction decreased 

with increasing load as well as with increasing 

speed in a cartilage-glass model in fluid bath. 

3. The coefficient of friction for the carti¬ 

lage-cartilage model was found to be an order 

of magnitude lower than that of the cartilage- 

glass model. 
4. Synovial fluid lubricated better than 

saline in a cartilage-glass model. However, 

with hyaluronidase (digested synovial fluid) 

added, this advantage disappeared. This was 

not true for the cartilage-cartilage model. 

LUBRICATION MECHANISMS 

Definition. Lubrication mechanisms tend to 

decrease the frictional resistance between two 

sliding surfaces under load. 

Description. As the two surfaces of a joint 

are brought together under load, it is the high 

spots on the surfaces that carry the load. Be¬ 

cause of their smaller contact areas, the high 

spots are subjected to very high contact 

stresses, resulting in microadhesions. With ini¬ 

tiation of the sliding motion, the high spots 

may be sheared off, causing injury to the joint 

surfaces and producing a large amount of fric¬ 

tion and wear. 

With the introduction of a lubricant in 

the joint, the picture changes. Although the 

precise mechanism of joint lubrication is still 

controversial, it is safe to say that the lubricant 

film does at least two things. First, by separat¬ 

ing the two surfaces, however slightly, it de¬ 

creases the risk of surface adhesions and injury. 

Second, because of its much lower shear resis¬ 

tance compared to that of the joint surfaces 

themselves, it markedly reduces friction and 

wear. 

There are several proposed mechanisms 

of joint lubrication. Some of the more plausible 

ones are presented in the following sections. 

Hydrodynamic Lubrication 

Definition. Hydrodynamic lubrication is a 

mechanism that decreases the friction between 

two sliding surfaces by maintaining a fluid film 

between the surfaces due to the sliding motion. 

Description. Consider a circular metal shaft 

placed in a slightly larger hole in a metal block 

(Fig. 8-9A). If one were to press down on 

the shaft, then there would be metal-to-metal 

contact. If the two surfaces were lubricated 

before the load application, then the lubricant 

would be squeezed out with the load. A slight 

change, however, makes a big difference. By 

rotating the shaft in the presence of a lubricant 

at increasing speeds a lubricant film is created 

between the two metal surfaces that is not 

squeezed out with the load (Fig. 8-9B). The 

film, which is in the form of a wedge, actually 

lifts the shaft up and carries the load. Under 

the hydrodynamic lubrication, the thickness 

of the fluid film generated is on the order of 

2.5 jixm (2.5 millionths of a meter) or about 

0.01 thousandth of an inch. The greater the 

thickness of the film, the lower the friction in 

the joint. 

This phenomenon, in which a liquid film 

wedge is created because of the speed of sliding 

159 



CHAPTER 8 / JOINT FRICTION, WEAR, AND -LUBRICATION 

FIGURE 8-9 Hydrodynamic lubrication is a mechanism 

of lubrication by which two contacting surfaces are kept 

apart by the creation of a lubricating film in between, 

due to the sliding motion of one surface against the 

other. The metal bearings of an automotive engine 

(crankshaft) provide an example. A. When the shaft is 

stationary and carries an external load, the lubricant is 

squeezed out and there is direct contact between the 

shaft and its bearing. B. When the shaft starts rotating, 

the fluid is brought in, between the shaft and the bearing, 

creating a fluid wedge. This has the effect of lifting the 

shaft above the bearing and thus decreasing friction 
and wear. 

of the two surfaces, is appropriately called the 

hydrodynamic lubrication. Reynolds (1886) 

gave the first mathematical description of it. 

Although this lubrication mechanism quite 

satisfactorily explains the low friction in high¬ 

speed and highly loaded machinery, for exam¬ 

ple, the bearings of the automotive crankshaft, 
it cannot explain the lubrication of a body 

joint, which has too low a sliding velocity 

to generate any significant wedge of fluid 
film. 

Elastohydrodynamic Lubrication 

Definition. Elastohydrodynamic lubrication 

is a mechanism that decreases friction between 

two sliding surfaces by maintaining a fluid film 

between the surfaces due to both the sliding 

motion as well as the elastic deformation of 
the surfaces. 

Description. There are several instances in 

machinery where the loads are too high and 

the geometry of the bearing surfaces is far from 

ideal to produce a dynamic wedge of fluid film. 

An example is gear teeth in an automotive 

gear box, where both the surfaces are convex, 

making it difficult to produce a wedge film 

(Fig. 8-10A). However, the measured friction 

in the gear teeth is low. This is explained on 

the basis of a mechanism called elastohydrody¬ 

namic lubrication. The basic idea is that the 

high loads carried by the two convex surfaces 

deform the surfaces significantly on a micro¬ 

scopic scale to produce a geometry of the mat¬ 

ing surfaces suitable for the development of a 
fluid film (Fig. 8-10B). 

The cartilage can deform elastically under 

load and thus provides the potential for the 

elastohydrodynamic lubrication. However, the 

slow speed of the body joints excludes the dy¬ 

namic type of lubrication, including this one. 

Boundary Lubrication 

Definition. Boundary lubrication is a mech¬ 

anism by which the two surfaces are in direct 
contact with each other. 

Description. When two surfaces are brought 

close to each other, there is contact via the 

microboundaries or asperities on the surfaces 

(Fig. 8-11 A). An attempt to slide one surface 

over the other results in friction. To decrease 

the friction, the surfaces may be coated with 

a suitable lubricant that chemically binds to 

them. The purpose of the lubricant is to pro¬ 

vide an interposed layer of material between 

the two surfaces such that the shearing takes 

place in this layer and not in the surfaces them- 
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Two convex surfaces in contact 

FIGURE 8-10 Elastohydrodynamic lubrication is a 

mechanism by which friction between two contacting 

surfaces is decreased by the generation of a film wedge 

by elastic deformation of the surfaces and the sliding 

motion. Such a mechanism is necessary to explain the 

lubrication of convex contacting surfaces. A. Sliding 

motion alone is not capable of producing sufficiently 

thick fluid film to separate the two convex contacting 

surfaces. B. Local deformation of the surfaces together 

with the sliding motion produces a wedge of fluid film 

that is capable of carrying the load, in a manner similar 

to hydrodynamic lubrication. 

selves, thus protecting the surfaces and de¬ 

creasing the friction. 
In boundary lubrication, the frictional 

force is found to be independent of the sliding 

speed and directly proportional to the normal 

load. In other words, the coefficient of friction 

remains constant. This is in contrast to the 

fluid film type of lubrication, where it varies 

with the speed. 

An experiment was conducted in which 

a bone end, carrying a compressive load, was 

slid against a glass plate in the presence of 

either synovial fluid or water (Fig. 8-1 IB) 

(McCutchen et al., 1962; Walker et al. 1968). 

The frictional coefficient was found to be low 

to start with, but to increase with the sliding 

time. The increase in friction with time was 

B 

FIGURE 8-11 Boundary lubrication is a mechanism by 

which the two surfaces in direct contact with each other 

slide with minimum friction. A. Although the surfaces are 

in direct contact with each other there is an interposed, 

chemically bonded lubricant layer on each of the two 

surfaces. Because of the absence of a fluid film, the 

friction is found to be independent of the sliding speed. 

B. In an experiment, a bone end with cartilage was slid 

on a wet glass surface carrying a load. The friction 

force increased with sliding time. Temporarily lifting 

the sliding bone off the glass plate reduced the friction. 

These observations led to the weeping and boosted 

lubrication theories. 
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attributed to the decrease in the thickness of 

the fluid film, which allowed increasing direct 

contact between the cartilage surface and the 

glass. At any time the friction could be tempo¬ 

rarily decreased by lifting the cartilage from 

the glass plate for a few seconds. The interpre¬ 

tation of the decrease in friction by temporarily 

eliminating the cartilage-glass contact has led 

to two quite different theories, namely, weep¬ 

ing lubrication and boosted lubrication, de¬ 
scribed next. 

Weeping Lubrication 

Definition. Weeping lubrication is a mecha¬ 

nism by which the joint load is borne by hydro¬ 

static pressure of the synovial fluid escaping 
from the cartilage. 

Description. As none of the traditional theo¬ 

ries of lubrication, namely, the hydrodynamic 

and elastohydrodynamic theories, could ex¬ 

plain the lubrication of body joints that exhibit 

low friction even at very slow speeds, the search 

for other mechanisms was launched. McCut- 

chen (1959) proposed the theory of weeping 
lubrication. 

Because cartilage is permeable, synovial 

fluid can move in and out of it. Under the 

application of load, synovial fluid is released 

from cartilage. As the fluid is pushed into the 

joint cavity, it separates the two cartilage sur¬ 

faces because of its hydrostatic pressure and, 

thus, decreases the friction (Fig. 8-12A). The 

reverse happens when the joint is unloaded 

(Fig. 8-12B). This time the synovial fluid is 

sucked into the cartilage, thus completing the 

cycle. This squeeze-out/suck-in phenomenon 

provides a self-pressurizing and load-bearing 

mechanism that is not dependent on the speed 

of sliding. Thus it is a good theory to explain 

some of the experimental studies of animal 

joint lubrication. In other words, the observa¬ 

tion made by McCutchen et al. (1966) that the 

joint friction could be decreased by temporar¬ 

ily unloading the joint may be explained on 

the basis that the lubrication occurred as a 

Load 

No load 

B 

FIGURE 8-12 Weeping lubrication is a lubrication 

mechanism by which the load is carried by the synovial 

fluid squeezed out from the cartilage. A. As the load 

is applied the fluid under pressure escapes from the 

cartilage, thus providing a cushion between the two 

contacting surfaces, as shown by the fluid flow arrows 

under the load. B. As the joint is unloaded the reverse 

happens and the fluid is sucked into the cartilage. Such 

mechanism does not require sliding of one contact sur¬ 

face against the other for it to carry the load. 

result of fluid that was forced out of the carti¬ 
lage and into the joint. 

Boosted Lubrication 

Definition. Boosted lubrication is a mecha¬ 

nism by which synovial fluid is trapped within 
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the cartilage surface cavities, thus increasing 

the viscosity and load-bearing capacity of syno¬ 
vial fluid. 

Description. The experiment, cartilage rub¬ 

bing against a glass plate, originally performed 

by McCutchen et al. (1966), was reproduced 

by Walker et al. (1968) with basically similar 

findings. However, their explanation of the 

observed phenomenon was radically different 

from that of McCutchen and co-workers. 

It is theorized that with increasing load 

the flow of fluid is out of the cartilage toward 

the subchondral bone. Although articular car¬ 

tilage under load does weep, it is likely that 

the flow out on the surface of the cartilage 

occurs around the periphery, where the pres¬ 

sure is low, and not at the center of the contact 

area, where the pressure is high (Fig. 8-13). 

With this flow pattern it is theorized that large 

hyaluronate molecules are deposited on top of 

the cartilage surface as the fluid filters through 

the cartilage into the subchondral bone. Thus 

the pool of concentrated hyaluronate mole¬ 

cules, which have a relatively high viscosity, 

helps decrease friction and carry the joint loads 

(Radin and Paul, 1972). 

Squeeze Film 

Definition. Squeeze film is a mechanism by 

which the joint load is carried by the fluid 

pressure that develops in the time needed for 

the fluid to escape. 

Description. Imagine a sheet of plywood fall¬ 

ing flat onto the ground, just before it lands, 

we will find the dust particles escaping out at 

high speed from under the sheet. The dust is 

squeezed out because of the air pressure that 

is built up under the sheet as it approaches the 

ground. A very similar phenomenon, formally 

called squeeze film lubrication, has been postu¬ 

lated as a possible mechanism of lubrication 

in the joints (Fig. 8-14). 
The main characteristic that makes the 

squeeze film mechanism suitable for explain¬ 

Load 

Mo load 

B 

FIGURE 8-13 Boosted lubrication is a lubrication 

mechanism by which the synovial fluid is trapped within 

the cartilage surface cavities, thus increasing its viscos¬ 

ity and load-bearing capacity. A. As the load is applied, 

the fluid from the cartilage surface is squeezed in toward 

the subchondral bone at the contact point and is re¬ 

leased out from the cartilage of the surrounding un¬ 

loaded area, as shown by the fluid flow arrows. B. On 

unloading, the fluid flow reverses. 

ing joint lubrication is the lack of sliding as a 

prerequisite for carrying the joint load as is 

the case for hydrodynamic and similar types 

of lubrications. The load carried in the case of 

the squeeze film is in direct proportion to the 

area of the approaching surfaces and viscosity 

of the escaping fluid. However, this load carry¬ 

ing capacity is maintained only during the time 

163 



CHAPTER 8 / JOINT FRICTION, WEAR, AND,LUBRICATION 

Load 

FIGURE 8-14 Squeeze film lubrication is a lubrication 

mechanism by which the joint load is carried by the 

fluid pressure developed between the two surfaces, due 

to the relative movement of the approaching surfaces. 

In other words, as the two surfaces approach each other 

the fluid trapped between the cavities of the cartilage 

is squeezed out, thus creating a cushion and providing 

a load-bearing capacity for the joint. 

of approach. Once the surfaces touch, there is 

no longer squeeze film. Thus, this mechanism 

cannot explain the joint lubrication under nor¬ 

mal physiologic conditions. However, in situa¬ 

tions where a joint is suddenly loaded, such 

as with landing on the ground after a jump, 

the squeeze film mechanism may be responsi¬ 

ble for reducing the shock and injury to the car¬ 

tilage. 

New Theories 

Description. Although the weeping, boosted, 

and squeeze film theories provide explanations 

of some aspects of animal and human joint 

lubrication, they do not give a detailed descrip¬ 

tion of the actual interaction between the carti¬ 

lage and synovial fluid during joint motion 

under load. Backed by mathematical descrip¬ 

tion and experimental evidence, some recent 

work has come closest in describing the actual 

B 

Load 

FIGURE 8-15 New theories. A. When finger pressure 

is applied to a wet sponge, the water squeezes out, 

surrounding the finger. B. In addition, when the finger 

is moved along the sponge, there is additional water 

buildup ahead of the finger and water loss behind the 

finger. The motion transports the water from behind the 

finger to the front, as shown by the arrows. C. In a joint, 

the cartilage may be thought of as a wet sponge. Under 

the load, the synovial fluid is squeezed out from the 

two cartilage surfaces. However, when there is motion 

between the contacting surfaces, the synovial fluid is 

squeezed out of the cartilages into the joint ahead of 

the moving cartilage. The reverse happens on the trail¬ 

ing end of the contact. Here, the fluid is sucked into 

the cartilage. Thus there is a continuous motion of the 

synovial fluid from the joint into the cartilage and out 

again in synch with the motion. 
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fluid flow in the cartilage, an essential step 

toward understanding joint lubrication. 

Consider a sheet of sponge soaked with 

water. When we press a finger into it, we will 

find that the water exudes out from the region 

around the finger (Fig. 8-15A). Accompany¬ 

ing this wet region, surrounding the finger, is 

a drier region under the finger. In other words, 

while pressing the finger, the water is simply 

displaced from under it to its surroundings. 

By lifting the finger we will find that the water 

is reabsorbed by the sponge, thus restoring the 

original condition. 

Now let us add motion to the above ex¬ 

periment (Fig. 8-15B). We will find that the 

wet region, which is ahead of the finger mo¬ 

tion, is wetter, while the wet region that is 

behind the finger is now drier. In other words, 

the motion of the finger produces flow of the 

fluid from behind to in front of the finger. 

The reverse will happen if we reverse the direc¬ 

tion of motion. 

Mansour and Mow (1976) and Torzilli 

and Mow (1976) provided a mathematical de¬ 

scription of the above phenomenon as it ap¬ 

plies to the cartilage (Fig. 8-15C). As one 

cartilage-covered bone moves over another, 

the synovial fluid is squeezed out and pushed 

ahead of the moving contact area. At the same 

time, the synovial fluid is sucked in behind the 

contact area. Because the permeability of the 

cartilage is significantly reduced under load in 

the contact area, there is enhancement of the 

fluid film to carry the load. An overview of 

these ideas and later related research is pro¬ 

vided by Mow and Wang (1999). 

Although this theory provides an excel¬ 

lent description of the fluid movement within 

the cartilage, much needs to be accomplished 

to obtain a full understanding of the lubrica¬ 

tion of a joint in health and disease. 

SUMMARY 

The design and construction of human joints 

are major factors in our capacity for swift and 

prolonged mobility. Joints carry heavy loads 

and have slow rotational speeds and very low 

coefficients of friction. Diseases and injuries 

of the joints result in breakdown of the lubrica¬ 

tion mechanism, increased wear of the contact¬ 

ing surfaces, and deformity. 

The forces that develop in the joint in 

response to the external loads as well as the 

muscle forces are called joint reaction forces. 

These forces consist of a normal force that 

compresses the two contacting surfaces and 

a smaller friction force in response to joint 

motion. The joint contact areas increase/de- 

crease dynamically in response to the increase/ 

decrease in the joint forces. This mechanism 

attempts to maintain the cartilage stress within 

safe limits. Friction is an inherent quality of 

two surfaces sliding on each other. The amount 

of friction, that is, the resistance offered in 

response to motion, is quantified in the form 

of a coefficient of friction. It is defined as the 

ratio of friction force between the sliding sur¬ 

faces to the normal joint force. The coefficient 

of friction varies greatly from 0.75 for stone 

on ground (no lubrication) to 0.005 for animal 

joints (with lubrication). 

Wear is removal of surface material due 

to relative sliding of the two surfaces. The coef¬ 

ficient of wear is the volume of material re¬ 

moved per unit load and sliding distance. High 

wear rate is detrimental to the joint. Lubrica¬ 

tion helps decrease joint wear. Viscosity is a 

property of materials, such as a lubricant, to 

resist shear loads. Dairy cream has greater vis¬ 

cosity than milk. The coefficient of viscosity 

is the ratio of the shearing stress to shearing 

strain rate or velocity gradient. The coefficient 

of viscosity may be constant with the speed 

of sliding (newtonian fluids), it may decrease 

with increasing sliding (thixotropic fluids), or 

it may increase with increasing sliding velocity 

(dilatant fluids). Respective examples for these 

three fluid types are water, latex paint, and silly 

putty. The synovial fluid is a thixotropic fluid. 

Efficient joint lubrication is essential for 

providing low friction and minimum wear at 
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slow as well as fast sliding speeds, and under 

low as well as high joint loads. To explain the 

observed behavior of animal/human joints as 

well as those made by man, several mecha¬ 

nisms of lubrication have been proposed. Hy¬ 

drodynamic lubrication is proposed to explain 

the lubrication of man-made bearings in which 

the load is borne by a fluid film generated by 

the relative speed of the sliding surfaces. This 

is the mechanism in the bearings of a crank¬ 

shaft of a car engine, for example. Elastohydro- 

dynamic lubrication is a modified version. In 

this case the fluid film is generated not only 

by the sliding motion but also because of the 

elastic deformation of the meeting surfaces. 

This is the supposed mechanism when the con¬ 

tact surfaces are both convex, for example, 

in gear teeth in an automobile’s transmission. 

Boundary lubrication is a mechanism to ex¬ 

plain behavior of two surfaces that are coated 

with chemically bonded lubricants on their 

surfaces. The sliding takes place without a fluid 

film between the surfaces. Weeping lubrica¬ 

tion is a mechanism developed to explain the 

behavior of animal/human joints. Here the 

load is borne by hydrostatic pressure created by 

the synovial fluid escaping from the cartilage 

under load. Boosted lubrication is another the¬ 

ory to explain the joint lubrication mechanism. 

Here it is thought that the fluid is trapped 

within the surface cavities in the cartilage, re¬ 

sulting in increased viscosity and load-bearing 

capacity of the synovial fluid. Squeeze film 

is another lubrication mechanism developed 

especially to explain the behavior of animal/ 

human joints. According to this theory, when 

the load is applied, bringing the two joint sur¬ 

faces closer together, the fluid between the sur¬ 

faces escapes toward the sides, developing pres¬ 

sure between the surfaces in doing so. Such a 

mechanism does not require the two surfaces 

to be sliding against each other, in contrast to 

the hydrodynamic mechanisms. 

The above-described theories have not 

been successful in explaining all the various 

aspects of joint lubrication. Recently developed 

theories, which we have called “new theories,” 

are more successful in explaining joint lubrica¬ 

tion. In this concept, simply stated, as the con¬ 

tact point under load moves over the cartilage, 

a wet region develops ahead of the loading 

point, while a dry region develops behind. The 

wet and dry regions move together with the 

load. Reversal of the motion direction reverses 

the wet and dry regions as well. Presently, this 

mechanism seems to come closest to explain¬ 

ing the lubrication and load-bearing capacity 

of the living joint. 
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CHAPTER NINE 

Material Properties 

FIGURE 9-1 An overview of mechanical properties of some biologic and 

implant materials. 

Cars, airplanes, and space shuttles are con¬ 

structed from materials that are chosen 

and designed by people, while the human body 

consists of natural materials over which we 

have little direct control (Fig. 9-1). Failure in 

both types of materials occurs when the stresses 

in the structure exceed the strength of the ma¬ 

terial in that region. The failure could be 

avoided by either increasing the strength of 

the material or by decreasing the magnitude 

of the stresses. The situation is more complex 

in the case of implants anchored to the bone 
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within the body. Although the physical proper¬ 

ties of the implant materials are known and, 

to a lesser extent, the physical properties of 

the biologic tissues to which the implant is 

attached are known, we are less certain about 

the temporal changes in the physical properties 

of the bone due to the application of the im¬ 

plant. To optimize the “implant-biologic 

structure” system it is necessary for this type 

of information to be available. 

In this chapter, the mechanical properties 

of implant materials and biologic tissues are 

summarized. Table 9-1 provides a general 

comparison of tensile properties. It should be 

emphasized that in this chapter we are con¬ 

cerned with material properties and not struc¬ 

tural characteristics. For example, an inter- 

medullary rod (a structure) is made of a 

specific metal (a material), and the femur (a 

structure) is made of cortical and cancellous 

bones (materials). The structural behavior is 

determined by the material properties and the 

geometry of the structure. Examples of struc¬ 

tural characteristics are bending and torsional 

stiffnesses. From the reading of the chapter 

you will learn about the mechanical properties 

of cortical and cancellous bone, with anisot¬ 

ropy and inhomogeneity; soft tissues, includ¬ 

ing ligament, tendon, muscle, and articular 

cartilage, with their dependency on rate of 

loading; and person-made implant materials 

used for fracture fixation and bone and joint 

replacements. This chapter uses terms and 

concepts, such as stress and strength, that have 

been explained in earlier chapters. 

There is considerable variation in the me¬ 

chanical properties of biologic materials in 

contrast to those of the person-made materials. 

The mechanical properties vary according to 

structure or anatomic region (e.g., cortical 

bone from tibia and vertebra), direction (an¬ 

isotropy) (i.e., longitudinal vs. radial vs. cir¬ 

cumferential), age (young or old), and so forth. 

We have attempted to show these variations. 

However, there are additional variations intro¬ 

duced by different experimental techniques. 

The purpose of this chapter is to present repre¬ 

sentative values. Therefore, variations due to 

TABLE 9-1 An Overview of Some Tensile Properties 

Elastic Modulus (GPa) Stress (MPa) 

Failure 

Strain (%) 

Biological Tissues 

Cortical bone 10-20 100-200 1-3 
Cancellous bone O

 
1—

1 1 O
 

oo
 

10 5-7 
Cartilage 0.001-0.01 10-15 80-120 
Ligament 0.06-0.12 10-40 30-45 
Tendon 1.0 55 9-10 
Muscle (passive) 0.17 60 
Nerve roots 15 19 

Implant Materials 

UMWP 0.012 40 420-525 
PMMA 3.1 110 5 
Stainless 316L 200 480 40 
Cobalt chrome 250 655 8 
Titanium alloy (Ti—6AI—4V) 110 825 8 
Ceramic-AI oxide (Compression) 350 4000 0.5-1.0 
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the techniques and different researchers are 

not presented. A detailed bibliography is pro¬ 

vided at the end of the chapter for further 

study. 

Biologic materials are the materials of the 

musculoskeletal system. The biologic materials 

we are concerned with are those of the muscu¬ 

loskeletal system, specifically bone, ligaments, 

tendons, muscles, articular cartilage, and 

nerves. The physical properties of these materi¬ 

als are given to us, that is, we cannot change 

these properties, at least not yet to any greater 

extent. Thus, we must work with these materi¬ 

als, recognizing their strengths and weaknesses. 

In contrast, implant materials, such as metallic 

alloys, plastics, and ceramics, are made by peo¬ 

ple. Their physical properties can be tailored to 

a greater extent. Therefore, in most situations 

when an implant works closely with a biologic 

structure, the weak link is generally the biologic 

structure. The major cause of failure of the 

biologic structure is our lack of understanding 

of the behavior of the tissues involved under 

the altered conditions of stress and blood 

supply. 

BONE 

Definition. Bone is the hard and rigid tissue 

that is the main structural component of the 

adult skeleton. 

Description. Bone is a relatively hard mate¬ 

rial that is stiff, strong, tough, and resilient. 

Its primary function is that of load carrying. 

Because of its higher compressive (as com¬ 

pared to tensile) properties it is capable of 

carrying large compressive loads. In contrast, 

ligaments, tendons, and muscles carry only 

tensile loads. 

All bones have a hard, dense cortical 

(compact) shell and a less dense cancellous 

(spongy) inner component that contains mar¬ 

row. The different densities are reflected in the 

stress-strain curves of the bone materials (Fig. 

9-2). The bone surface is surrounded by peri- 

FIGURE 9-2 Bone material properties. The stress- 

strain curve, representing material properties, is a func¬ 

tion of bone density. (Adapted from Mow and Hayes: Ba¬ 

sic Orthopoedic Biomechanics, Raven Press, NY, 1991.) 

osteum, a membrane that provides a network 

of nerves and blood vessels. 

Bone is composed of about 30% organic 

material (of which 90 to 95% is collagen fibers 

and the rest is matrix), about 60% inorganic 

material, representing two thirds of the bone 

weight (dry) (chiefly hydroxyapatite crystals, a 

mineral containing calcium and phosphorus), 

and 10% water. The mineral content provides 

the stiffness while the fibrous content produces 

the toughness. Bone, being a good composite 

material, has greater strength than either of its 

two main components: the softer component 

prevents the stiff one from cracking, while the 

stiff component prevents the soft one from 

yielding. Bones have topographic characteris¬ 

tics. The thickness of the cortical shell dimin¬ 

ishes at the epiphysis (bone end), where it is 

replaced by cancellous bone. The epiphysis is 

broader and has a larger surface area, which 

provides stability and reduces stresses on the 

load-bearing surfaces. 

Bone is an inhomogenous material: its 

mechanical properties depend not only on its 

composition but also on its distribution within 

a structure. Bone is also anisotropic material: 

its mechanical properties are different in differ¬ 

ent directions. 
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The mechanical properties of bone are 

greatly dependent on the condition of the 

bone, which is related to the age, sex, and 

health of the individual. Bone is a viscoelastic 

material: its mechanical properties are time 

dependent. For example, a bone sample loaded 

at a higher loading rate is stiffer than when 

loaded slowly. Some of the important mechan¬ 

ical properties are the tensile (cortical bone) 

and compressive (cancellous bone) failure 

stress and strain, elastic modulus, Poisson ra¬ 

tio, and fatigue resistance. These are outlined 

below for the two main types of bone mate¬ 

rial—cortical and cancellous. 

CORTICAL BONE 

Definition. Cortical bone is the dense outer 

layer, or shell, of a bone. 

Description. Cortical bone is highly orga¬ 

nized, in response to the biomechanical needs 

of the structure which it constitutes, and there¬ 

fore, it is the most complex mineralized tissue. 

The various mechanical properties of cortical 

bone have been summarized in Table 9-2. 

The biomechanical behavior of living and fresh 

dead bone has been found to be very similar 

provided their moisture content is also similar 

(Evans, 1973). 

Moisture plays an important role in the 

mechanical properties of bone. Fresh cortical 

bone displays elastic behavior of up to approxi¬ 

mately 3% strain and then begins to deform 

plastically (Park, 1979; Dumbleton and Black, 

1975). The effects of dryness are increasesd 

modulus of elasticity, brittleness, hardness, and 

tensile strength; and reduced fracture strain, 

plastic flow, and toughness. The shear strength 

of bone in a direction perpendicular to the 

long axis and its energy-absorbing capacity are 

also decreased by drying. Therefore, it is im¬ 

portant that all bone testing be performed un¬ 

der suitable conditions of moisture. 

In general, the mechanical properties of 

cortical bone decrease with age. However, the 

rate of decrease is not the same for the various 

mechanical characteristics (Burstein et ah, 

1976). The modulus of elasticity for compres¬ 

sion and tension decrease by only about 4% 

from the second to the seventh decades. In the 

same period, the energy absorption to failure 

decreases by 33%, while decreases for ultimate 

stress and strain are, respectively, 8% and 26%. 

Thus, older bone is somewhat weaker, but 

more importantly it is relatively brittle and has 

a decreased capacity to absorb energy during 

trauma. Age-related changes in some bone 

properties are depicted in Figure 9-3. 

Bone material is strongest in compres¬ 

sion followed by tension and weakest in shear 

(Table 9-2A). Bone material is anisotropic, 

that is, its mechanical properties are different 

in different directions (Table 9-2B). It is het¬ 

erogenous, that is, the properties vary in differ¬ 

ent regions of a bone (Table 9-2C). For a given 

bone, the strength and modulus of elasticity 

are higher in the longitudinal direction than 

in the radial and circumferential directions 

(Evans, 1973; Pope and Outwater, 1974; Reilly 

and Burstein, 1974). The impact fracture 

strength is greater radially than circumferen¬ 

tially with respect to the long axis; while the 

shear strength is greater in the perpendicular 

rather than the parallel direction, again with 

respect to the long bone axis (Evans, 1973). 

Generally, the long bones are highly aniso¬ 

tropic at the mid-diaphysis compared to the 

epiphysis. Because of this specialization at mid- 

diaphysis, bone is stiffer and stronger at this 

location than at the epiphyseal region. 

The stress-strain (and load-deformation) 

characteristics of cortical bone are influenced 

by the duration of the applied load. Therefore, 

cortical bone, like other biologic materials, is 

viscoelastic. The stress-strain curves change 

with the strain rate (Fig. 9-4A). The ultimate 

strength and the modulus of elasticity increase 

with the strain rate (Fig. 9-4B). 

Although cortical bone demonstrates vis¬ 

coelastic properties it is primarily elastic, par¬ 

ticularly at low deformation rates. The modu- 

170 



CHAPTER 9 / MATERIAL PROPERTIES 

TABLE 9-2 Various Mechanical Properties of Cortical Bone 

A. Variation With Load Type 

Yield Failure 

Elastic Modulus 
(GPa) Stress (MPa) Strain (%) 

Stress 
(MPa) Strain (%) 

Poisson’s 
Ratio 

Compression 18.0 180.00 200.0 2.7 
Tension 17.0 120.0 140.0 3.4 
Shear 3.5 70.0 80.0 

B. Variation With Load Directions (Tensile Load) 

Elastic Modulus 
(GPa) 

Yield 

Stress (MPa) Strain (%) 
Stress 
(MPa) 

Failure 

Strain (%) 
Poisson’s 

Ratio 

Longitudinal 18.0 120.0 140.0 3.4 0.46 
Radial 11.0 51.0 0.58 
Circumferential 9.0 51.0 0.7 0.58 

C. Variation With Location (Tensile Load) 

Yield Failure 

Elastic Modulus 

(GPa) Stress (MPa) Strain (%) 
Stress 
(MPa) Strain (%) 

Poisson’s 
Ratio 

Diaphyseal 

Epiphysial 

20.0 

13.0 

230.0 

120.0 

D. Variation With Strain Rate (Compressive Load) 

Yield Failure 

Elastic Modulus Stress Poisson’s 
(GPa) Stress (MPa) Strain (%) (MPa) Strain (%) Ratio 

0.0001 18.0 180.0 1.9 

1.0 28.0 250.0 1.2 

1500.0 42.0 370.0 0.9 

lus of elasticity of cortical bone (about 20 GPa) 

is 5 to 10 times lower than that of metals 

(stainless steel, 200 GPa; titanium, 100 GPa), 

but higher than that of the cancellous bone 

(about 0.8 GPa). 

The tensile strength is an important fac¬ 

tor when bones are loaded in torsion. Although 

the resultant shearing stresses occur on planes 

parallel and perpendicular to the long axis, the 

tensile stresses are located on spiral planes at 

45° and are the main reason for spiral fractures. 

The compressive strength is more, about 

150%, and the shearing strength is less, about 

50% of the tensile strength (Evans and Lebow, 

1950). Cortical bone has a significant capacity 

to absorb energy and therefore is not very brit¬ 

tle. Fractures do not readily occur even after 

the yield stress value is reached. The amount 

of plastic deformation is an important parame¬ 

ter in determining the amount of energy ab¬ 

sorption. The ratio of plastic to elastic defor¬ 

mation in bone is approximately 3.5 (Burstein 

et al., 1972). 

The fatigue strength of cortical bone has 

been determined, although the tests do not 

simulate the in vivo situation of bone healing 
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Yield stress (MPa) Elastic modulus (GPa) 

Age (years) 

FIGURE 9-3 Age-related changes of cortical bone. 

Modulus of elasticity and yield stress decrease with 

age. (Adapted from Burstein et al., Aging of Bone Tissue: 

Mechanical Properties. J Bone Joint Surg (AM) 58:82- 

86, 1976.) 

and adaptation. However, in vitro fatigue fail¬ 

ure testing of bone material is of interest and 

provides important information, as the in vivo 

loads are mostly cyclic. The compact human 

bone specimens when cycled to a stress of 34.5 

MPa failed at about 1 to 2 million load cycles 

(Evans, 1973). Extensive fatigue tests on sam¬ 

ples of bovine compact adult bone with stresses 

varying from 65 to 108 MPa revealed interest¬ 

ing findings (Carter, 1976). The number of 

cycles to failure was found to be negatively 

related to stress amplitude as well as to test 

temperature. Thus, at 21°C, the fatigue lives 

at 65 MPa and 108 MPa were 790,000 and 

60,900 cycles (Fig. 9-5). The fatigue fracture 

patterns were dependent on the bone type, 

that is, primary compact bone or secondary 

haversian bone. The fatigue life was found to 

be dependent on bone density. A 6% increase 

in bone density resulted in a 300% increase in 

fatigue life. This is certainly a dramatic positive 

adaptive phenomenon. The runner who re¬ 

peatedly loads her bones is somewhat pro¬ 

tected from fatigue failure by increased bone 

density, which occurs through the biological 

mechanism of Wolff’s law. This adaptive phe¬ 

nomenon is sometime disequilibrated and the 

unfortunate clinical problem of a fatigue or 

“stress” fracture occurs. 

Explanatory Note. For a more precise de¬ 

scription of fatigue life and its dependence on 

density and temperature, a linear regression 

fit to the extensive experimental data is pro¬ 

vided by the following equation: 

log cycles = —7.837 (log stress) — 0.0213 

(temperature) + 4.463 (density) + 12.043 

Failure stress (MPa) Elastic modulus (GPa) 

Strain rate (1/s) 
B 

FIGURE 9-4 Strain rate sensitivity of cortical bone. 

A. The stress-strain curves become steeper with in¬ 

creasing strain rate. B. The elastic modulus and strength 

(failure stress) increase with increasing strain rate. 

(Adapted from Wright and Hayes, Tensile Testing of 

Bone over a Wide Range of Strain Rates: Med Biol Eng 

Comput 14:671-680.) 
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Stress amplitude(MPa) 

FIGURE 9-5 Fatigue behavior of cortical bone. The 

number of cycles to failure increases with decreasing 

amplitude of cyclic load. A cooler bone lasts longer 

than a warmer bone. (Adapted from Carter and Hayes, 

Bone Compression Strength: The Influence of Density 

and Strain Rate. Science 194(4270): 1174-1176.) 

where stress, temperature, and density are 

measured in the units of MPa, °C, and g/ 

cm3, respectively. 

CANCELLOUS BONE 

Definition. Cancellous bone is the porous, 

spongy bone found inside the shell of compact 

cortical bone. 

Description. Cancellous bone is found in rel¬ 

atively greater quantity at the epiphyseal com¬ 

pared to the diaphyseal region of a long bone. 

It is continuous with the inner surface of the 

cortical shell. Its density is approximately 5 to 

50% of the density of cortical bone. The func¬ 

tions of trabeculae in cancellous bone are (1) to 

uniformly distribute the large contact stresses 

at the articular surfaces; (2) to provide a transi¬ 

tion of the direction of forces (e.g., between the 

neck and shaft of the femur); and (3) to absorb 

dynamic loads (e.g., in the vertebral body). 

Internal fixation strength and fracture 

stability are dependent partially on the me¬ 

chanical properties of cancellous bone in the 

upper femoral region and vertebral body. Fail¬ 

ure of cancellous bone at the femoral neck 

and intertrochanteric region, which precedes 

failure of internal fixation devices, suggests that 

bone as a material is the limiting factor. An¬ 

other application in which knowledge of the 

properties of trabecular bone is important is 

the optimization of the location of the tibial 

weight-bearing areas for the prosthetic tibial 

component (Goldstein et al., 1983). Pedicle 

screw fixation into the pedicles of a vertebra are 

also dependent on the quality of the cancellous 

bone (Halvorson, 1994). 

The mechanical properties of cancellous 

bone have been studied with less thoroughness 

than those of cortical bone. The major me¬ 

chanical properties, including failure strength 

(failure stress) and modulus of elasticity, are 

summarized in Table 9-3. The cancellous bone 

compressive strength is proportional to the 

square of the apparent density, while the elastic 

modulus is proportional to the cube of the 

apparent density (Carter, 1977). Thus, the 

doubling of apparent density of 0.31 g/cm3 

results in the compressive strength increase 

from about 6 to 25 MPa, while the elastic 

modulus increased from 0.1 GPa to 0.8 GPa 

(Table 9-3A). Another interesting finding is 

that cancellous bone with bone marrow intact 

is significantly stronger and absorbs larger 

amount of energy before failure as compared 

to the defatted samples. 

Trabecular bone is an anisotropic mate¬ 

rial. Femoral cancellous bone has a higher 

shearing strength and modulus of elasticity in 

the perpendicular direction than in the axial 

direction; the compressive strain, modulus of 

elasticity, energy absorbed to failure, and den¬ 

sity are greatest in the mediolateral direction 

(Evans, 1973). 

The compression and tensile strengths of 

cancellous bone are important clinical parame¬ 

ters. Knowledge of these properties is needed 

in the design of internal prostheses and skeletal 

fixation devices. Mechanical properties are 

needed for normal bone and for bones affected 
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TABLE 9-3 Various Mechanical Properties of 

Cancellous Bone 

A. Variation With Density (Strain Rate = 
Compressive Load) 

1.0/s, 

Apparent 
Density Failure Stress Elastic 
(g/cm3) (MPa) Modulus (GPa) 

0.3 6.1 0.10 

0.6 24.5 0.80 

B. Variation With Direction of Loading (Density = 
0.3 g/cm3; Strain Rate = 1.0/s, Compressive Load) 

Failure Stress 
(MPa) 

Compression 6.1 

Tension 6.1 

Shear 3.0 

C. Variation With Loading Rate (Density = 
Compressive Load) 

0.3 g/cm3, 

Strain Rate Failure Stress Elastic Modulus 
(1.0/s) (MPa) (GPa) 

0.001 4.0 0.07 

0.1 5.3 0.09 

10.0 7.0 0.12 

D. Variation With Age (Compressive Load) 

Age 
(Years) 

Failure Stress 
(MPa) 

14-19 7.5 

40-49 4.0 

80-89 1.5 

by diseases such as osteoporosis. Some studies 

have found the tensile and compressive prop¬ 

erties of cancellous bone to be about equal 

(Carter, 1977), while others have determined 

the compressive strength to be about twice as 

great as the tensile strength (Kaplan, 1985). 

Shear strength of the cancellous bone is an¬ 

other important mechanical property, espe¬ 

cially for anchoring of total hip prostheses in 

the femur (Stone, 1983) and pedicle screws in 

the vertebrae (Halvorson, 1994). The values for 

these three strengths are given in Table 9-3B. 

Mechanical properties of cancellous 

bone, like those of cortical bone, are dependent 

on the speed of loading (Table 9-3C). The 

latter is generally represented by the strain rate, 

that is, deformation divided by the original 

length per second. Results for compression 

strength and modulus of elasticity as a function 

of the strain rate are presented in Table 9-3C. 

A strain rate of 0.001 is equivalent to slow 

walking, while a rate of 0.1 is that experienced 

while running (Lanyon, 1975). In traumatic 

situations, however, bone may experience 

strain rates of 1.0 or higher. 

The bone-mineral content as well as the 

strength of cancellous bone decreases with age 

(Hansson, 1980; Weaver and Chalmers, 1966; 

Lindahl, 1976). Most of the fractures suffered 

in advanced age occur at regions where trabec¬ 

ular bone is concentrated, such as the vertebral 

bodies, proximal ends of the femur and hu¬ 

merus, and distal end of the radius, and are 

attributed to the decrease in mineral content 

and alteration in the trabecular architecture, 

as in the clinical condition of osteoporosis. 

Explanatory Note. Most of the data pre¬ 

sented in Table 9-3 may be summarized by 

a set of simple mathematical expressions, 

presented below. Compression (C) and tensile 

(T) strengths (MPa) are given by a single 

equation: 

Sc,t = 69.0 X (strain rate)006 

X (apparent density)20 

while the shear (S) strength is given by 

Ss = 21.6 X (apparent density)1-65 

where the apparent density is measured in g/ 

cm3. A similar equation for the compressive 

modulus of elasticity, expressed in GPa, is 

E = 3.79 X (strain rate)006 

X (apparent density)3 

Note that the elastic modulus is related to the 

apparent density to the third power. Thus, a 

20% decrease in density results in a 50% de¬ 

crease in the elastic modulus. 

Finally, the strength of the cancellous 

bone is affected by age (Table 9-3D), by means 

of the decrease in apparent density or bone 
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mineral content. The compressive strength Sc 

(in MPa) is linearly related to age: 

Sc = 5.5 — 0.04 X A 

where A is the age in years. 

BONE ADAPTATION, OR 
WOLFF’S LAW 

A fundamental feature of bone, both cortical 

and cancellous, is that it is in a continuous 

state of remodelling. It is well documented that 

this remodelling, or adaptation, is in response 

to the mechanical environment of the bone. 

This characteristic of bone behavior has been 

termed “Wolffs law,” although there contin¬ 

ues to be substantial research into the mecha¬ 

nisms involved. The basic idea is that the cellu¬ 

lar activity responds to a mechanical stimulus, 

with bone resorption or deposition as a result. 

Further, it is hypothesized, based upon a com¬ 

puter model, that the osteocytes located within 

the bone sense the mechanical signals and me¬ 

diate osteoclasts and osteoblasts in their vicin¬ 

ity to accordingly adapt the bone mass (Mul- 

lender, 1995). However, the precise stimulus 

remains unknown. 

CARTILAGE 

Definition. Cartilage is a specialized connec¬ 

tive tissue with a high collagen content, but 

no mineral content. 

Description. In early fetal life, the greater 

part of the skeleton is cartilaginous, but even¬ 

tually most of the cartilage is replaced by bone. 

Unlike bone, cartilage is a “soft” rather than 

a “hard” tissue. It contains no blood vessels 

and hence it has limited healing capacity. Con¬ 

sequently, cartilage degradation due to disease 

or trauma tends to be irreversible. Cartilage 

material can be classified into three types de¬ 

pending on differences in structure (e.g., orien¬ 

tation of fibers), composition (relative propor¬ 

tion of constituent materials), and function 

(dependent on location) (Fung, 1981): 

1. Articular, or hyaline, cartilage (from 

the Greek hyalos, meaning glass) is located at 

the articulating ends of long bones and is an 

essential soft tissue associated with normal 

joint motion. 

2. White fibrocartilage (containing 

much collagen) is found in vertebral end- 

plates, articular discs (e.g., knee meniscus), and 

lining of bony grooves that lodge tendons. The 

function of vertebral end-plates is to form a 

transition zone between the relatively resilient 

intervertebral disc and harder cancellous bone 

of the vertebral body. 

3. Yellow elastic fibrocartilage contains 

a rich elastin network. It is found in the exter¬ 

nal ears, larynx, and epiglottis. Only the articu¬ 

lar, or hyaline, cartilage is described here. 

The articular cartilage (AC) of synovial 

joints has three main functions: 

1. To provide an efficient lubrication 

mechanism that permits articulation with low 

friction (coefficient of friction = 0.01; in com¬ 

parison, the coefficient of friction in engineer¬ 

ing bearings is on the order of 0.05). 

2. To serve as a shock absorber to im¬ 

pact loads. 

3. To act as a load-bearing surface in 

normal function. 

In the two most important diseases of 

joints—osteoarthritis and rheumatoid arthri¬ 

tis—the ACs at the ends of the bones are 

eroded and roughened. Defects in the AC sur¬ 

face are replaced by fibrocartilage, which pos¬ 

sesses much inferior articulating properties. 

Articular cartilage, which overlies a con¬ 

densed layer of subchondral bone, has a thick¬ 

ness of approximately 1 to 4 mm and possesses 

inhomogenous viscoelastic and directional 

(anisotropic) properties, which are related to 

the orientation of the collagen fibers (Woo et 

al., 1976). Near the surface, the fibers are paral¬ 

lel to the articular surface, while in the middle 

175 



CHAPTER 9 / MATERIAL PROPERTIES 

zone they have a more random distribution 

with a tendency to be perpendicular to the sur¬ 

face in the deep layer (Mow, 1989). The fiber 

diameter and distance between adjacent fibers 

increase with depth from the articular surface 

(Woo et ah, 1976; Kempson et ah, 1973). 

The AC experiences compressive stresses 

normal to the articular surface and tensile 

stresses parallel to it. Hence, the compressive 

and tensile mechanical properties together 

with the response to dynamic cyclic loading are 

the characteristics important to understanding 

the load-carrying capacities of AC. 

Compressive Loading 

The behavior of AC under compression can 

be studied using a confined compression test. 

In this test, a compressive load is applied to 

the cartilage through a porous filter that allows 

water to flow upward but does not allow lateral 

water flow or solid expansion. 

In a creep experiment, using confined 

compression design, the applied load results 

in an initial deformation due to fluid exudation 

from the solid matrix. The time course of the 

creep deformation is dependent on the carti¬ 

lage thickness, permeability, and inherent stiff¬ 

ness. The time constant for this relationship 

is approximately 1500 seconds for normal AC 

and 430 seconds for osteoarthritic AC. This 

implies that large deformations occur relatively 

quickly in arthritic cartilage in contrast to nor¬ 

mal cartilage. 

Tensile Loading 

The varying orientation of collagen fibers with 

depth implies that the tensile properties of AC 

are different at different depths from the sur¬ 

face (Kempson et al., 1973) (Table 9-4A). At 

the surface layer the tensile stiffness is greater 

in a direction parallel rather than perpendicu¬ 

lar to the principal fiber orientation. The paral¬ 

lel to perpendicular stiffness ratio varies from 

5 at the upper layers to 1 at deeper layers. 

TABLE 9-4 Some Mechanical Properties of Cartilage 

A. Tensile Strength: Variation With Depth 

Failure Stress 
(MPa) 

Failure Strain 

(%) 

Surface 12.0 60 
Middle 15.0 80 
Deep 12.0 90 

B. Tensile Fatigue Failure Properties 

B1. Variation With Stress (Age: 50 Years) 

Stress 
(MPa) 

Number of 
Cycles 

(Millions) 
Failure Life 

(Years) 

2.0 554.0 227.0 
4.0 45.0 22.5 
6.0 3.6 1.8 

B2. Variation With Age (Stress: 2 MPa) 

Age 
(Years) 

Number of 
Cycles 

(Millions) 
Failure Life 

(Years) 

30 6,856.0 3,428.0 
60 157.0 78.5 
90 3.6 1.8 

The surface layer tensile modulus (slope of the 

stress-strain curve) is much greater than that 

of the deeper layers (where the alignment of 

fibers is more random) (Fig. 9-6). The tensile 

strengths, however, are not significantly differ¬ 

ent (Woo, 1976). The average value of failure 

stress is about 10 to 15 MPa, quite similar to 

the strength of cancellous bone. The collagen 

is the most important tissue in the tensile be¬ 

havior of the AC. High-collagen regions have 

a greater tensile modulus, and the Poisson’s 

ratio has been found to be about 0.45 (Ranu, 
1967; Kempson, 1973). 

Cyclic Loading and 
Fatigue Strength 

In dynamic activities high loads (5 to 7 times 
body weight at the hip joint during the stance 

phase of walking) are applied and released. 

The high load is applied in a relatively short 

period of time (0.6 second). Maximum stress 
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FIGURE 9-6 Cartilage under tension. The articular cartilage may be divided 

into three zones—surface, middle, and deep—each with a distinct distribution 

of fibers as shown. The material is stiffer (steeper stress-strain curve) in the 

surface zone than in the deep zone, indicating better organization of the fibers 

in the surface zone. (Adapted from Mow et al., Biomechanics of Articular Carti¬ 

lage: In Nordin et al., (eds) Basic Biomechanics of the Locomotor System, pp 

31-58. Philadelphia: Lea and Febiger, 1989.) 

in cartilage for such loads has been estimated 

in in vitro experiments to be more than 5 MPa 

(Day 1975). 

On the assumption that high compressive 

loads in vivo produce high tensile stresses in the 

cartilage, tests have been conducted to study 

relationships between the magnitude of the 

cyclic tensile stress applied to isolated speci¬ 

mens of cartilage, the age of the specimen, and 

the number of cycles to failure (Weightman, 

1976) (Table 9-4B). Results indicate that in 

a 50-year-old person cartilage damage could 

occur with a stress of 4 MPa in a relatively 

short period of 45 million cycles, or 22.5 years, 

assuming 2 million cycles per year (Table 9- 

4B1). Fatigue properties of AC decrease with 

age, such that the fatigue failure is postulated as 

a possible mechanism of osteoarthritic disease. 

Again using the data given in Table 9-4B2, 

for a person with stress of only 2 MPa, we find 

that the cartilage will fail within 1.8 years for 

the 90-year-old, while it will survive a life time 

for both 60- and 30-year-olds. Obviously, if 

the stress is significantly increased by obesity, 

then the threshold for failure is greatly lowered. 

So even cartilagenously speaking there is good 

reason to keep our weight down. 

Explanatory Note. Fatigue life under tensile 

load is dependent on age of the specimen. 

This relation may be described mathematically 

(Weightman, 1976): 

S = 23.0 - 0.1 X A - 1.83 log10 N, or 

N = icf23-0 - s ~ ai x avt83 

where S is stress in MPa, A is age in years, and 

N is number of load cycles to failure. These two 

relationships were used to obtain the values in 

Table 9-4B. 

LIGAMENT 

Definition. Ligament is a fibrous band of soft 

tissue joining two bones of a joint. 

Description. The biomechanical functions 

of ligaments are (1) to resist external load, 
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(2) to guide relative movements of the two 

bones, and (3) to control the maximum 

range of joint motion. The motion patterns 

(e.g., locations of centers of rotation during 

the physiologic motion) are functions not 

only of the shape and physical characteristics 

of the articulating surfaces, but also of the 

ligament stiffness, and location and orienta¬ 

tion with respect to the articulating bones. 

A joint is “sprained” or forced beyond its 

normal range of movement by overstretching 

(subfailure injury) or tearing (complete in¬ 

jury) of one or more ligaments. The ligaments 

are known to have mechanoreceptors, and 

are thought to play an important role in the 

neuromuscular control of a joint. 

In determining the mechanical proper¬ 

ties of ligaments, the tissue condition and test 

methods are particularly important (e.g., tem¬ 

perature, moisture content, strain rate, and 

previous loading history influence the tensile 

properties). Another concern is the “normal¬ 

ization” of the structural properties (e.g., 

force-elongation curves) to the material prop¬ 

erties (e.g., stress-strain curves) by means 

of geometric parameters. A constant cross- 

sectional area is usually assumed for a speci¬ 

men undergoing tensile testing, but a liga¬ 

ment’s cross-sectional area, even during the 

unstressed state, is difficult to measure. Never¬ 

theless, the structural properties do give some 

indication of the material properties. 

The tensile properties (e.g., stiffness, fail¬ 

ure strength, viscoelastic behavior, age-related 

dependence, and adaptation) are the most rele¬ 

vant physical properties of ligaments. The liga¬ 

ments buckle under compression and do not 

provide any support. Therefore, only tensile 

properties are of importance. 

Tensile tests on human knee ligaments 

reveal the failure strengths of the anterior cru¬ 

ciate and tibial collateral ligaments to be simi¬ 

lar but considerably less than that of the poste¬ 

rior cruciate ligament (Noyes and Grood, 

TABLE 9-5 Tensile Properties of Ligaments 

A. Knee Ligaments  

 Failure Load (N) 

Anterior cruciate 650 

Posterior cruciate 1070 

Tibial collateral 680 

B. Variation With Age (Anterior Cruciate) 

Age 
(Years) 

Area 
(mm2) 

Stiffness 
(kN/m) 

Elastic Modulus 
(MPa) 

Failure Stress 
(MPa) 

Failure Strain 

(%) 

16-26 44.0 180.0 110.0 38.0 44.0 
48-86 58.0 130.0 65.0 13.0 30.0 

C. Spinal Ligaments 

Elastic Modulus Failure Load Failure Stress Failure Strain 
Ligament (MPa) (N) (MPa) (%) 

Anterior longitudinal 24.9 510.0 10.6 57.0 
Posterior longitudinal 61.6 384.0 20.8 44.0 
Ligamentum flavum 104.0 340.0 15.2 21.0 
Capsular 

Interspinous 36.3 150.0 8.7 39.0 
Supraspinous 36.3 150.0 8.7 39.0 
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1976; Kennedy et al., 1976) (Table 9-5A). This 

may be clinically relevant, as the tibial collateral 

ligament is more frequently disrupted than the 

anterior cruciate; the posterior cruciate is 

rarely ruptured. The strain to failure loading 

is in the range of 20% to 40%. The knee liga¬ 

ments (anterior cruciate) from young adults 

are considerably stronger (3 times) than those 

from older adults (over 60 years) (Table 9-5B). 

The same is true for the elastic modulus (1.7 

times), and failure strain (1.5 times). 

Some of the failure properties of the spinal 

ligaments of the lumbar region (Chazal, 1985) 

are given in Table 9-5C. The ligamentum fla- 

vum is the strongest spinal ligament, although 

posterior longitudinal ligament is the stiffest, as 

shown by the load-displacement curves of the 

lumbar spine ligaments (Panjabi 1984) (Fig. 9- 

7). The most flexible ligaments are the interspi- 

nous and supraspinous ligaments. This is rather 

neat. The stability-providing force generated in 

each ligament will be about the same when the 

spine is flexed. This is so because the stiffness 

values have an inverse relationship to their dis¬ 

tance from the center of rotation. For example, 

ligamentum flavum is the stiffest and one of the 

closest ligaments to the center of rotation. In 

contrast, the supraspinous ligament is most 

flexible, and also the farthest from the center 

of rotation. Spinal ligament studies indicate a 

significant decrease in strength with age for 

both degenerated and nondegenerated lumbar 

longitudinal ligaments (Tkaczuk, 1969). For 

ligament flavum there is a fivefold decrease in 

the elastic modulus (100 to 20 MPa) and failure 

stress (10 to 2 MPa) from 30 to 70 years of age 

(Nachemson and Evans, 1969). 

All ligaments display viscoelastic proper¬ 

ties, absorbing more energy and requiring 

more force to rupture as the loading rate is 

increased. An example is the ultimate failure 

strength of the tibial collateral ligament: 477 

N at a loading rate of 12.5 cm/min and 678 

N at 50 cm/min (Kennedy et al., 1976). This 

is supported by the studies of strain rate sensi¬ 

tivity and failure patterns of the anterior cruci- 

Load (N) 

FIGURE 9-7 Ligament mechanical properties. Load- 

deformation curves of some spinal ligaments exemplify 

the functionality of the ligaments. For example, the pos¬ 

terior longitudinal ligament (PLL), being closer to 

flexion/extension center of rotation, as compared to the 

supraspinous ligament (SSL), is relatively stiffen In 

other words, the stiffness is inversely proportional to 

the stretching that a ligament may undergo during physi¬ 

ologic motions. ALL = anterior longitudinal ligament; 

LF = ligamentum flavum; ISL = interspinous ligament. 

(Adapted from Panjabi, et al, Lumbar Spine Ligaments: 

An in vitro Biomechanical Study. Presented at the Inter¬ 

national Society for the Study of the Lumbar Spine, 
Montreal, June 3-7, 1984.) 

ate ligament (Noyes et al., 1974). The strength 

was found to decrease to 79% at the slow load¬ 

ing rate (60 seconds to failure) as compared 

to the fast loading rate (0.6 seconds to failure). 

Additionally, the failure patterns were also dif¬ 

ferent: bone avulsion at the slow rate and liga¬ 

ment failure at the fast rate. 

TENDON 

Definition. Tendon is a strong, fibrous chord 

of soft tissue that is attached to muscle and 

transmits force to bone. 

Description. The strength and other me¬ 

chanical properties of tendon, as with other 

tissues, are determined by the proportion and 
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TABLE 9-6 Tensile Strength of Tendon 

Failure Stress Failure Strain 
(MPa) (%) 

Calcaneus 5.6 9.9 

Flexor hallucis longus 6.7 9.4 

Extensor pollis longus 6.2 9.9 

orientation of the collagen fibers. Tendon has 

about 75% collagen fibers oriented longitudi¬ 

nally in parallel bundles. Tendon is a highly 

anisotropic material, possessing great strength 

in the direction parallel to the fiber axis. 

Tendons contain blood vessels and are 

able to heal after injury. The sensory nerves in 

tendons can transmit a reflex “stretch” sensa¬ 

tion, initiating a reflex muscle contraction as, 

for example, in the familiar “knee-jerk” re¬ 

action. 

The ultimate tensile strength of tendons 

of the muscles of the lower limb was found to 

average 89 MPa and to fail at an 8% increase in 

initial length (Benedict et ah, 1969). The 

strength was found to be greater in adult 

(30.4 MPa) than in fetal (27.4 MPa) tendons 

(Blanton and Biggs, 1970), when tendons 

from upper as well as lower extremities were 

examined. There is increased ultimate tensile 

strength of adult tendons associated with exten¬ 

sor as compared to flexor muscles but no differ¬ 

ence between those associated with upper or 

lower limbs (Table 9-6). The tendon strength, 

like virtually all musculoskeletal tissues, de¬ 

creases with age: at age 80 years it is only 80% 

of that at age 30 years (Yamada, 1970). 

MUSCLE 

Definition. Muscle is an active soft tissue. 

Contraction of the muscle results in useful 

work: producing joint motion by the applica¬ 

tion of forces to articulating bones. 

Description. Muscle is the most abundant 

tissue in the body, accounting for 40% of the 

body weight. “Whole” muscle is composed of 

fibers that are supported and bound together 

by connective tissue and are well-supplied with 

blood vessels and nerves. There are three types 

of muscle: skeletal (striated), cardiac (striated), 

and smooth (nonstriated). 

Skeletal muscle is the flesh or lean meat. 

The “stripes” are transverse bands perpendicu¬ 

lar to the fibers approximately 0.001 mm wide 

produced by the regular alternation of the actin 

and myosin components of actomyosin. 

Tension (%) 

Velocity of shortening (cm/s) 

FIGURE 9-8 Muscle mechanics. A. The passive mus¬ 

cle resists stretching beyond its resting length (100%). 

The active muscle develops maximum force at approxi¬ 

mately the resting length. B. The force generated by 

a muscle also depends on the velocity of shortening. 

(Adapted from Ottoson, Physiology of the Nervous Sys¬ 
tem, The Macmillan Press Ltd., 1983.) 
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The passive load-deflection behavior and 

active (contractile) stretch characteristics of 

muscle are the essential mechanical properties. 

Figure 9-8A shows the maximum force 

that an excited (active) muscle can exert at 

various lengths in live preparations and the 

load-deflection characteristics of nonexcited 

passive muscle (Ottoson, 1983). Notice that 

the maximum force in the muscle develops at 

approximately the length it assumes in the 

body at rest (100%). It is seen that the muscle 

develops only 50% of the maximum force 

when its length is shortened to 85% of the 

resting length. Also notice the passive curve 

at the bottom of Figure 9-10A. This is the 

load-deflection curve. For example, the aver¬ 

age failure stress and strain of rectus abdominis 

muscle are about 0.11 MPa and 61%, respec¬ 

tively (Yamada, 1970) (Table 9-7A). The 

strength and failure strain are also functions 

of age (Table 9-7B). 

The muscle force developed depends 

upon its length and its velocity of contraction. 

The three parameters of force, length, and ve¬ 

locity are interrelated. Figure 9-8B shows the 

velocity-force relationship. Small force is de¬ 

veloped at high velocity and large force at 

low velocity. 

TABLE 9-7 Tensile Strength of Muscles 

A. Strength of Different Muscles 

Failure Stress Failure Strain 
(MPa) (%) 

Rectus abdominis 0.11 61.0 

Trapezius 0.16 60.0 

Biceps brachii 0.17 60.0 

Gastrocnemius 0.10 95.0 

B. Variation With Age (Rectus Abdominis) 

Age 
(Years) 

Failure Stress 
(MPa) 

Failure Strain 

(%) 

10-19 0.19 65.0 

40-49 0.11 61.0 

70-79 0.09 58.0 

As one would expect, the force developed 

is different in different muscles depending on 

their size. The maximum force intensity devel¬ 

oped in human muscle has been estimated to 

be in the range of 10 to 40 N/cm2 (Ikai and 

Fukunaga, 1968) when the cross section is 

measured at the resting length. 

NERVE 

Definition. Nerve is a fiber or fiber bundle 

that carries electrical impulses of sensation or 

movement between the brain or spinal cord 

and all parts of the body, including the muscu¬ 

loskeletal system. 

Description. The network of nerves, spinal 

cord, and brain form the nervous system. The 

spinal cord and nerve roots undergo consider¬ 

able length changes (5 to 7 cm) during normal 

physiologic movements of the body, without 

any adverse effects (Brieg, 1960). However, 

with pathologic changes in the surrounding 

structures, there may be abnormal mechanical 

loading on the nervous tissues. These loadings 

maybe compressive, as in nerve root compres¬ 

sion or carpal tunnel syndrome, or tensile 

(Brieg, 1978). The pathological loading may 

be chronic or traumatic. For a better under¬ 

standing of these mechanical-neural interac¬ 

tions, biomechanical knowledge of the nervous 

tissue is essential. 

The stress-strain characteristics of spinal 

nerve roots were first investigated by Sunder¬ 

land and Bradley (1961) using anterior and 

posterior spinal roots of the third sacral nerve 

of adult subjects. Results are presented in Table 

9-8. Although the two nerves are of equal 

cross-sectional area, their strenghts are differ¬ 

ent. The biomechanical properties of the spinal 

cord were studied by Brieg (1960). Just by 

holding the isolated spinal cord from one end, 

it elongated by 10% from its own weight. 

When subjected to a tensile load it ruptured 

at about 25 N. 
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TABLE 9-8 Stress-Strain Characteristics of Nerve Roots (Third Sacral, Fresh Human) 

Area (mm2) Maximum Load (N) Maximum Stress (MPa) Maximum Strain (%) 

Anterior 1.2 9.6 12.3 15.1 
Posterior 1.2 14.8 15.5 18.8 

Implant materials are the materials de¬ 

signed for implantation in the body. Implant 

materials of interest for the musculoskeletal 

system can be categorized into three main 

classes: (1) metals, (2) polymers, and (3) ce¬ 

ramics. Metals, polymers, and ceramics have 

widely different physical and chemical proper¬ 

ties, each with particular distinguishing char¬ 

acteristic and limitation. A useful relative com¬ 

parison of selected mechanical properties of 

these materials is provided in Table 9-9 

(Dumbleton and Black, 1975). There are al¬ 

ways exceptions to the above generalizations; 

for example, properties such as creep rate, co¬ 

efficient of friction, and fatigue strength also 

influence the choice of implant materials. On 

the other hand, new research developments 

attempt to broaden the range of physical prop¬ 

erties of all materials, especially ceramics, so 

that boundaries are not as distinct any more. 

Consider the example of total joint re¬ 

placements, which should demonstrate the fol¬ 

lowing characteristics for their successful use 

in the human body: (1) they must be strong 

enough to withstand the in vivo loads applied 

to them; (2) they should be resilient enough 

to transfer loads to the supporting bone in a 

natural manner, without causing stress con¬ 

centrations; (3) they must have bearing sur¬ 

faces of low friction and wear; and (4) any 

corrosion products and wear debris must be 

tolerated by the body. Since, at present, no 

single material can satisfy these requirements, 

different materials and their combinations are 

utilized to produce the optimal total joint re¬ 

placements, e.g., the Kinematic Condylar Knee 

is a metal-on-plastic implant with the femoral 

and tibial components manufactured from a 

cobalt-chrome alloy and ultra-high-molecu- 

lar-weight polyethylene (UHMWPE), respec¬ 

tively; both components are surgically fixed to 

the host bone with an acrylic bone cement 

(polymethylmethacrylate or PMMA). 

As mentioned above, corrosion is a prob¬ 

lem specific to metal implants. Therefore, be¬ 

fore we describe and discuss the various metal 

implants, a short description of corrosion 
terms and concepts is necessary. 

TABLE 9-9 Comparison of Some Material Properties of Metals, 
Polymers, and Ceramics 

Property 

Elastic modulus (tension) 

Yield stress 

Failure stress (tension) 

Failure stress (compression) 

Failure deformation 

Flardness 

Resistance to biodegradation 

Material 

Metals Polymers Ceramics 

Medium Low High 

High Medium Low 

High Medium Low 

Medium Low High 

Medium High Low 

Medium Low High 

Medium Low High 

182 



CHAPTER 9 / 'MATERIAL PROPERTIES 

METALS AND ALLOYS 

Definition. A metal is a naturally occurring 

mineral element capable of conducting elec¬ 

tricity. An alloy is a composite material com¬ 

bining one or more metallic or nonmetallic 

elements; for example, steel is an alloy of iron, 

carbon, and other elements. 

Description. Metallic materials are widely 

used in orthopaedic devices for fracture fixa¬ 

tion and joint replacements because of their 

high stiffness and strength. Some of the quali¬ 

ties relevant for such applications are as 

follows: 

1. High tensile and compressive yield 

points and large elastic ranges. This allows con¬ 

siderable load bearing without permanent de¬ 

formation, during activities of daily living. 

2. Beyond the yield point there is suffi¬ 

cient plastic deformation to absorb large quan¬ 

tities of traumatic energy, without failure 

(breakage), and to keep the fragments together. 

3. Metals are easily fabricated by the dif¬ 

ferent existing techniques of casting, forging, 

and machining. 

4. Metals provide good resistance to a 

variety of in vivo and in vitro environments. 

Metals and alloys also have some disad¬ 

vantages. They are liable to corrode at high- 

stress regions such as the screw-plate interface 

of internal fracture fixation devices (Williams 

and Roaf, 1973), and to produce high friction 

and wear when metal-on-metal combinations 

are used as bearing surfaces (Swanson and 

Freeman, 1977). 

Although pure metals provide many of 

the necessary combinations of properties, 

alloys are often better because they can be 

tailor-made, and they are widely used in gen¬ 

eral engineering and for manufacturing im¬ 

plants. 

In conclusion, then, the suitability of a 

metal or alloy as an orthopaedic implant mate¬ 

rial depends on the following properties: good 

corrosion resistance, nontoxicity and tissue 

tolerance, appropriate mechanical properties, 

abrasion and wear resistance, and reasonable 
cost. 

There are three groups of metals and 

metal alloys that are used extensively in ortho¬ 

paedics: stainless steels, cobalt-based alloys, 

and titanium and its alloys. These are described 

in greater detail below. 

STAINLESS STEEL 

Definition. Stainless steel is an alloy of iron 

with the addition of chromium, nickel, and 

several other elements. 

Description. Numerous types of stainless- 

steel alloys are available, and their properties 

depend on the combination and proportion 

of the alloyed elements as well as the methods 

of manufacture. Table 9-10 lists some ex¬ 

amples. 

The 18-8 alloy (18% chromium, 8% 

nickel) was the first stainless-steel implant ma¬ 

terial (currently classified as 302). It is easily 

cast or forged for general fabrication into de¬ 

vices. It was a common material in the past, 

but has been replaced by the 316L alloy (ASTM 

F138). The 316L has added molybdenum, lead¬ 

ing, to improved corrosion resistance. The 

process of vacuum melting (VM), remelting 

the basic alloy once or twice in vacuum, further 

purifies the alloy without significantly chang¬ 

ing its composition. The extra-low carbon steel 

316-LVM (containing 64% iron, 17% to 19% 

chromium, 13% to 15.5% nickel, and 2% to 

3% molybdenum, which greatly contributes 

toward corrosion and pitting resistance) is 

an optimum high-strength-high-corrosion- 

resistant steel for orthopaedic implant use. 

Generally, forged or machined stainless 

steel is used in fracture-fixation devices, while 

the cast alloy is used in total joint replacements 

having complex shapes (Dumbleton and 

Black, 1975). 
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TABLE 9-10 Metals and Polymers 

Elastic Modulus Yield Stress Failure Stress 
(GPa) (MPa) (MPa) 

Failure Strain 

(%) 

Metals 

Stainless steel—316L 

Cast3 200 205 480 30 

Wrought (annealedb) 200 205 515 40 

Cold Worked 200 690 860 12 

Co-Cr-Mo 

Cast0 210 450 655 8 

Wrought11 30 240 900 50 

Cold workedd 250 1586 1800 8 

Titanium 

Pure, Grade le 105 170 240 24 

Ti-6AI-4Vf 105 795 860 10 

Polymers 

Ultra-molecular weight pollyethylene 

(UMWP) 0.012 40 450 

Ultra-high molecular weight 

polyethylene (UHMWPE) 2.2 27 200-250 

Polymethylmethacrylate (PMMA) 3.1 no 5 

a ASTM F745. 
b ASTM F138, 1/2-inch diameter bar. 
c ASTM F75. 
d ASTM F562. 
e ASTM F67. 
'ASTM F136. 

COBALT-BASED ALLOYS 

Definition. Cobalt-based alloys are com¬ 

posed of cobalt, chromium, molybdenum, and 
other elements. 

Description. Cobalt-based alloys combine a 

useful balance of mechanical and in vivo envi¬ 

ronmental properties. There are two alloys 

generally used to manufacture implants (with 

a variety of trade/commercial names): cast 

cobalt-chromium-molybdenum alloy, and 

wrought cobalt-chromium alloy (Co-Ni-Cr- 

Mo), known as MP35N. Table 9-10 summa¬ 

rizes their mechanical properties. 

The relatively high strength of cobalt- 

based alloys is due to the cobalt, which is a 

hard, strong metallic element. The molybde¬ 

num provides greater strength to the finer- 

grained structure. The carbides increase the 

strength to some extent; on the other hand, 

an excess of carbides may make the structure 

more brittle. Generally, the mechanical prop¬ 

erties—particularly the high elastic modulus 

and restricted ductility—are similar to those 

of heavily cold-worked 316 stainless steel. Fur¬ 

thermore, the alloys possess high corrosion 

resistance, and their high abrasion resistance 

is conducive to good bearing properties. 

The implant properties of corrosion re¬ 

sistance and in vivo compatibility of MP35N 

are similar to those of the cast alloys, although 

the mechanical properties differ. The ranges 
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of strength and ductilities of “vitallium” make 

it very versatile as an orthopaedic implant ma¬ 

terial; it also has the highest elastic modulus 

of all the currently available metallic implant 
materials. 

TITANIUM AND ITS ALLOYS 

Definitions. Commercially “pure” titanium 

can consist of up to 99% titanium together 

with nonmetallic impurities; the most com¬ 

mon titanium alloy in orthopaedic use con¬ 

tains aluminum and vanadium as its chief 
composites. 

Description. In considering titanium alloys 

for implants the following material proper¬ 

ties are significant: (1) corrosion resistance, 

(2) density, (3) elastic modulus, and (4) wear 

resistance. 

Pure titanium provides excellent corro¬ 

sion resistance; but since titanium alloys are 

equally corrosion resistant and possess supe¬ 

rior mechanical properties they are preferred 

in surgical implants. Titanium is a very light 

metal (the relative densities of titanium, stain¬ 

less steel, and cast cobalt-chrome are 4.5, 7.9, 

and 9.3, respectively), having a density of about 

half that of stainless steel and cobalt-based 

alloys, which can be considered an advantage, 

particularly for large components. Mechanical 

properties of pure titanium and the most com¬ 

mon titanium alloy, titanium-aluminum 6- 

vanadium 4 (Ti-6A1-4V), are provided in Ta¬ 

ble 9-10. 

The main disadvantage of pure titanium 

is its low strength. Moreover, titanium alloys 

have poor wear resistance when in sliding con¬ 

tact with itself or another material. However, 

the elastic moduli of titanium and its alloys 

(100 GPa) are closer to that of cortical bone 

(20 GPa) than are the elastic moduli of other 

implant alloys (approximately 200 GPa), and 

this may provide an advantage in joint replace¬ 

ment. Since the stiffnesses of implants are 

partly determined by their elastic moduli (and 

partly by their cross-sectional geometry), the 

titanium alloy-cortical bone combination may 

promote optimal load-sharing in vivo. 

Fabrication of titanium is generally more 

difficult than stainless steel and, therefore, the 

costs are somewhat higher. The most common 

orthopaedic titanium alloy, Ti-6A1-4V, is 

used in fracture fixation devices, such as jewett 

nails and intermedullary rods, and in joint 

replacements. An effort is underway in the 

development of alternative alloys to achieve a 

lower modulus than the Ti-6AL-4V alloy. 

POLYMERS AND “PLASTICS” 

Definition. Polymers (poly = many, mer = 

unit) are long-chain molecules containing 

strong internal chemical bonds, while the mol¬ 

ecules are weakly bonded into materials by 

hydrogen and similar types of bonds. 

Description. The simplest example of poly¬ 

mers—but itself not a simple material—is 

polyethylene (CH2 = CH2)n, which is derived 

from ethylene (CH2 = CH2), where n indicates 

the number of repeat units (Park, 1979). In 

strong solids n has a value greater than 10,000, 

giving rise to giant molecules of high molecular 

weight (HMW) and ultra-high molecular 

weight (UHMW). Another example is the 

Teflon, or polytetra-fluoroethylene, coating of 

domestic frying pans. It is the resultant mate¬ 

rial when the hydrogen (H) atoms of polyethyl¬ 

ene are replaced by fluorine (F). 

There are four major applications of 

polymers as orthopaedic materials (Dumble- 

ton and Black, 1975): 

1. Load-bearing surfaces. A metal-on- 

polymer implant produces lower friction, gall¬ 

ing, and fretting than metal-on-metal combi¬ 

nations. It should be noted, however, that the 

mechanical properties of polymers prevent 

their use in highly stressed situations because 

the polymers have low yield stress and their 

viscoelastic properties suggest creep behavior. 
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2. Acrylic bone cements for fixation of 

joint implants to the bone. 

3. Space-filling or dynamic low-load¬ 

bearing implants, such as silicone rubbers. 

4. Resorbable materials, which degrade 

as healing progresses. 

Below we describe only the polyethylene 

and polymethylmethacrylate (PMMA). 

POLYETHYLENE PLASTIC 

Definition. Polyethylene is a thermoplastic 

polymer of ethylene (a thermoplastic is a mate¬ 

rial based on an organic polymer which softens 

with increasing temperature). 

Description. Polyethylene can be made in 

many forms from the monomer and ethylene, 

depending on the molecular weight and crys¬ 

tallinity, with subsequent different mechani¬ 

cal properties. Ultra-high-molecular-weight 

polyethylene (UHMWPE)—defined as hav¬ 

ing a molecular weight greater than 1.75 mil¬ 

lion g/mol—is the most widely used bearing- 

surface polymer in joint implants (Walker, 

1977). UHMWPE has also been used as a pros¬ 

thetic cruciate ligament (Chen and Black, 1980; 

Grood and Noyes, 1976; Scharling, 1981). Re¬ 

sults (postoperative failure rates of greater than 

10%) suggest UHMWPE possesses inadequate 

yield, creep, and fatigue properties for this ap¬ 

plication. 

The mechanical properties (e.g., creep 

rate and abrasion resistance of polyethylene) 

improve with increasing density and molecu¬ 

lar weight up to the value of about 2 million 

g/mol and then remain approximately con¬ 

stant. The density range is 0.93 to 0.96 g/cm3. 

Polyethylene is a weak material despite its ad¬ 

vantages of low wear rates and coefficients of 

friction for bearing surfaces. It has a poor fa¬ 

tigue strength and cracks can occur after a 

relatively brief period of cyclic loading (Con¬ 

nelly et ah, 1984). The mechanical properties 

of polyethylene and other plastics are summa¬ 

rized in Table 9-10. 

Two methods have been suggested to im¬ 

prove the properties of UHMWPE for ortho¬ 

paedic implant use: carbon fiber reinforcement 

(Roe et ah, 1981) and radiation sterilization 

(Bradley and Hastings, 1980). A multiaxial car¬ 

bon fiber epoxy composite has demonstrated 

promise as an internal fracture plate, having 

a bending stiffness of approximately one third 

that of a similar stainless-steel device—an ad¬ 

vantage for transferring physiologic loads to 

the bone—and a bending strength in excess 

of that for similar metal plates. However, the 

carbon-fiber reinforced UHMWPE is not rec¬ 

ommended for joint replacement prostheses 

because of the very high wear rate, approxi¬ 

mately 3 times that of unreinforced polyethyl¬ 

ene. The effect of radiation sterilization on 

UHMWPE is an increase in the degree of crys¬ 

tallinity, resulting in increased tensile proper¬ 

ties, higher stiffness, and reduced ductility. 

Polyethylene has been used successfully 

in the acetabular component of hip joints re¬ 

placements. UHMWPE has shown large creep 

deformations in tibial plateaus and shorter life¬ 

spans in knee implants. This is possibly due 

to the higher and more complex loading in¬ 

volved in knee dynamics. 

ACRYLIC BONE CEMENTS 

Definition. A bone cement is a plastic poly¬ 

mer that acts as a space filler or anchoring 

material for the surgical fixation of (joint) im¬ 

plants to bone. 

Description. The most widely used ortho¬ 

paedic cement is polymethylmethacrylate 

(PMMA), also known as acrylic bone cement 

because of its acrylic properties. PMMA is also 

the main constituent of industrial Plexiglas and 

of dental cement, where it had its original ap¬ 

plication. It was introduced in its self-curing 

form to orthopaedic surgery by Charnley in 

the 1950’s (Charnley, 1970). 

The main function of the bone cement 

is to transfer load from the prosthesis to the 
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bone as uniformly as possible. If the imposed 

stresses are higher than the strength of the 

cement, the cement will fracture and cause 

implant failure. The loosening at the bone- 

cement interface accounts for 6 to 10% of all 

total hip failures. Another equally important 

use of PMMA is in the treatment of vertebral 

fractures in osteoporotic patients. The meth¬ 

odology is called vertebroplasty (Barr et al., 

2000, Deramond, 1998). PMMA is introduced 

into the collapsed vertebral body by an injec¬ 

tion via the pedicles. The vertebra is stabilized 

and the patient’s back pain is relieved. 

Mechanically, acrylic plastics are strong 

but brittle (Robinson et al., 1981). They have 

high tensile moduli and high tensile and bend¬ 

ing strengths in comparison with other ther¬ 

moplastics. Generally they portray linear visco¬ 

elasticity and their tensile creep properties are 

good. The disadvantages of acrylic is its low 

ductility: only 5% elongation before fracture 

compared to 100% or more for other thermo¬ 

plastics (Saha and Pal, 1984b). 

Acrylic bone cement is available in the 

forms of the methyl methacrylate polymer and 

liquid monomer (ethylene), which are hand- 

mixed during surgery. Surgical PMMA is self- 

polymerizing and exothermic (heat produc¬ 

ing) during curing. A variety of mechanical 

tests and properties are used to compare ce¬ 

ments (Weber and Bargar, 1983; Bargar et al., 

1983), although it is difficult to compare in 

vitro tests of mechanical strength to in vivo 

failure modes. Among these are compressive, 

tensile, and bending strengths, fracture tough¬ 

ness, modulus of elasticity, and viscosity. Some 

of the physical properties of the PMMA are 

summarized in Table 9-9. 

The viscosity of the PMMA affects the 

profusion of the cement into the cancellous 

bone. Lower viscosity will produce greater 

interdigitation. The term “false apparent vis¬ 

cosity” is used to denote the assumption that 

bone cement behaves as a newtonian fluid. 

A false apparent viscosity of bone cement of 

less than 100 Ns/m2 can increase the bond 

for an in vitro total hip femoral component 

by 200% to 300%. The variation of false 

apparent viscosity with time shows significant 

differences between the three cements. To 

illustrate this variation, we may compare the 

time needed to achieve a viscosity of, say, 

100 Ns/m2. These are found to be 3, 4, 

and 5 minutes, respectively, for the Simplex, 

Zimmer, and Zimmer-LVC implants. The 

surgeon’s choice of a cement would depend 

on the individual case/patient; for example, 

if large quantities of cement are required for 

fixation of a particular implant, a cement 

with a lower polymerization rate would allow 

a greater time before solidification and would 

help reduce tissue necrosis. 

For application of PMMA bone cement 

in joint replacement, there are two material 

interfaces that need to be considered for 

implantation by cement fixation: the im¬ 

plant-bone cement and bone-bone cement 

interfaces. It is difficult for PMMA-type ce¬ 

ments to adhere to polyethylene surfaces. 

Hence, implantation of polyethylene compo¬ 

nents would need to depend on the mechani¬ 

cal interlocking of component, cement, and 

bone for fixation (Dumbleton and Black, 

1975) . However, the different elastic moduli 

for cement and UHMWPE predispose the 

interface between them to failure. Instead, 

the fixation stem of the “plastic” component 

of implants is often made of metal or housed 

in a metal tray as, for example, the Kinematic 

Condylar Knee-tibial component (Walker, 

1977). 

Since bone cement is weaker than bone 

and metal (the tensile strength of cement, 

compact bone, and metal are in the ratios 

of 1:10:100 to 200), the cements have been 

reinforced with metal (wire) (Saha and Pal, 

1984a) or carbon (fibers) (Saha and Pal, 

1983) to improve the mechanical properties. 

Conversely, the addition of antibiotics de¬ 

creases the strength (Lautenshlager et al., 

1976) . 

187 



CHAPTER 9 / MATERIAL PROPERTIES 

CERAMICS 

Definition. Ceramics are inorganic materials 

that may contain metallic (e.g., aluminum ox¬ 

ide) or nonmetallic (e.g., Zircorna) elements. 

Description. The raw materials used in ce¬ 

ramics include oxides, silicates, carbonates, ni¬ 

trates, phosphates, chromates, fluorides, and 

other naturally occurring substances. Clay, the 

oldest ceramic raw material, is the basis of the 

pottery industry. Ceramics are poor conduc¬ 

tors of electricity and heat. They have relatively 

higher melting temperatures, on average, than 

metals and polymers. They are subjected to 

elevated temperatures of 540°C (1000°F) or 

above during their processing and manu¬ 

facture. 

Orthopaedic ceramics, in general, have 

poor tensile and impact loading properties, 

but are being given greater consideration as 

implant materials because of their inertness 

to body fluids—their low chemical reactivity 

causes low tissue reaction—and because of 

their high compressive strength. 

Plaster of Paris—used traditionally as an 

external splinting material—is a ceramic that 

is made of a naturally occurring mineral, cal¬ 

cium sulfate. Alumina (aluminum oxide), a 

strong ceramic obtainable in pure form, is the 

chief constituent of ceramic for partial bone 

replacement (e.g., in spine and forearm). In 

more recent applications, alumina has found 

use as a ceramic vertebral spacer; an artificial 

tibial bone; and a knee joint consisting of alu¬ 

mina ceramic, high-density polyethylene, and 

sapphire (also a ceramic); and an alumina pel¬ 

vis replacement is fixed using sapphire screws 

and, initially, bone cement. Both alumina and 

zircorna have been used recently as the femoral 

head component in total hip arthroplasty. 

Well this is the end. Thanks for your inter¬ 

est. We hope this has been helpful. Like most 

knowledge that which is most used is that which 

is best remembered and best understood. A gener¬ 

ous revisit with the definitions and examples 

when relevant to your studies or applied activities 

will substantially increase familiarity and com¬ 

fort with the key biomechanica l principles offered 

in this book. Good luck and be well. 
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Note: Page numbers in italics refer to illustrations; page numbers followed by t refer to tables. 

A 

Absolute motion, 18 

Acceleration, lit 

angular, 28-30, 29 

linear, 27-28, 28 

Acrylic bone cement, 184t, 186-187 

Addition, vector, 9, 10, 12 

Alumina, 188 

Amplitude, 134-136, 135 

average, 135, 135 

peak, 135, 135 

peak-to-peak, 135, 135 

root-mean-square, 135-136, 135, 146 

transfer function of, 148-149, 148 

Angle, lit 

Angular acceleration, 28-30, 29 

Angular deceleration, 30 

Angular impulse, 38 

Angular momentum, 37-38, 37 

Anisotropy, 88,89 

Ankylosing spondylitis, 126-127, 126 

Anterior cruciate ligament, load-deformation curve of, 

94-95, 95 

stretching of, 81, 81 

tension test on, 92, 92 

Area, lit 

centroid of, 111-112, 112 

Area moment of inertia, 113-114, 113 

Articular cartilage, 175-177, 175t 

compressive loading of, 176 

cyclic loading of, 176-177, 176t 

tensile loading of, 176, 176t, 177 

zones of, 176, 177 

Automobile, linear acceleration of, 27-28, 28 

velocity of, 26, 27 

Average amplitude, 135, 135 

Axial stiffness, 123-124, 123 

Axial stiffness coefficient, 123-124, 123 

Axis, neutral, 112-113, 112 

Axis of rotation, 20-21, 20 

B 

Bending moment, 47, 48, 49-51, 50 

Bending moment diagram, 106-107, 107 

Bending stiffness, 126-127, 126 

Bending stiffness coefficient, 126-127, 126 

Bicycle, inertia of, 36 

Blood pressure, 45-47, 46 

Boat, orientation of, 8, 8 

rotation of, 17, 17 

translation of, 16, 17 

Bone, adaptation of, 175 

age-related changes in, 170, 172, 174-175, 174t 

anisotropic nature of, 170, 1711 

cancellous, mechanical properties of, 173-175, 174t 

compression strength of, 170, 171t, 174-175, 174t 

cortical, mechanical properties of, 170-173, 1711, 

172, 173 

fatigue strength of, 171-173, 173 

heterogenous nature of, 170, 171t 

mechanical properties of, 169-170, 169 

modulus of elasticity of, 170-171, 17It, 174, 174t 

shear strength of, 174, 174t 

stress-strain curves for, 170, 172 

tensile strength of, 171, 173-174, 174t 

Wolff’s law of, 175 

Book, helical axis of motion of, 23, 24 

Boosted lubrication, 162-163, 163 

Boundary lubrication, 160-162, 161 

Bow, three-pint bending load on, 108, 108 

Brittleness, 84, 84 

Bulk modulus, 78 

C 

Cantilever bending load, 107, 107, 126, 127 

Cartilage, mechanical properties of, 175-177, 175t 

Center of gravity, 34-35, 35 

Center of rotation, 20-21, 20 

instantaneous, 21 

Centrifugal force, 28 
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INDEX 

Centripetal acceleration, 28 

Centroid, 111-112, 112 

Ceramics, 182t, 188 

Cervical spine, free-body analysis of, 58-60, 59 

hyperextension injury to, 28-29 

Cobalt-based implant materials, 184-185, 184t 

Coefficient of friction, 155, 155 

Coefficient of viscosity, 156-158, 157 

Coefficient of wear, 156, 156 

Coin, degrees of freedom of, 19, 19 

Contact area, of joints, 153-154, 153 

Contact stress, of joints, 154, 154 

Conversion factors, for units of measurement, lit 

Coordinate system(s), 4-7 

Cartesian, 4, 6-7, 6, 7t 

conversion for, 6-7 

cylindrical, 4, 5, 7t 

degrees of freedom of, 18-20, 19 

orthogonal, 16, 16 

rectangular, 4 

spherical, 4, 5, 7t 

Cortical bone, mechanical properties of, 170-173, 

171t, 172, 173 

Cosine, 2-4, 3 

Coulomb friction, 96-97, 97 

Coupled motion, 24-25, 25 

Cracks, 87-88, 88 

Creep, 89, 90, 91 

Creep test, 90, 91 

Critical damping, 142-143, 142 

D 

Damped vibration, 133, 141-142, 142 

Damping, 141-142, 142 

critical, 142-143, 142 

Dashpot (damping) element, 94-96, 96 

Deformation analysis, 121-127, 121 

Deformation energy, 83-84, 83 

Degrees of freedom, 18-20, 19 

Density, lit 

Dilatant lubricant, 158, 158 

Direction, of vector, 1,7, 12 

Diver, torque of, 47, 48 

Diving board, bending moment of, 106, 107 

Dry-friction element, 96-97, 97 

Ductility, 84, 84 

E 

Elastic deformation energy, 83-84, 83 

Elastic range, 75, 76 

Elastic zone, 66-67, 67 

Elasticity, 74-75, 74 

modulus of, 75 

of bone, 170-171, 171t 

of stainless steel, 122-123, 122 

vs. stiffness, 122-123, 122 

Elastohydrodynamic lubrication, 160, 161 

Elbow joint, free-body analysis of, 56-58, 57 

Energy, lit 

deformation, 83-84, 83 

Energy absorbed to failure, 84 

Equilibrium, 51, 53-54, 53 

F 

Factor of safety, 120-121, 121 

Fatigue, 87-88, 88 

Fatigue strength, of articular cartilage, 176-177, 

176t 

Femoral head, force vector of, 10, 10 

pressure distribution in, 46, 47 

Femoral neck, load at, 51, 52 

Femur, failure of, 93, 93 

length of, 3, 4 

three-point bending load on, 108, 108 

torsional load on, 105-106, 106 

velocity of, 26, 27 

Fibrocartilage, 175 

Figure skater, mass moment of inertia of, 36-37, 36 

Fingers, plane motion of, 20, 20 

Fixation plate, 85-87, 86 

deformation analysis of, 121-124, 121, 122, 123 
Flexibility, lit 

Fluid, viscosity of, 156-158, 157 

Football, helical axis of motion of, 22, 23 

momentum of, 37-38, 37 

Force, lit, 43-45, 44 

muscle, 180, 181 

vectorial nature of, 45 

Force couple (moment), 47, 48 

Forced vibration, 132, 133, 133, 143-145, 144 

Fourier transformation, 146-148, 146, 147 

Four-point bending load, 109-110, 109 
Fracture, fatigue, 88 

tibial, 71, 72, 114, 115, 121, 121 

vertebral, 83 

Free vibration, 132, 138-140, 139 

Free-body analysis, 54-62 

exercises for, 60-62, 60-62 

of cervical spine, 58-60, 59 

of elbow joint, 56-58, 57 

of Hamilton-Russell traction, 54-56, 55 

Freedom, degrees of, 18-20, 19 
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INDEX 

Frequency, 136-137, 136 

natural, 140-141, 141 

Frequency spectrum, 147-148, 147 

Friction, between joints, 154-155, 155 

G 

General vibration, 132, 133 

Geometric properties, 111-115, 112, 113, 115 

Ghiza pyramid, 2-3, 3 

Gillespie, Dizzy, 80, 80 

Global motion, 18 

Glycerine, viscosity of, 157, 157 

Gravity, center of, 34-35, 35 

Guitar, 131, 132, 134, 134, 138, 141, 142 

Gyroscope, 29, 29 

Joint(s) (Continued) 

contact stress of, 154, 154 

friction between, 154-155, 155 

lubrication of, 159-165. See also Lubrication. 

viscosity at, 156-158, 157 

wear of, 155-156, 156 

Joint reaction forces, 152, 152 

K 

Kelvin model, 97-99, 98 

Kinematics, 15 

Kinetics, 33, 34 

Knee, three-dimensional motion of, 21, 22, 25 

H 

Hamilton-Russell traction, free-body analysis of, 

54-56, 55 

Harmonic vibration, 132, 133, 134, 134 

Helical axis of motion, 22-24, 23 

Hip joint, contact area of, 153-154, 153 

contact stress of, 154, 154 

Hydrodynamic lubrication, 159-160, 160 

Hydrostatic stress, 78 

Hysteresis, 91-92, 92 

I 

Implant materials, ceramic, 182t, 188 

cobalt-based, 184-185, 184t 

mechanical properties of, 182-188, 182t 

metal, 182t, 183, 183t 

polyethylene, 184t, 186 

polymer, 182t, 184t, 185-186 

stainless steel, 183, 183t 

titanium, 184t, 185 

Impulse, 38 

Inertia, 35-36 

area moment of, 113-114, 113 

mass moment of, 36-37, 36 

moment of, lit 

polar moment of, 114-115, 115 

Instantaneous center of rotation, 21 

Joint(s), 151, 151 

contact area of, 153—154, 153 

L 

Length, lit 

Ligament, load-deformation curves of, 179, 179 

mechanical properties of, 177-179, 178t, 179 

Ligamentum flavum, mechanical properties of, 179, 

179 

Linear acceleration, 27-28, 28 

Linear impulse, 38 

Linear momentum, 37-38, 37 

Load, 51, 52 

axial, 104-105, 105 

cantilever, 107, 107, 126, 127 

constant, 90 

critical, 104-105, 105 

external, 103, 104-110, 105-109 

four-point bending, 109-110, 109 

on vertebrae, 41,41 

spinal, 50-51 

sudden, 90 

three-point bending, 108-109, 108 

threshold, 96-97, 97 

torsional, 105-106, 106 

ultimate, 81-83, 82 

Load-deformation diagram, 65-66, 66 

Loading rate sensitivity, 93-94, 93 

Lubricants, 158-159, 158 

Lubrication, 159-165 

boosted, 162-163, 163 

boundary, 160-162, 161 

elastohydrodynamic, 160, 161 

hydrodynamic, 159-160, 160 

sponge model of, 164-165, 164 

squeeze film, 163-164, 164 

viscosity and, 156-158, 157 

weeping, 162, 162 
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M 

Magnitude, of vector, 1,7, 12 

Main motion, 24-25, 25 

Mass, lit, 34, 34 

Mass moment of inertia, 36-37, 36 

Material(s), anisotropic, 88, 89 

deformation of, 65-67, 65 

mechanical properties of, 167-188, 167, 168t. See 

also Mechanical properties. 

nonlinear behavior of, 66, 67 

Material models, 94-99, 95 

applications of, 97-99, 98 

dashpot (damping) element and, 94-96, 96 

dry-friction element and, 96-97, 97 

spring element and, 94-95, 95 

Maxwell model, 97-99, 98 

Measurement, units of, lit, 12, 12t 

Mechanical properties, 167-188, 167, 168t 

of acrylic bone cement, 186-187 

of alloys, 183 

of bone, 169-170, 169 

of cancellous bone, 173-175, 174t 

of cartilage, 175-177, 175t, 177 

of ceramics, 187 

of cobalt-based alloys, 184-185, 184t 

of cortical bone, 170-173, 171t, 172 

of ligament, 177-179, 178t, 179 

of metals, 183, 184t 

of muscle, 180-181, 180, 181t 

of nerve, 181-182, 182t 

of polyethylene plastic, 184t, 186 

of polymers, 184t, 185-186 

of stainless steel, 183, 184t 

of tendon, 179-180, 180t 

of titanium alloys, 184t, 185 

Metal implant materials, 182t, 183, 183t 

Modulus, bulk, 78 

shear, 75-77, 76 

Modulus of elasticity, 75 

of bone, 170-171, 171t 

of stainless steel, 122-123, 122 

Moment, lit 

bending, 47, 48, 49-51, 50 

twisting (torque), 47, 49, 49 

Moment of inertia, area, 113-114, 113 

polar, 114-115, 115 

Momentum, 37-38, 37 

Motion, 16-18 

absolute, 18 

coupled, 24-25, 25 

global, 18 

helical axis of, 22-24, 23 

main, 24-25, 25 

Newton’s laws of, 38-40, 39 

of butterfly wings, 15, 15 

plane, 20-21, 20 

relative, 18, 18 

rotation, 16-18, 17 

three-dimensional, 21-24, 22, 23 

translation, 16, 17 

MP35N, 184-185 

Muscle, mechanical properties of, 180-181, 180, 18It 

N 

Nerve, mechanical properties of, 181, 182t 

Neutral axis, 112-113, 112 

Neutral zone, 66-67, 67 

Newton, Isaac, 43-44 

Newtonian lubricant, 158, 158 

Newton’s laws of motion, 35, 38-40, 39, 51, 53 

Nonlinear behavior, 66, 67 

O 

Osteoporosis, resonance frequency measurement in, 

140 

P 

Peak amplitude, 135, 135 

Peak-to-peak amplitude, 135, 135 

Period, of vibration, 136-137, 136 

Phalanges, plane motion of, 20, 20 

Phase angle, of vibration, 137-138, 137 

Planes, principal, 71, 72 

Plane motion, 20-21, 20 

Plaster of Paris, 188 

Plastic deformation energy, 83, 84 

Plastic range, 80, 80 

Plastic zone, 66-67, 67 

Plasticity, 79-80, 79 

Point, translation of, 16 

Point of application, of vector, 7, 7 

Poisson’s ratio, 68, 77-78, 77 

Polar moment of inertia, 114-115, 115 

Polyethylene implant materials, 184t, 186 

Polygon rule, 9, 10 

Polymer implant materials, 182t, 184t, 185-186 

Polymethylmethacrylate, 184t, 186-187 

Power, lit 

Prefixes, for units of measurement, 12, 12t 

Pressure, lit, 45-47, 46 
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INDEX 

Random vibration, 133, 133, 145-146, 145 

Relative motion, 18, IS 

Relaxation, 89, 90-91, 91 

Relaxation test, 90 

Resonance, 140-141, 141 

Rigid body, 43, 43 

Rod, area moment of inertia of, 113, 113 

torsional stress of, 116, 117 

Root-mean-square amplitude, 135-136, 135, 146 

Rotating-line representation, of vibration, 133-134,133 
Rotation, 16-18, 17 

center of, 20-21, 20 

instantaneous center of, 21 

Rotatoiy stiffness, 125-126, 125 

Rubber band, elastic range of, 75, 76 

S 

Safety, factor of, 120-121, 121 

Scalar, 2 

Scissors, 69, 70 

Scoliosis, traction for, 42-43, 42 

Screw, failure of, 84 

helical axis of motion of, 22, 24 

Screwdriver, torque of, 47, 48, 49, 49 

Sense, of vector, 7, 7 

Shear modulus, 15-11, 76 

Shear strain, 76 

Shear stress, 76 

Silly Putty, 93, 93 

Sine, 2-4, 3 

Ski fracture, 71, 72 

Slipped capital femoral epiphysis, 45 

S-N diagram, 87, 88 

Spinal ligaments, mechanical properties of, 179, 179 

Spinal nerve roots, mechanical properties of, 181, 182t 

Spondylolisthesis, 97 

Sponge model, of lubrication, 164-165, 164 

Spring, elastic behavior of, 74, 75, 94, 95 

vibration of, 137-138, 137, 143-145, 144 

Spring element, 94-95, 95 

Squeeze film lubrication, 163-164, 164 

Stainless steel, 183, 183t 

stiffness of, 122-124, 122, 123 

Statics, 41-43, 42 

Stic catheter, 47 

Stiffness, 1 It 

axial, 123-124, 123 

bending, 126-127, 126 

torsional, 125-126, 125 

vs. elasticity, 122-123, 122 

Strain, 67-84 

normal, 68, 69 

shear, 68, 69 

Stress, lit, 67-84 

allowable, 120-121, 121 

axial, 115-116, 116 

bending, 118-120, 119 

compressive, 69 

hydrostatic, 78 

normal, 68-71, 70 

principal, 11, 72 

shear, 68-71, 70 

tensile, 69 

torsional, 116-118, 117 

yield, 78-79, 79 

Stress concentration, 84-87, 86 

Stress-strain diagram, 71, 73-74, 73 

Subfailure injury, 81, 81 

Subtraction, vector, 9, 10 

Superposition principle, 110-111, 110 

Syringe, 95, 96 

T 

Tacoma Bridge, 143, 144 

Tangent, 2-4, 3 

Temperature, lit 

Tendon, mechanical properties of, 179-180, 

180t 

Tennis ball, isotropic properties of, 88 

strains in, 69, 6868 

Tennis racket, torsional load on, 105, 106 

Tensile strength, of articular cartilage, 176, 176t 

of ligament, 178-179, 178t 

of muscle, 181, 181t 

of tendons, 180, 180t 

Thixotropic lubricant, 158-159, 158 

Three-dimensional motion, 21-24, 22, 23 

Three-element solid model, 97-99, 98 

Three-point bending load, 108-109, 108 

Tibia, fracture of, 114, 115, 121, 121 

length of, 3, 4 

ski fracture of, 71, 72 

stress on, 69, 70 

torsion on, 70, 70 

Tibial collateral ligament, mechanical properties of, 

179 

Time lag, of vibration, 137-138, 137 

Titanium implant materials, 184t, 185 

Torque (twisting moment), lit, 47, 49, 49 

Torsional stiffness, 125-126, 125 

Torsional stiffness coefficient, 125-126, 125 

Toughness, 84 
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N 

Traction, for scoliosis, 42-43, 42 

Hamilton-Russell, 54-56, 55 

Train, degrees of freedom of, 19, 19 

Transfer function, of vibration, 148-149, 148 

Translation, 16,17 

Transverse strain, 77, 78 

Trigonometric functions, 2-4, 3 

U 

Ulna, resonance frequency of, 140 

Ultimate load, 81-83, 82 

Ultra-high-molecular-weight polyethylene, 184t, 

186 

Unit vector, 8-9, 8 

V 

Vector(s), 7-8, 7 

addition of, 12 

resolution of, 10, 10 

unit, 8-9, 8 

Vector analysis, 9-12, 9-10 

Velocity, lit, 25-27, 26 

Velocity gradient, 157, 158 

Vertebrae, bending stress on, 118, 119 

centers of rotation of, 20-21 

coupled motion of, 24 

dashpot element of, 95-96 

degrees of freedom of, 19, 19 

equilibrium of, 53, 53 

facet orientation of, 8-9, 8 

fracture of, 83 

height changes in, 90 

in ankylosing spondylitis, 126-127, 126 

load on, 41, 41 

main motion of, 24 

stress-strain on, 73, 74 

torsional stress on, 117-118, 117 

twisting of, 21-22 

Vibration(s), 131-150, 131 

amplitude of, 134-136, 135 

amplitude-time curve of, 133-134, 133 

critical damping of, 142-143, 142 

damped, 733, 141-142, 142 

definition of, 131, 132 

forced, 132, 133, 733, 143-145, 144 

Fourier transformation of, 146-148, 146, 147 

Vibration(s) (Continued) 

free, 132, 138-140, 139 

frequency of, 136-137, 136 

frequency spectrum of, 147-148, 147 

general, 132, 733 

harmonic, 132, 733, 134, 134 

in angle domain, 133-134, 733 

in time domain, 133-134, 733 

period of, 136-137, 736 

phase angle of, 137-138, 737 

random, 133, 133, 145-146, 145 

resonance of, 140-141, 141 

rotating-line representation of, 133-134, 733 

time lag of, 137-138, 737 

transfer function of, 148-149, 148 

types of, 132-133, 733 

Vibration isolation, 148-149, 148 

Violin, 140 

Viscoelasticity, 89-94, 89, 91, 92 

Viscosity, 156-158, 757 

at joints, 156-158, 757 

lubrication and, 156-158, 757 

of acrylic bone cement, 187 

Volume, lit 

W 

Water, viscosity of, 157, 757 

Wear, joint, 155-156, 756 

Weeping lubrication, 162, 162 
Weight, 34 

Whiplash injury, 28-29 

Wolff’s law, 175 

Work, lit 

X 

x-axis, 4, 5 

Y 

y-axis, 4, 5 

Yield stress, 78-79, 79 

Z 

z-axis, 4, 5 
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